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McIntyre and Frahn-Venter three-parameter models are used to analyze the experimental data of three elastic
scattering reactions α +58 Ni, α +116 Sn and α +197 Au at the same incident energy of 240MeV. The different
α-scattering cases have the same number of minima and maxima in their oscillatory structures of angular dis-
tribution. The increase in the mass of target nucleus leads to a smaller nuclear deflection minimum and causes
the corresponding angular distribution to become smoother and with steeper slope. The Coulomb damping of
Fraunhofer oscillations has an effect accompanied with the increase of mass of target nucleus. The presence of
semi-classical phenomena such as Fresnel and Fraunhofer diffraction patterns etc., has been found by analyzing
the experimental data of elastic scattering reactions, 16O +64 Zn,32 S +64 Ni, and 58Ni +27 Al at several labora-
tory energies. The generalised Fresnel model can fairly reproduce the angular distribution of these reactions.
Excellent fitting can be obtained using Regge pole model, especially at backward angles where the data can
not be recovered by the other three models. The adopted theoretical models can reasonably account for the
general pattern of the data, thus allowing us to extract important parameters from elastic scattering processes.
The analysis also shows that the total reaction cross section has an energy-dependent trend similar to that found
by other models.
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1. INTRODUCTION

In heavy-ion collisions, the absorption flux from the elas-
tic channel and the corresponding feeding of other reaction
channels are usually very strong. In other words, if the im-
pact parameter of incident particles is smaller than a criti-
cal value, the corresponding partial-wave contribution to the
elastic scattering amplitude is strongly damped. In several
nuclear scattering cases, the incident particle is strongly ab-
sorbed upon entering the target nucleus. One of the main ad-
vantages of elastic scattering in the presence of strong absorp-
tion is that the experimental data can be described without any
knowledge about the details of the absorption mechanism. In
relatively light systems, especially with closed or semi-closed
shell nuclei, absorption is weaker, and both diffractive and re-
fractive effects in elastic scattering can be observed. In semi-
classical language, different trajectories may contribute to the
total scattering amplitude at the same angle. In the near-side-
far-side decomposition model, one considers trajectories orig-
inating from different sides of the scattering potential, and the
interference between them leads to Fraunhofer diffraction at
forward angles. The interference between two far-side com-
ponents leads instead to rainbow scattering. These refracting
effects are visible at Airy minima in the angular distributions.
The appearance of rainbow scattering in the experimental data
is possible when the nuclear potential is strong enough (deep
real part) to deflect particles into negative angles and when
the absorption is incomplete (shallow imaginary part). The
partial wave expansion gives us the amplitude of the scat-
tered wave in the asymptotic region far away from the scat-
tering potential. The scattering matrix elements S` represent

∗Electronic address: rbadran@kau.edu.sa

the accumulative effect of the scattering potential on the in-
cident wave. Their determination requires therefore detailed
knowledge of the corresponding partial wave function in the
interaction region. This, in turn, requires solving Schrodinger
equation for some assumed form of interaction potential. On
the other hand, S` can be determined experimentally by a
partial wave fitting to the measured elastic scattering. Ma-
trix elements determined in this way can then be compared
with values predicted by theoretical calculations. The de-
termination of S` provides therefore a very effective way of
comparing theories of elastic scattering with experiment, as
these elements are directly related to the measurable cross-
sections, on the one hand, and to the asymptotic form of the
scattering wave function on the other. Moreover, the knowl-
edge of interaction radii, critical angular momenta, surface
diffusenesses, and more detailed features of the effective ion-
ion potential are needed as input for the theoretical descrip-
tion of quasielastic reactions. The equivalents of the interac-
tion radii and the surface diffusenesses in angular momentum
space are the grazing angular momenta and the angular mo-
mentum window width. The first parameter affects the num-
ber of oscillations in the angular distribution and the second
has an effect on the fall off of the envelope of oscillations of
angular distribution. Such effects may be described by a func-
tion defined by the Fourier transform of an absorptive shape
function. In the presence of strong absorption, several the-
oretical investigations were based on numerical and analyti-
cal treatments of the partial wave expansion model for elastic
scattering [1-14]. Most of these investigations showed clearly
how sensitive the scattering data for strongly absorbed parti-
cles are to the detailed form of the scattering matrix around
the grazing angular momentum. Some of these investigations
used the extracted McIntyre parameters of the elastic scatter-
ings for the entrance and exit channels of transfer reactions
[10-12]. Other investigations demonstrated a wide scope of
the use of the strong absorption model in explaining the elas-
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tic scattering of heavy ions [15]. These investigations also
exposed and resolved the presence of radius anomaly. How-
ever the use of strong absorption model was also extended to
low energy heavy-ion elastic scattering [16].

The objective of this work is to analyse experimental data
of α particles scattered by different target nuclei of 58Ni,
116Sn and 197Au at the same incident energy of 240 MeV
[17] on the basis of strong absorption model. Both the nu-
merical model of McIntyre and the analytical treatment of
Frahn and Venter are employed. The quality of the fits and
correlation between the parameters extracted from analysis
of both models are demonstrated. These models are used
to explain the presence of semi-classical phenomena such as
Fresnel and Fraunhofer diffraction patterns etc. . . in the an-
gular distribution of elastic scattering reactions. The three-
alpha scattering cases with the same incident energy exhibit
the same number of minima and maxima in their oscilla-
tory structure. However, the angular distribution becomes
smoother and with steeper slope as the mass of target nucleus
increases. This explains the enhancing effect of Coulomb
damping of Fraunhofer oscillations which is controlled by
the product (∆θR) of surface diffusivity and the Rutherford
grazing angle and therefore increases (almost exponentially)
with increasing Coulomb parameter and surface diffusivity ∆.
The theoretical results of angular distributions obtained from
both models using three parameters are fairly compared to
experimental data and to the results obtained by the modified
Coulomb Glauber model [18].

The analysis of the experimental data of elastic scattering
reactions of 16O +64 Zn at laboratory energies 40, 41, 42.5,
43.5, 44, 48, 52, 54, 56, 62 and 64 MeV [13, 19], 32S +64 Ni
at laboratory energies 82, 88, 91, 93, 98, 108 and 150 MeV,
and 58Ni+27 Al at laboratory energies 155, 160, 170, 185 and
220 MeV [14, 20, 21] using both Frahn-Venter model and the
generalised Fresnel model is another objective. It is found
that such models reproduce reasonably most of the experi-
mental data of these scattering reactions. Regge pole anal-
ysis succeeds to give excellent agreement with experimen-
tal data of 16O +64 Zn scattering at the energies 40, 41, 42.5,
and 43.5MeV, and especially at backward angles where other
models fail. The theoretical fittings of measured angular dis-
tributions obtained, here, using the strong absorption model
of Frahn and Venter with two and three parameters, are com-
pared to the theoretical results of others using the numerical
model of McIntyre with three parameters [13, 14].

2. THEORETICAL BACKGROUND

2.1. McIntyre Model

The nuclear scattering matrix elements S`,N may be written
as:

S`,N = η`e2iδ`,N . (1)

S`,N are expressed in terms of the modified sharp cut-off re-
flection function η` and phase shifts δ`,N . Here, the concept
of nuclear phase shifts δ`,N is introduced into the partial wave
to account for the effect of nuclear potential in the nuclear

scattering. Moreover, η` may have a smooth transition, in `-
space, when the partial wave changes from zero for small ` to
unity for large ` around grazing angular momentum value `g
and over a range of ∆M . The modified reflection coefficient
function is given by the parameterized form [7-8]:

η` =
(

1+ e−(`−`g)/∆M
)−1

. (2)

The phase shifts δ`,N increase when the partial wave ` de-
creases and vanishes when ` becomes large enough such that
it does not approach the target nucleus. The phase shifts δ`,N
may have the parameterized form given as [7-8, 10]:

δ`,N = µM

(
1+ e

(
`−`
′
g

)
/∆′M

)−1

. (3)

Five adjustable parameters `g, ∆M , `′g, ∆′M and µM appear in
equations 2 and 3. Here, `g and `′g are grazing angular mo-
menta in `-space which are semiclassically related to the in-
teraction radius of the colliding nuclei in real space. The dif-
fusivity parameters ∆M and ∆′M measure the width of transi-
tion region in momentum space. The parameter µM is nec-
essary to introduce the strength of the nuclear phase shift and
causes to affect the amplitude of oscillations of angular distri-
bution. It may also have an effect on steepening the average
slope of the envelope of angular distribution.

The five adjustable parameters in this model can be reduced
to three parameters when the assumption is made that `g=`′g
and ∆M=∆′M . The expression for the parameter ∆M , can be
written as

∆M = kd(1− n
kR

)(1− 2n
kR

)−
1/2. (4)

This indicates that particles moving along classical orbits and
penetrating the diffuse surface region of nuclear density will
be only partially absorbed. Here, n is the Sommerfeld param-
eter. The corresponding diffusivity parameter to ∆M in real
space is d.

The semiclassical relation between grazing angular mo-
mentum `g and the interaction radius R can be expressed by:

`g +
1
2

= kR
(

1− 2n
kR

)1/2
. (5)

The 1
2 term can be dropped for `g>>1, which is usually ful-

filled in heavy-ion scattering above Coulomb barrier.
The nuclear scattering amplitude in the partial wave analy-

sis has the expression:

fN (θ) = (2ik)−1
∞

∑
`=0

(2`+1)e2iσ`

[
S

`,N
−1
]

P̀ (cosθ) (6)

Here, σ`, P̀ (cosθ) and k are Coulomb phase shifts, Legendre
polynomials and wave number, respectively.

The elastic scattering cross section is given by the square
modulus of the elastic scattering amplitude f (θ) for the scat-
tering of nonidentical spin-zero spherical particles. However,
f (θ) is composed of two parts, namely, the Coulomb scat-
tering amplitude fR (θ)and the nuclear scattering amplitude
fN (θ).
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2.2. Frahn-Venter Model (FVM)

In this model, the smooth variation of η` and δ`, intro-
duced by McIntyre [7-8], was represented by a differentiable
function of the continuous variable λ = `+ 1

2 , and the sum-
mation over ` in the partial wave expansion was replaced by
an integration over λ. In other words, the diffraction arising
from the smoothed edge of the reflection function S` near the
grazing angular momentum `g was replaced by the scatter-
ing function S(λ) = SN (λ)e2iσ(λ) near the grazing value of λ,
(i.e.Λ = `g + 1

2 ). Here σ (λ) is the Coulomb phase shift and
the nuclear scattering function SN(λ)(= η(λ)e2iδN(λ)) is de-
fined in terms of the continuous angular momentum variable
λ. η(λ) is the reflection coefficient function which changes
rapidly from zero to unity over the transition region centred
around the grazing angular momentum Λ, and δN(λ) is the
nuclear phase shift function. The scattering amplitude, f (θ),
as given by the closed formalism [1-3], is composed of two
components, namely, f (θ) = f +(θ)+ f−(θ). The component
f +(θ) consists of the Rutherford scattering amplitude fR(θ)
plus a nuclear amplitude part which depends on the Fourier
transform of the absorptive shape function DN(λ) = dSN(λ)

dλ
.

The component f−(θ) consists of a nuclear part only and de-
pends also on the Fourier transform of the absorptive shape
function DN(λ) with variable θ− θR instead of θR − θ. In
this manner the closed formalism formally divides the scat-
tering angles into two main regions. The first is an illumi-
nated region, θ < θR, where the main contribution is from
Rutherford scattering. The second is a shadow region , θ

> θR, which corresponds to absorbed Coulomb trajectories.
The Fourier transforms of DN(λ), which is localised in the
λ-space around Λ, transform this function into the conjugate
space of scattering angles± (θR−θ) centred around +θR and
−θR, respectively. However, these transforms represent two
diffracted waves, one centred around the near-side grazing
trajectory θ = +θR and the other around the far side trajec-
tory θ =−θR. The diffraction is generated, therefore, by two
effective windows in the λ-space, one on each side of the nu-
cleus.

The scattering in the illuminated region is essentially pro-
duced by Coulomb trajectories on which interference from
near-side nuclear diffraction is superimposed. However the
main contribution, for angles in the shadow region, arises
from the near-side nuclear diffraction whose amplitude falls
off as θ increases above θR. Interference with far-side nuclear
diffraction will produce Fraunhofer-type oscillations. These
oscillations are damped by the presence of residual Coulomb
scattering in the shadow region which, in turn, depends on the
diffusivity ∆. On the other hand, Fraunhofer diffraction can
be enhanced by an increase of the refractive effects of the at-
tractive nuclear potential near the surface. In classical terms,
the attractive nuclear potential reduces the effect of Coulomb
repulsion and brings the Coulomb trajectories in the grazing
region towards the forward direction. This, in turn, increases
the overlap between the two diffracted waves, thus enhancing
the Fraunhofer oscillations.

In the present analysis, the Woods-Saxon-type of reflec-
tion coefficient similar to that in equation 2, is used when
the variables λ, Λ and ∆ replace `, `g and ∆M , respectively
[2]. However, the assumption is made such that three ad-

justable parameters are found important, namely, Λ, ∆ and µ.
The above-mentioned features of heavy-ion collisions result
in characteristic qualitative features, which are observed in
measured angular distributions of elastic scattering. The ob-
served angular distributions are mainly determined by the in-
terplay between the (quantal) diffractive effects of strong ab-
sorption and the (semi-classical) refractive effects produced
by the repulsive long range Coulomb field and the attractive,
short range nuclear field.

The type of diffraction pattern from a target nucleus with
effective radius R is characterised, as in classical optics, by
a parameter p which is defined as the ratio of the Rayleigh
length (i.e. the length of the shadow behind the target) and
the shorter of the distances of the observation point or of the
source point from the centre of the target. In our case, the
analogy of this ”pattern parameter” is p = 2n

1+(n/Λ)2 where
its value is determined by Sommerfeld parameter n and the
grazing angular momentum parameter Λ. For p << 1 the
diffractive Fraunhofer-type dominates the angular distribu-
tion of elastic scattering and for p > 1 the Fresnel-type scat-
tering is dominant.

A simple classification to all scattering processes of
charged particles above the Coulomb barrier [4] may be re-
alised by knowing both Coulomb parameter n and the ratio,
h. Here, the ratio of centre of mass kinetic energy Ec.m. to the
Coulomb barrier VC, is expressed as

h =
1
2
(1+ csc

θR

2
). (7)

2.3. Generalized Fresnel Model (GFM)

The generalized Fresnel model (GFM) provided a simple
closed formula for the ratio of the differential elastic scatter-
ing cross section to Rutherford cross section [5, 6]. This al-
lowed for easy extraction of the grazing angular momentum
and the width of angular momentum in λ-space with the least
time of computation and then, in turn, determining the total
reaction cross section. This method was successful for light
projectiles (like 16O and 20Ne) [6] as well as for very heav-
ier projectiles (like 84Kr) on heavy targets [6]. It was shown
that in the Coulomb limit and after conducting some mathe-
matical simplifications to the analytical formula of scattering
amplitude of Frahn and Venter, a modified form of the ratio
between the elastic scattering amplitude to Rutherford ampli-
tude was resulted [6], namely,

f (θ)
fR(θ)

= 1− 1
2

er f c(−e
1
4 iπu)F [∆(θR−θ)], (8)

in the illuminated region at θ < θR, and

f (θ)
fR(θ)

=
1
2

er f c(e
1
4 iπu)F [∆(θR−θ)], (9)

in the shadow region at θ > θR. Here, u is defined by the
expression

u = (θ−θR)
(

Λ

2sinθR

) 1
2

(10)
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The function F [∆(θR−θ)] is the Fourier transform of the ab-
sorptive shape function DN(λ) and is given by [1, 16]:

F =
π∆(θR−θ)

sinh[π∆(θR−θ)]
. (11)

Here θR is the Rutherford grazing angle given by θR =
2tan−1( n

Λ
). The interaction radius and the diffusivity are

given by [1, 16]:

kR = n+
√

Λ2 +n2, (12)

kd =
∆√

1+(n/Λ)2
(13)

The GFM formulae, in equations 8 and 9, are valid when
the Coulomb interaction plays a dominant role. Here, the
three adjustable parameters used in Frahn-Venter model (Λ,
∆ and µ) are reduced into two parameters only, namely, Λ and
∆.

A more simplified model was also used to analyze several
elastic scattering using a single parameter, that is, Λ [6]. This
is called the Fresnel model (FM) [6].

2.4. Regge Pole Model (RPM)

The scattering matrix elements are modified due to the
presence of large transparency associated with deep real po-
tential which gives rise to Regge poles. The parameterized
scattering matrix SRegge(λ) is written as [22]:

SRegge(λ) = S(λ)+
iD(λ)eiφλo

λ−λo− iΓ(λ)
2

. (14)

The amplitude D (λ) and the width Γ (λ) of the pole are
represented as damping functions of the forms:

D(λ) = Do[1−ReS(λ)], (15)

Γ(λ) = Γo[1−ReS(λ)]. (16)

Here S (λ) is given by the relation:

S(λ) = [1+ e
(Λ−λ)/∆]−1 + iµ

∂

∂λ
[1+ e

(Λ−λ)/∆]−1. (17)

The parameters φλo and λo are the phase and orbital angular
momentum of the pole.

The semiclassical relation between grazing angular mo-
mentum, Λ, and the interaction radius, R, is same as that in
equation 5 with Λ = `g + 1

2 . Moreover, the diffusivity, ∆, in
λ-space is expressed in similar manner to ∆M (equation 4).
The interaction radius R is defined by:

R = r0

(
A1/3

P +A1/3
T

)
. (18)

The quantities AP and AT are the atomic masses of projec-
tile and target nuclei, respectively, while ro is an adjustable
parameter.

Here, Regge pole analysis is conducted using seven param-
eters ro, d, µ, φλo, λo , Do, and Γo.

3. RESULTS AND DISCUSSION

FORTRAN codes are developed to calculate the cross-
sections of elastic scattering reactions at different angles and
energies using McIntyre, Frahn-Venter, Regge pole and gen-
eralized Fresnel models. The best fit to the experimental data
of angular distribution of elastic scattering is obtained and the
final choice of extracted parameters is considered when the
value of χ2 is minimum for each energy. The average value
of 10% of the experimental data is considered for each ex-
perimental error at a certain energy of an elastic scattering.
However, each of the adjustable parameters ro, d and µ for
McIntyre model or each of the adjustable parameters (Λ, ∆

and µ) for Frahn and Venter model, or, (Λ, ∆) for the gener-
alised Fresnel model or each of the adjustable parameters ro,
d, µ, φλo , λo , Do, and Γo for Regge pole model is introduced
with an initial value and is changed in very small steps. The
codes are developed to allow for all possible combination of
parameters that give fits to the experimental data. The iter-
ations establish a set of values for the adjustable parameters
and the final choice is made with the best fit when the qual-
ity of fit is judged by χ2 indicator. The theoretical curves of
angular distribution will be fitted, using both models, to the
corresponding experimental data when the value of χ2 is min-
imum.

3.1. Elastic Scattering of α+58 Ni

The calculated angular distribution for 240 MeV alpha par-
ticles on 58Ni, using both models, is shown in Figure 1, to-
gether with the experimental data [17]. The theoretical curve
represents the best fit to experimental data and is obtained us-
ing the adjustable parameter values of r0=1.18 fm, d =0.46 fm
and µ=0.95 rad, when McIntyre model is used. The theoreti-
cal results compare well with those obtained using Coulomb
modified Glauber CMG model with set B [21]. The obtained
set of parameters is listed in Table 1. The value of radius pa-
rameter (r0=1.18 fm) obtained for alpha particles on 58Ni is
expected to be smaller than value of 1.55 fm for heavy ions.
The reason for this is attributed to the tight structure of the
alpha-particles. The formula for the strong interaction radius
[R = r0

(
A1/3

1 +A1/3
2

)
] is not expected to hold for the alpha-

particles, but can be rewritten in the form R = r0A1/3
2 + rα.

Using reasonable value of rα=1.45 fm [23-24] and the strong
absorption radius for α+58 Ni obtained from the present anal-
ysis (6.44 fm), yield a value of r0=1.29 fm. From a simi-
lar analysis of this scattering process but at 43MeV labora-
tory energy, a value of 1.36 fm is rather obtained from the
fitting which becomes 1.5fm when the above value of rα is
used instead [11]. Figure 1 also shows the theoretical results
of cross-section obtained from employing FVM. The results
of this model are in good agreement with those of McIntyre
model especially at angles less than 10o. The set of param-
eters extracted for this scattering using FVM is also listed in
Table 1. A value of r0(=1.38 fm), which is not so far from
1.55 fm, is obtained. The value of strong absorption radius
for the same reaction is found (R = 6.81 fm) using this latter
model.
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FIG. 1: The measured angular distribution (symbols) of elastic scat-
tering α +58 Ni at Elab = 240 MeV [17]. The theoretical results of
angular distribution obtained using McIntyre (dash-dotted line) and
Frahn-Venter (solid line) models. The dashed curve represents the
results of CMG model using set B [18].

3.2. Elastic Scattering of α+116 Sn

The experimental data of angular distribution for α+116 Sn
at 240 MeV laboratory energy [17] is fitted using both McIn-
tyre and Frahn-Venter models. The experimental data and
theoretical results are in good agreement and are shown in
Figure 2. The theoretical results obtained from both models
agree remarkably with each other. The theoretical results of
CMG model using set B [18] together with those of optical
model [17] are also presented. Our results show better agree-
ment to both the experimental data and theoretical results of
optical model than those of CMG model.

The values of adjustable parameters and other useful phys-
ical parameters together with the values of χ2, using both
McIntyre and Frahn-Venter models, are listed in Table 1. The
values of the parameters extracted from McIntyre model for
r0 and d have slight increase over those obtained for previous
scattering process using the same model. Consequently the
ratio d/R exhibits almost similar behavior, although r0 and d
differ slightly in the two models. From both models the ob-
tained value of ∆ exhibits a trend that agrees very well with
the prescriptions of the strong absorption model.

The diffraction pattern, from both models, can be shown to
be consistent with that of the experimental data, as long as the
period and amplitude of the oscillation are concerned.

3.3. Elastic Scattering of α+197 Au

Figure 3 shows the calculated angular distribution for 240
MeV alpha particles by 197Au, using both McIntyre and
Frahn-Venter models, together with the corresponding exper-
imental data. The theoretical results of CMG model using
set B, [18] together with those of optical model [17] are also
presented. Our results compare much better, to both the ex-
perimental data and theoretical results of optical model, than
those of CMG model.

The best fit is obtained, using the adopted models, with the
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FIG. 2: The measured angular distribution (symbols) of elastic scat-
tering α +119 Sn at Elab = 240 MeV [17]. The theoretical results of
angular distribution obtained using a) McIntyre model (dash-dotted
line) and b) Frahn-Venter model (solid line). The dashed curve rep-
resents the results of CMG model using set B [18]. The dotted curve
is the theoretical results of optical model [17].

values of χ2 listed in Table 1. The parameters of the elastic
scattering are also listed in this table. The value of r0=1.23
fm obtained from the analysis of this scattering employing
McIntyre model is a little bit larger than that obtained for the
previous scattering processes (α+58 Ni,α+116 Sn). However,
the values of d = 0.48 fm and ∆M = 3.19 for this scattering
process are found larger than those obtained for the previous
scattering processes (i.e. α +58 Ni and α +116 Sn), as well.
Moreover, the analysis of FVM also gives a similar trend of
increase in the values of the parameters d and ∆ when the tar-
get nucleus gets larger. This means that the larger is the target
nucleus, the wider is the width of the window of angular mo-
mentum in `-space when the incident energy is fixed. This is
to allow for larger number of partial waves to pass through
the surface of target nucleus. The ratio d/R monotonically
decreases with the increase in the size of target nucleus, in
both models. Moreover, the value of µ for this scattering,
due to both models, decreases when the target nucleus 197Au
replaces 58Ni or 116Sn. This decrease is consistent with the
presence of shallower oscillations, exhibited by the experi-
mental data of angular distribution. The exponential fall off
of experimental data of the angular distribution, at θ > θR,
gives a value of ∆ agreeable with that extracted from McIn-
tyre model.

The quality of the theoretical fit to measured angular dis-
tribution is found to be sensitive to the choice of parameters
in both models. Small changes in any of the three adjustable
parameters produced marked disagreement with the experi-
ment in the direction expected on the basis of the strong ab-
sorption prescriptions. In McIntyre model, for example, the
decrease in the value of ro may be resulted in pushing out
the Fraunhofer oscillation to higher scattering angles. The
increase in the value of the parameter d may cause an in-
crease in the slope of the envelope of the calculated Fraun-
hofer oscillations. The increase in the value of the nuclear
phase parameter µM has its effect on enhancing the diffrac-
tion structure of the calculated angular distribution. This is
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FIG. 3: Same as in figure 2, but for elastic scattering α +197 Au at
Elab = 240 MeV.

  
 

Elastic scattering α + 58Ni α + 116Sn α + 197Au 
  0r   (fm)[McIntyre] 
              [FVM] 

1.18 
1.25 

1.22 
1.26 

1.23 
1.26 

d (fm) [McIntyre] 
     [FVM] 

0.46 
0.36 

0.47 
0.37 

0.48 
0.42 

µ (rad) [McIntyre] 
      [FVM] 

0.95 
4.2 

0.9 
3.8 

0.60 
3.2 

∆2/µ  0.91 0.79 0.57 

gl [McIntyre] 
         Λ   [FVM] 

39 
42 

49 
51.5 

59 
58.6 

∆ [McIntyre] 
[FVM] 

2.92 
2.3 

3.08 
2.4 

3.19 
2.4 

R(fm) [McIntyre] 
    [FVM] 

6.44 
6.81 

7.89 
8.18 

9.11 
9.32 

h [McIntyre] 
    [FVM] 

17.93 
18.95 

12.71 
13.17 

9.42 
9.63 

θR(rad) [McIntyre] 
    [FVM] 

0.058 
0.054 

0.083 
0.079 

0.113 
0.11 

θ1/4(rad) 0.077 0.086 0.117 
θ Nuc.(rad) -0.163 -0.146 -0.094 

σr(GFM)(mb) 1453 2136 2696 
σr(FM)(mb) 1378 1941 2444 
χ2 [McIntyre] 

[FVM] 
8.11 
99.6 

3.08 
4.0 

3.33 
26.9 

 
            TABLE 1: The extracted parameters for the elastic scattering processes of α    

particles by the target nuclei 58Ni, 116Sn and197Au at Elab. = 240 MeV (i.e 
60MeV/u), when McIntyre model is used, are listed. 

evidenced by the deepening of the minima of the diffraction
oscillations. The increase in the value of µM is consistent with
the features of strong Fraunhofer oscillations which manifest
themselves in the experimental data. In Frahn-Venter model,
a corresponding effect to µM of McIntyre model, is found ap-
proximately equivalent to µ/2∆ for all of α scattering pro-
cesses. The three adjustable parameters (Λ, ∆ and µ) from the
Frahn-Venter model are also found transparent to the quality
of the fit. In particular, any increase in the value of Λ may
increase the number of oscillations and push the envelope of
oscillations to forward angles. However, the increase in ∆

leads to an increase in the slope of envelope of oscillations
and dampen them. The increase in the parameter µ may pro-
duce deeper oscillations. The values of ro=1.21±0.03 fm, R
= 7.77±1.33 fm and d = 0.47±0.01 fm with corresponding
value of ∆M = 3.06± 0.14 are obtained for the above men-
tioned α scattering processes using McIntyre model. Cor-
responding values of, R = 8.06±1.26 fm, and d = 0.39±0.03

fm with corresponding value of ∆ = 3.7±0.5 are also yielded
for the α-scattering processes from FVM. There is a mild in-
crease in the value of diffusivity parameter ∆ when the atomic
mass of target nucleus increases in both analyses. This is also
consistent with the increasing value of ∆ obtained from ex-
perimental data of the angular distribution, at θ > θR. The
decrease in the value of µ or µM with the increase in the
atomic mass of target nucleus is experimentally justified by
the weaker oscillatory structure. It is interesting to note here
that the approximation of θR ≈ θ1/4

starts to weaken when

target nucleus becomes lighter. Moreover, the nuclear deflec-
tion angle at the grazing angular momentum (θNuc) gets larger
when the atomic mass of target nucleus becomes small. All
values of the diffraction parameter (i.e. p > 1) assert that
all elastic scattering processes exhibits Fresnel-type diffrac-
tion pattern. Here, Λ and n get larger when the target nucleus
atomic mass increases and this leads to a larger diffraction
pattern (i.e the value of p increases from 2.27, 4.06 to 6.40
as the target nucleus changes from 58Ni,116 Sn and 197Au, re-
spectively). The monotonic decrease of the ratio d/R with the
increase in the size of target nucleus, in both models, justifies
the expected effect of Coulomb damping from these types of
scattering processes.

Here, for α +58 Ni the values of (n,h)= (1.14, 18.95) or
(Λ, p)= (42.0, 2.3) from Frahn-Venter model (FVM) are com-
parable to the corresponding values (n,h)= (1.14, 17.93) or
(`g, p)= (39.0, 2.3) from McIntyre model. While for α +
116Sn the values of (n,h) = (2.03, 13.17) or (Λ, p) = (51.5,
4.1) from Frahn-Venter model resemble corresponding values
of (n,h) = (2.03, 12.71) or (`g, p) = (49.0, 4.1) from McIntyre
model. The two models give approximately similar values
for(n,h) or (Λ, p) for the reaction α +197 Au, as well which
enhances the idea of having a unique diffraction pattern. This
means that interpretation of the diffraction features is model-
independent.

It is Important to note that the total reaction cross section
increases, using both the simple Fresnel model (FM) and the
generalized Fresnel model (GFM), with the increase in the
mass of target nucleus when the projectile energy remains
fixed, as seen in Table 1. The quantity that matters in this
analysis is, however, the ratio σr/πR2 which remains fairly
constant around one (i.e. σr/πR2 = 0.98 ± 0.02).

3.4. Elastic Scattering of 16O+64 Zn

The experimental data of angular distribution for the elas-
tic scattering of 16O by 64Zn at eleven energies of 40, 41,
42.5, 43.5, 44, 48, 52, 54, 56, 62 and 64 MeV [19] are pre-
sented in Figure 4. The theoretical results of angular distribu-
tion using both the full formalism of Frahn-Venter (FVM) and
the generalized Fresnel (GFM) models are also shown in the
same figure. The agreement between theoretical and exper-
imental results is quite good when the three-parameter fit is
used. The fittings are fairly acceptable using two parameters
only (i.e. Λ and ∆) but for energies 48-64 MeV. The fittings
become poor, at θ > θR, as the incident energy approaches
the Coulomb barrier for energies 40-44 MeV. It is evident, in
most of energies, that the absence of µ has an effect on the
fall-off at θ > θR. Table 2 shows the list of parameters used
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for this analysis using both FVM and GFM. It can be easily
seen that an increase in incident energy leads to a correspond-
ing increase in Λ. This also leads to open a wider window for
angular momentum of ∆. This corresponding increase of dif-
fusivity ∆ or d in both `-space or real space, respectively, is
found discernible. The average value of (d = 0.12±0.09 fm)
or the ratio d/R yielded from our analysis by adopting Frahn-
Venter model is comparable to a corresponding average value
obtained from different analysis based on the strong absorp-
tion prescriptions [13]. The reason for the inaccurate estima-
tion of the latter parameter, as compared to the previous cases
of scattering processes, may be attributed to the low values
of h (i.e. the ratio of the incident centre of mass energy to
the Coulomb barrier) in most of the cases. Moreover, the
trend of change in ∆ or d starts to depart from the expected
prescription of SAM as the incident energy becomes closer
to Coulomb barrier. It is worth noting that an average value
of strong absorption radius R = 10.5±0.34 fm is in excellent
agreement with corresponding value R = 10.4±0.35 fm [19]
using the optical model. Similar agreement is found with R =
10.35±0.35 fm using McIntyre model [13]. Both experimen-
tal data and theoretical results show that Fresnel-type diffrac-
tion is dominant in this set of different energies of scattering
process apart from few exceptions. It can also be noted, from
Table 2, that the approximation θ1/4

≈ θR becomes inaccurate
when the laboratory energy becomes too low. Here, Regge
pole analysis is also conducted using the seven parameters ro,
d, µ, φλo, λo , Do, and Γo for this reaction at energies 40, 41,
42.5 and 43.5MeV. It is evident that this latter model is able
to recover the previous unsuccessful reproduction of the data
at θ > θR, as shown in Figure 4-a. The obtained values of
adjustable parameters are listed in Table 3.

Here, the total reaction cross section has energy-dependent
behavior. Figure 5 shows the variation of ratio of total reac-
tion cross-section to πR2 with the inverse of laboratory en-
ergy as obtained from both the Fresnel and generalized Fres-
nel models. The shown best least-square fittings of the repro-
duced data enable us to make easy comparison to the slopes
of each line obtained from both models.

3.5. Elastic scattering of 32S +64 Ni

Figure 6 shows experimental data of 32S+64 Ni elastic scat-
tering at energies 82, 88, 91, 93, 98, 108 and 150 MeV [21]
and the theoretical results using Frahn-Venter model. All pa-
rameters obtained from this fit together with the values of χ2

are found in Table 4. The theoretical analysis of angular dis-
tribution for this scattering, using Frahn-Venter model, pro-
duces features that are consistent with the prescriptions of
strong absorption model of Frahn and Venter. The increase
in the values of parameters Λ and ∆ is correlated to some
extent with the increase in incident energy. Some discrepan-
cies from SAM occur when centre of mass energy becomes
closer to Coulomb barrier. The decrease in the value of R with
the increase in incident energy is also evident. However, the
exclusion of µ in the generalised Fresnel model gives fairly
comparable fittings to the experimental data using two pa-
rameters only. This means that the generalised Fresnel model
can reasonably account for the reproduction of the data in
this scattering. The departure from the experimental data and
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FIG. 4: The measured angular distribution (symbols) of elas-
tic scattering 16O +64 Zn at laboratory energies a) Elab. =
40,41,42.5,43.5,44MeV, b) Elab. = 48,52,54,56,62 and 64 MeV
[19]. The theoretical results (solid line) and (dashed line) of angular
distribution are obtained using full formalism of Frahn-Venter model
(FVM) and the generalized Fresnel model (GFM), respectively. The
theoretical results (dash-dotted line) of angular distribution which
are reproduced using Regge pole model, appears in Figure 4-a only.

the theoretical results produced from Frahn-Venter model, for
most energies, appears at θ > θR. Similar conclusions were
found for the same scattering from the analysis using McIn-
tyre model [14]. Figure 7 shows the variation of ratio of total
reaction cross-section to πR2 with the inverse of incident en-
ergy as obtained from both the Fresnel and generalized Fres-
nel models. The results from both models start to agree very
well at higher energies.

3.6. Elastic Scattering of 58Ni+27 Al

The available experimental data [20] of angular distribution
for elastic scattering 58Ni +27 Al at laboratory energies 155,
160, 170, 185 and 220 MeV are analyzed using Frahn-Venter
model. Both the theoretical curve and experimental data of
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FIG. 5: The variation of the ratio of total reaction cross section to
πR2 with 1/Elab. for the elastic scattering 16O +64 Zn as obtained
from using Fresnel (FM) and generalized Fresnel (GFM) models.

 
Elab.(MeV) 40.0 41.0 42.5 43.5 44.0 48.0 52.0 54.0 56.0 62.0 64.0 

Λ 2.0 3.0 7.0 9.0 10.0 19.7 23.5 25.5 27.5 32.0 33.5 
∆  1.8 2 0.55 0.6 0.6 1 1.1 1.3 1.3 1.35 1.4 

µ (rad) 0.4 0.1 0.1 0.1 0.25 0.1 0.35 0.6 0.9 1.9 1.6 
d(fm) 0.034 0.056 0.035 0.048 0.052 0.138 0.163 0.197 0.200 0.209 0.217
R(fm) 10.82 10.58 10.39 10.30 10.27 10.56 10.39 10.37 10.37 10.25 10.17

h 1.002 1.004 1.022 1.037 1.046 1.174 1.251 1.296 1.344 1.472 1.506
θR(rad) 2.975 2.889 2.555 2.393 2.315 1.673 1.457 1.358 1.267 1.081 1.040
θ1/4(rad) --- --- 2.669 2.511 2.417 1.716 1.476 1.368 1.269 1.064 1.030

σr(GFM)(mb) 35.03 53.41 87.02 137.0 164.9 575.3 749.5 857.2 953.9 1154 1190
σr  (FM)(mb) 6.41 14.07 73.91 119.4 145.7 518.3 680.8 771.9 865.7 1059 1090

χ2 2.32 4.05 3.99 4.9 6.68 0.08 0.738 1.96 2.82 0.84 2.36 
Λ(GFM) 2.0 3.0 7.0 9.0 10.0 19.0 23.0 25.0 27.5 32.0 33.5 
∆ (GFM) 1.8 2.0 0.55 0.6 0.6 1.0 1.1 1.3 1.3 1.35 1.4 

 χ2 (GFM) 2.36 3.33 7.6 9.8 7.06 0.6 0.47 0.36 0.5 1.04 0.9 
 

TABLE 2: The parameters for the elastic scatterings of 16O nucleus by the target nucleus 
64Zn at incident energy of 40, 41, 42.5, 43.5, 44, 48, 52, 54, 56, 62 and 64 MeV [19] are 
found when both the Frahn-Venter model (FVM) and generalized Fresnel model (GFM) are 
employed. Total reaction cross sections σr (FM) are obtained from Fresnel model (FM). 
 

 

angular distribution are shown in figure 8. The three param-
eters obtained from the best fit are listed in Table 5. Both
experimental data and theoretical results exhibit very mild os-
cillations in the shadow and illuminated region. Some oscilla-
tions start to appear when the energy increases. This behavior
is expected since the decrease of Coulomb effect (or Sommer-
feld parameter n) enhances the Fraunhofer oscillations. This
is clearly seen in Table 6 and demonstrated in figure 8 by the

 
 

Elab.(MeV) 40.0 41.0 42.5 43.5 

0r  1.659 1.621 1.578 1.56 
d(rad) 0.056 0.088 0.21 0.28 
µ (rad) 0.07 0.08 0.08 0.09 

0l
ϕ  49.5 49.5 50 50 

0D  0.001 0.002 0.003 0.004 

0Γ  0.3 0.3 0.4 0.5 

0L  8.8 8.9 9 9 

gl  1 2 5 7 
σr(GFM)(mb) 65.36 95.03 201.6 251.1 
σr (FM)(mb) 1.6 6.2 37.71 72.2 

χ2 0.25×10-4 0.12×10-5 0.13×10-4 0.25×10-5 
 

TABLE 3: Parameters extracted from Regge Pole analysis for the elastic scattering 
of 16O nucleus by the target nucleus 64Zn  at  incident energy of   40, 41, 42.5  and  
43.5MeV. 

 
 

0 20 40 60 80 100 120 140 16010-310-210-1100

150 MeV   

10-210-1100

108 MeV

  

10-210-1100

98 MeV

  

10-210-1100

93 MeV  

σ/
σ R

10-210-1100

91 MeV

  

10-210-1100

88 MeV

  

10-210-1100101

θc.m. (deg.)

82 MeV  

 

 
 

FIG. 6: Same as in Figure 4 but for fitting the experimental data
of angular distribution (symbols) of elastic scattering 32S +64 Ni at
Elab. = 82,88,91,93,98,108 and 150 MeV [21].

 

 
 

Elab.(MeV) 82 88 91 93 98 108 150 
Λ 12.0 16.0 20.0 25.0 31.0 42.0 70.0 
∆  2.0 0.1 0.2 0.4 0.4 0.6 3.5 

µ (rad) 0.1 0.1 0.2 0.2 0.2 0.5 2.5 

d(fm) 0.070 0.005 0.011 0.026 0.030 0.052 0.314 
R(fm) 12.016 11.372 11.210 11.280 11.165 11.118 10.867

h 1.018 1.034 1.054 1.084 1.131 1.241 1.685 
θR(rad) 2.610 2.422 2.250 2.055 1.831 1.482 0.872 
θ1/4(rad) --- 2.537 2.284 2.116 1.859 1.501 0.846 

σr(GFM)(mb) 115.5 135.9 207.0 320.4 464.5 775.9 1671 
σr(FM)(mb) 81.1 134.3 202.9 310.2 452.6 753.9 1508 

χ2 1.99 16.5 9.3 6.5 6.8 5.9 2.4 
Λ(GFM) 12.0 16.0 20.0 24.0 31.0 42.0 72.0 
∆(GFM) 2.0 0.1 0.2 0.3 0.3 0.5 3.5 
χ2(GFM) 2.3 22.2 16.7 18.8 7.2 9.3 2.6 

 

   Table 4:Same as in Table 2, but for the elastic scattering 32S + 64Ni at Elab. = 82, 88, 91, 
93, 98, 108 and 150 MeV [21]. 

 

 

 

emergence of Fraunhofer oscillations, especially in the illu-
minated region when the energy increases. However, some
mild Fraunhofer oscillations are damped by the Coulomb in-
teraction and started to appear in the shadow region for ener-
gies 185 and 220 MeV. The value of the parameter Λ increases
with the increase in energy. Both the experimental data and
theoretical calculation show that σ

σR
falls off exponentially at

angles θ > θR and at all energies. This is an indication for
the dominance of Fresnel diffraction in this shadow region.
Moreover the whole features of angular distribution are dom-
inated by Fresnel scattering since the value of pattern parame-
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FIG. 7: Same as in Figure 5, but for the elastic scattering 32S+64 Ni.

ter p, which is another measure for the degree of Fresnel-type
diffraction, is very much larger than unity. Unfortunately, the
values of parameters Λ, ∆, d and µ obtained from analysis of
Frahn-Venter model are not consistent with the corresponding
values of parameters obtained from McIntyre model [14] for
this scattering. The ratio d/R which provides the measure of
Coulomb damping of Fraunhofer oscillations in the shadow
region, do not have a clear correlation with the change in en-
ergy. The value of R = 10.68±0.18 fm are in a very good
agreement with those obtained from different analysis [14].
The variation of ratio of total reaction cross-section to πR2

with the inverse of incident energy as obtained from the gen-
eralized Fresnel model (GFM) has almost a linear relation, as
shown in figure 9. Similar variation is also obtained from the
Fresnel model (FM) but with a slightly different straight line
slope.

4. CONCLUSION

The theoretical results of angular distribution of elastic
scattering at different laboratory energies yield a good agree-
ment with corresponding experimental data on the basis of
strong absorption model. The best theoretical fits to elastic
scattering data are obtained using three parameters, namely,
the grazing angular momenta Λ, the angular momentum win-
dow width ∆ and µ, when Frahn-Venter model is used. Other
theoretical fits to same experimental data are also obtained
with two parameters (Λ and ∆) only, using the generalised
Fresnel model. The quality of agreement between experiment
and theory, here, is much better when full formalism of Frahn
and Venter is used. Some fittings of theoretical angular distri-
bution to corresponding data are fairly improved especially at
backward angles when Regge pole analysis is employed. The
quality of the fits is tested by the χ2 indicator. It is interesting
to note that our theoretical fits of alpha scattering reactions
compare fairly well with corresponding fits obtained using the
modified Coulomb Glauber model. The analysis also demon-
strates that the Fresnel-type scattering dominates the strong
Coulomb interaction. The value of interaction radius exhibits
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FIG. 8: Same as in Figure 4 but for fitting the experimental data
of angular distribution (symbols) of elastic scattering 58Ni+27 Al at
Elab. = 155,160,170,185 and 220 MeV [20]. 

  

 
Elab.(MeV) 155 160 170 185 220 

Λ 10.0 11.0 20.0 29.0 44.0 
∆  3.2 0.1 0.2 0.2 2.5 

µ (rad) 0.1 0.1 0.1 0.2 1 
d(fm) 0.133 0.0045 0.015 0.019 0.265 
R(fm) 10.858 10.569 10.506 10.470 10.495 

h 1.020 1.025 1.082 1.174 1.399 
θR(rad) 2.586 2.525 2.065 1.672 1.179 
θ1/4(rad) --- 2.827 2.117 1.710 1.204 

σr(GFM)(mb) 143.71 86.4 269 517 1110 
σr(FM)(mb) 72.37 84.8 264 510 987 

χ2 0.35 5.1 10.4 3.1 5.2 

Λ(GFM) 9.8 11.0 20.0 28.0 44.0 

∆(GFM) 3.2 0.1 0.2 0.2 2.5 

χ2(GFM) 0.39 11.2 16.7 2.3 2.9 

 

             Table 5: Same as in Table 2, but for the elastic scattering 58Ni + 27Al at  
             Elab. = 155, 160, 170, 185 and 220MeV [20]. 

a gradual decrease as the energy increases in all elastic scat-
tering processes, as expected from the prescriptions of SAM.
The extracted parameters using the Frahn-Venter model can
be correlated to the three-McIntyre parameters in the param-
eterized scattering matrix elements in a crude approximation;
i.e. Λ≈ `g + 1

2 , ∆≈ ∆M and µM ≈ µ
2∆

. Some failures may be
noted when the incident energy approaches the Coulomb bar-
rier. The three-McIntyre parameters can be found and used
as an input to a parameterised DWBA calculation of a trans-
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FIG. 9: Same as in Figure 5, but for the elastic scattering 58Ni+27 Al.

fer reaction that has an incoming (or outgoing) energy in the
entrance (or exit) channel using the diffraction model.

By comparing the values of (n,h) or (Λ, p) among all cho-
sen elastic scattering processes at different energies, no “ho-
momorphic” cases are found because none of these processes
display identical diffraction patterns. Moreover, no glory or
orbiting effect does exist in the structures of angular distribu-
tion for these elastic scattering processes at different energies.
Unsuccessful fittings could be attributed to weak absorption
in some of elastic scattering at certain energies; while the pos-
sibility of depletion of measured cross-sections to other open
channels still exist in some cases. However, any of the ob-
tained theoretical results and experimental data do not have
any broad structures at large angles that can be attributed to
an Airy interference pattern.
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