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The method of Morales and Ramis determines whether a given Hamiltonian system is non-integrable. We
apply this method to Friedmann Robertson Walker models with a self-interacting scalar field and cosmological
constant. It is shown that, with the exception of a set of measure zero, these models are non-integrable. Our
results complement those of Helmi and Vucetich who used the Paimmperty to find integrable models
within this class.

In recent years the search for non-integrablility criteria for I. KOVACIC'S ALGORITHM
Hamiltonian systems based upon the behaviour of the solu-
tions in the complex domain has acquired more relevance. In
this work we use a connection between two differents cong
cepts of integrability: the complete integrability of complex
analytical Hamiltonian systems (given by the theorem of Li-
ouville) and the integrability of complex analytical linear or-
dinary differential equations (LODES) in terms of Liouvillian

functions. By Liouvillian function we mean a function which . . - .
can be written as a combination of algebraic functions (solu—C l;gggﬁ;&iﬁ;ﬂﬁfg&g&i Vg’gr;r;?]es?gﬁgffg)h’g;ialle d
tion of a polynomial equations), exponentials, their indefinite '

integrals, exponentials of integrals or logarithms. Since Wéeduced invariant form

are working in the field of complex functions, this definition "

includes all the usual elementary functions suclsiascos € —-€=0 )
arctan

For a Hamiltonian systeri, these concepts of integrabil- With 9=9(x) € C(x). _ o
ity are connected via the normal variational equation (NVE) We can also use a well-known transformation to a Riccati
of Xy, which may be a LODE, which describes the evolutionequation, by the change of variables: &' /&:
of perturbations normal to an invariant plane of the system.

The basic idea is that if the flow of the Hamiltonian system V =g+V? 2

has a regular behaviour (is integrable), then the linearized flow
along a particular integral curve given by the variational equa-
tion (NVE) must also be regular (integrable). Conversely if

Kovacic’s algorithm gives us a procedure for computing
he Liouvillian solution of a second order differential equa-
tion, when such a solution exists. Reciprocally, if the differ-
ential equation is non-integrable in terms of Liouvillian func-
tions, the algorithm does not terminate. In the version used of
the algorithm we essentially follow [2—4].

Then the differential equation (1) is integrable, if and only

. ; i X if, the equation (2) has an algebraic solution (solves a polyno-
the linearized flow is non-integrable the system as a wholrfln q ) 9 ( poly

: ) ial).
will be non-integrable. The key point of the algorithm is that the degree of the poly-
must nomial belongs to the sét= {1,2,4,6,12}. The algorithm

In studying the integrability of the Friedmann-Robertson-has three steps: the first step is the determination of the set
Walker (FRW) cosmological model we use a unified and systhe two others steps are devoted to determining the existence
tematic approach: and construction of the minimal polynomial.

1. Select a particular solution (or invariant plane). If the algorithm does not work (ie, equation (2) has no al-
2. Write the variational equations and the NVE gebraic solution) then equation (1) has no solution in terms of

] ) S ) Liouvillian functions.
3. Check if the solutions of the NVE are Liouvillian functions.
To decide step 3 we use a brief form of Kovacic’s algorithm

[1].

The dynamics of the FRW cosmological model filled with
a comformally coupled scalar massive field has been studied
in many papers, but none of then has put an end about the in- The Morales-Ramis theorem is a non-itegrability criterion,
tegrability of the system. Using Kovacic’s algorithm to decidei-e. it says when a Hamiltonian system is non-integrable and
whether the NVEs are (or not) integrable, and the connectiofan be read this way:
betweent non-integrability of the NVEs and non-integrability Theorem: If there aren first integrals ofXy which are
of the Hamiltonian system we can say with certainty that themeromorphic and in involution, then the EVN has Liouvillian
problem is, in general, non-integrable. solutions.

IIl. MORALES-RAMIS THEOREM
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lll. APPLICATION If we now apply Kovacic’s algorithm to (9) we find that the
equation is non-integrable, except for thessiblyintegrable

We use the conformal form for the metric in the FRW cos-¢aS€es

mological model
’ A= —A neN (20)
 (n+D(n+2)’ '

ds® = a?(n) {—dn2+ dr? +r2d§22] (3)

1—kr2
Applying the same method to the invariant pldpg = ¢=0)
wherea(n) is the scale factor ankl= 0, +1. we obtain a similar result: that the NVE is, in general non-
With a conformally coupled self-interacting scalar field, theintegrable except, possibly, when
system can be described in terms of the Hamiltonian

2m?

A, A T nrnmnrz MEN (t3)
{ (P5+Kka?) + (P + k?) + mPa’q? + §(P4+ zaﬂ In summary, the Theorem of Morales-Ramis tells us #iat
e these models are non-integrable with the possible exceptions

H

I\)H—‘

wheren is the conformal timea is the scale factor of the WNen
universe\ the cosmological constant, apds the scalar field TR
of massmand self-coupling constant A=A=————"__  neN. (12)
The system has an invariant plape= a = 0, for which we (n+1)(n+2)
obtain the normal variational equations
d*3a IV. NUMERICAL RESULTS
T = (—k+nmf¢?) da (5) -
Changing the independent variablegand callingda = x, In the section we show two Poinéasections: one for a
we have the equation non-integrable combination and one in the relation (12). For

the non-integrable one we choose the valnes A = 0 and

m = 0, and for the possibly integrable case we chobse
d?x n 2(k+A¢?) dx + —k+ mz(pz _0. (6 M=-—landm=1.thisfigures are respectively showed below
d@? ' @(2k+A@?) do (p2(2k+)\cp2)

This is a linear homogeneous equation with coefficients
which are rational functions, of the type

d?y
O +Db(x)

dy

ey =0 ™

smtable for the appllcatlon of Kovacic's algorithm. Defining |~ 4. boincae section inpax  FIG. 2: Poincaié section inpa x
r(x) = Eb’((p)+4b((p) c(g) € C(x). afor A=\ =0andm# 0. aforA=A=-1

we transform this into the reduced invariant form,
As can be seen from figure (1), in the first case we have

y=r(x)y (8)  behaviour typical of a non-integrable system, with broken tori
. and island formation. On the other hand figure (2) has regu-
with lar curves around an axis filled with periodic orbits. Besides
K2 4 3K\ APk — 2N )\ A= /\ = —m?/3 (which is similar to figqre (2)) t.he Poi.ncélr
r(e) = (3c°+3 (pzq)z r )\ﬁ ¢ (9)  sections of the other cases have behaviour similar to figure (1).
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