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In this seminar we shall discuss the issue of duality transformation in the context of f topological mass gener-
ation in diverse dimensions. Particular emphasis will be given to the mass generation mechanism as the result
of interference between self and anti self-dual components, as disclosed by the soldering formalism. Since this
is a gauge embedding procedure derived from an old algorithm of second-class constraint conversion used by
the author to approach anomalous gauge theories, a quick review of the subject will be presented. The prob-
lem of classification of the electromagnetic duality groups that is closely related will also be briefly discussed.
Particular emphasis will be given to a new approach to duality based on the soldering embedding to tackle to
problem of mass generation by topological mechanisms in D=3 and D=4 dimensions including the couplings
to dynamical matter and nonlinear cases.

1 Preliminaries that brought original solutions to old problems. In [2] a pro-
posal for mass generation as a consequence of interference

The notion of soldering or combining different species of .Of massless mpdes was given that corroborqtes an old con-
objects to yield a new composite structure is a very recur-18Ctureé by Jackiw[21]. it proposes an alternative mechanism
rent concept in Physics and Mathematics. The fusion pro-for the dynamical mass generation known as Schwinger

cess can be established as long as the constituents displa eCha”i.S'.“ as a consequence of Ieft.—right @nFeraction. In the
either opposite or complementary aspects of some definiteI ame ISp'”t' a pr?]posal for the I}i)hyhsmal orgin of the Itopo-
property. This simple observation contains the genesis of the'©9/c@! Mass in the 3D Maxwell-Chem-Simon model was
technique, which we call the Soldering Formalism. Over the Ve in [9] as a consequence of the interference between
last few years we have systematically developed the solder-se'f'duaI a”‘?' ant self-d_ual modes of a 3D analogue of ¢ hiral
ing formalism and extensively applied to a wide variety of 20SOns. Adispute, lasting more than ten years, regarding the
problems, including higher dimensional models [1-18]. In Proper way to formulate the dynamics of 2D chiral bosons
this report we shall basically review our work has been settled in [5] using the dual projection version of

h deri hanism i hni devel the soldering formalism. Finally, | would like to mention
The soldering mechanism is a new technique developedy,e resolution of the equivalence between the non-abelian

to work with distinct manifestations of self dual aspects of .1t qual model and the Yang-Mills-Chern-Simons model
some symmetry, for instance, chirality, helicity and electro- ¢, any value of the coupling constantin [12]. Previous at-

magnetic self-duall_ty, W.h'Ch can be soldereq. It prowdes tempts, based on the master action approach, were restricted
a clean algorithm, inherited from our constraint conversion t0 g — oo limit.

program[19], for fusing the opposite nature of these symme-
tries by taking into account interference effects. Therefore,  After discussing the general aspects of the method we
two models carrying the representation of such symmetriessha|| focus on a few applications. Although our initial
being otherwise completely independent, can be fused bystyqy in soldering was to investigate the possibility of fusing
this technique, irrespective of dimensional considerations. gifferent chiralities of two independent systems displaying
Indeed while this technique is applied for the quantum me- tryncated diffeomorphism into a 2D gravity model, we shall
chanical harmonic oscillator[20] it may also be used to in- concentrate on two different lines of developments. One is
vestigate the cases of electromagnetic dualities in distinct di-q explore the intimate connection between soldering and
mension, i_ncluding the new and inte_resting instance of non duality to study the phenomenon of topological mass gener-
commutative manifolds. Particular instances of the scalar ation. The other is to study the possibility of simultaneously
field theory in two dimensions, the Maxwell theory in four - considering the soldering and bosonization, in different di-
dimensions or the Chern-Simons theory in three dimensionsmensions. In the context of the last, the technique is ini-
and massive p-form self-duality in arbitrary dimensions are tja|ly developed to solder the dual aspects of some symmetry
some of the exemples to be discussed here. following from the bosonization of two distinct fermionic
The list of applications is indeed quite extensive but | models, thereby leading to new results. Exploiting this tech-
would like to emphasize the following four contributions nique, the two dimensional chiral determinants with oppo-
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site chirality is soldered to reproduce either the usual gaugewhereJiN) are the Noether currents. For the individual self
invariant Schwinger model or the Thirring model. The ex- and anti-self dual systems this iterative gauging procedure
tension of the analysis fdp > 2 bosonization has also been will not produce gauge invariant systems. However, for the
considered and two independent three dimensional massiveomposite system this procedure will, eventually, lead to an
Thirring models with same coupling but opposite mass sig- effective action of the form,

natures, in the long wavelength limit, combined by the pro-

cess of bosonization and soldering to yield an effective mas- ~ S(p+, W)™ = S, (o )"V (p_ )=
sive Maxwell theory. The current bosonization formulas are (N—1)( 7(N—1) (N—-1)
given, both in the original independent formulation as well + W (J+ +J- ) (3)

as the effective theory, and shown to yield consistent results

for the correlation functions. Similar features also hold for xgggngjr?hgu;gn?aer m;gr(;;r;t( 5{“:\% iﬂi:gﬁ;ﬂﬁ:;{ggi?r-
guantum electrodynamics in three dimensions. : y

An interpretation of the soldering process has also beenfavor of the other variables. The final effective action then

offered that discloses the whole process as a canonical transt—)ecomeS a function of the original variables only. In this

formation, however in the Lagrangian side[22]. We coined f(_)(rjm tlr:f ﬁjﬁegtwefactlon IS o Ion_ger a_funct|on of .tfhi indi-
it dual projection. This new interpretation has provided us }/.' |3a blel N tUtt% solmebcomfposne as= oy — ¢ ifthe
with some practical applications and used to study some.]leh S belong to the ‘.’:1%? ra of some groupior: ¢ -
controversial issues to date, such as the way to properly cou? they are group variables,
ple chiral matter to gauge and gravitational backgrounds[23] N .
or to establish to equivalence between different formulations (000 W)y ) = Serp(px) = Serr(9) (4)
of chiral modes besides providing new interpretation to their
field constituintes. It also offered the opportunity to treat the
electromagnetic duality groups under this technique and to
disclose their group structure dimensional dependence, botl
for massless and massive fields and to propose a new phys-
ical interpretation for the phenomenon[6]. It also opens up
the possibility to dee_il Wi_th electro_magn_etic duality fpr arbi- 3 Soldering, dynamica| mass genera-
trary p-form theory in different dimensions. In a different . :

line of investigation, the formalism was also used to study tion and interference

the duality equivalence of related models, including nonlin-

ear effects, in distinct dimensions and couplings to different Here we discuss the applications of the soldering technique
matters [9,11-17]. to the problems of quantum field theory where the full

power of this approach is manifested. In quantum mechan-

ics see the original papers[20] and applications[24]. We dis-

2 General Aspects of Soldering and cuss first two-dimensional field theory where the use of the

. . bosonization technique provides us with exact results. The

Canonical Transformations extension to the non Abelian example and a new look at the
Polyakov-Weigmann identity[2], as well as the result of dif-

ferent regularization schemes, known to exist in the chiral

Schwinger models leading to distinct categorization of sec-

8nd class constraints, has been proposed[7].

Three dimensional models are considered in the sequel.
Although bosonization is not exact in these dimensions, yet
Y50me expressions are known in particular limiting condi-

tions. Our interest is basically confined to the long wave-
©) ©) length limit where local expressions are available. Under
S1(el) = / Ly (@) at (1)  these conditions the massive Thirring model or quantum
electrodynamics bosonize to self dual models. Soldering of
invariant under a global multi-parametric transformation such models is carried out to get new models. The soldering
d¢'l = o where the suffix (0) indicates the iterative nature of models with different coupling parameters is given. Three
of the analysis. Here represents the tensorial character of dimensional gravity has been examined in the literature
the basic fields and, for simplicity, will be dropped from now where the soldering of linearized Hilbert-Einstein actions
on. In general, under local transformations these actionswith Chern-Simons terms is studied[10]. Some attention has
will not remain invariant, and Noether counter terms be- also been devoted to a study of W gravity models[15]. The
come necessary in order to reestablish the invariance. Thes&/> and W3 cases, which yields exact soldering, were dis-
counter terms contain, apart from the original fields, appro- cussed in details. Finally the case of higher conformal spins
priate contributions of auxiliary fieldd”(N). Thus, after N W, (n > 2), which is developed within some perturbative
iterations we obtain, scheme since soldering is not exact in this instance, was con-
sidered. We will not give details of all these exemples in this
S1(02) @ = Si(pr)™ = 54 () VY — WM I (2) review.

so that,6S.rs = 0. This is our cherished effective action
which is a result of the soldering or the fusion of the orig-
inal actions. Also, since the auxiliary fields are used for
oldering only, they will be calledoldering fields

The basic idea is to raise a global Noether symmetry of the
self and anti-self dual constituents into a local one, but for
an effective composite system, consisting of the dual com-
ponents and an interference term that defines the soldere
action. Here we adopt an iterative Noether procedure to lift
the global symmetries. Assume the symmetries are bein
described by the local actions
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3.1 Fermion Determinants and Bosonization  where,® = ¢ — p. The action is no longer expressed in
in Two Dimensions. terms of the different scalagsandp, but only on their spe-
cific combination. This combination is gauge invariant.
Bosonization is a powerful technique that maps a fermionic Let us digress on the significance of the findings. At the
theory into its bosonic counterpart. It was fully explored classical fermionic version, the chiral Lagrangians are com-
in the context of two dimensions[25] and later extended to pletely independent. Bosonizing them includes quantum ef-
higher dimensions [26-29]. Its importance lies in the fact fects, but still there is no correlation. The soldering mecha-
that itincludes quantum effects already at the classical level.nism exploits the symmetries of the independent actions to
Consequently, different aspects and manifestations of quanprecisely combine them to yield a single action. Note that
tum phenomena may be investigated directly, that would the soldering works with the bosonized expressions. Thus
otherwise be highly nontrivial in the fermionic language.  the soldered action obtained in this fashion corresponds to a
The basic notions and ideas are first introduced in the new quantum theory.

context of two dimensions where bosonization is known to We now show that different choices for the parameters
yield exact results. Consider an explicit one loop calculation o, anda_ lead to well known models. To do this consider
following Schwinger’s point splitting method[30] which is  the variation of (9) under the conventional gauge transfor-

known to yield[31], mations, iy = dp = a anddAL = Or«. Itis easy to see
that the expression in parenthesis is gauge invariant. Con-
Wilw] = —ilogdet(i@ + eAy) ) sequently a gauge invariant structure ¥gris obtained pro-

B 0 9 vided,a+ + a— — 2 = 0. By functionally integrating out the
= /d v (04wd-w+2e Ardpw +are’ Ay A) o field from (9), we obtain,

Wherea_; = ¢,p. I-_|er_e Iight cone metric is used and the W[Ay] = ﬁ dzx{A+a;A++A,a—+A,—2A+A,} (10)
regularization ambiguity is manifested through. In the 4m 04 0_

Hamiltonian approach their values define a second-class hich is the famili for th . . :
constrained systems with two and four constraints. which is the familiar structure for the gauge invariant action

Observe that different scalar fielgsand p are used to _e_xpressed in terms of the potentigls._ The o_pposite chiral-
emphasize that the fermionic chiral components are uncor-'1€s of the two mdependgnt f(_arm|on|g theories have been
related. Itis the soldering that abstracts a meaningful combi—SOIdSered t‘? ¥'eld ? gau%e mvatr'lant action. iol .
nation, this being essentially the simultaneous gauging of a ome Interesting observations are possibie concerning
global symmetry of the individual chiral components. Con- the regularization ambiguity manifested by the parameters

sider, therefore, the gauging of the following global symme- 9+ @nda-. Since a single equation cannot fix both the pa-
tty, 50 = 0p — v, A, — 0. The variations in the effective rameters, it might appear that there is a whole one param-
aciions (5) are fc;undito be' eter class of solutions for the chiral actions that combine

to yield the vector gauge invariant action. Indeed, with-

out any further input, this is the only conclusion. However,
W] = /d% Oxa Jx(n) (6)  Bose symmetry imposes a crucial restriction[32]. This sym-
metry plays an essential part that complements gauge in-
where the currents are defined ak, () = %(@n T variance. In the present case, thi; symmetry corresppnds
e AL); n = ¢, p. Next we introduce the soldering fiefd,. to the left-right (or + —) symmetry in (5), thereby requir-
so that, ing a;. = a_ = 1. This has important consequences if a

Maxwell term was included from the beginning to impart

1) ) dynamics. Then the soldering takes place among two chi-
WLl = W] - /d & Bz Jx(n) () ral Schwinger models[33] having opposite chiralities to re-
produce the usual Schwinger model[30]. It is known that
Then it is possible to define a modified action, the chiral models satisfy unitarity provided. > 1 and the
spectrum consists of a vector boson with mas$,= ZQ“f

1 _ -
Wlp, pl = WO+ w4 — /deB B. (8 and a massless chiral boson. The values of the parame-
.l + 1] 2 2w M ® ters obtained here just saturate the bound. For the minimal
S ) ] parametrization, the mass of the vector boson becomes in-
which is invariant under an extended set of transformationsfinite so that it goes out of the spectrum. Thus the solder-
that includes the matter fields together wil. = d.c. ing mechanism shows how the massless modes in the chiral
Observe that the soldering field transforms as a vector po-gchwinger models are fused to generate the massive mode
tential. Since it is an auxiliary field, it can be eliminated ¢ the Schwinger model. It may be observed that the sol-
from (8). This will naturally solder the otherwise indepen- yering process can be carried through for the non Abelian
dent chiral components. The relevant solution is found to theory as well, and a relation analogous to (9) is obtained.

be, B+ = 2 J.. Inserting this solution in (8), we obtain, Naively it may appear that the soldering of the left and
right chiralities to obtain a gauge invariant result is a sim-

W@ = /d% {(0,P0_® +2eA,0_D —2eA_0, D) ple issue since adding the classical Lagrangiafis > and
YIP_1, with identical fermion species, just yields the usual

+ (ap +a_—2)e* A, A,} (9)  vector Lagrangiani[xy. The quantum considerations are,



186 Clovis Wotzasek

however, much involved. The chiral determinants, as they ple. The dynamically generated mass arises from the in-
occur, cannot be even defined since the kernels map fromterference between these movers, thereby preserving gaug
one chirality to the other so that there is no well defined invariance. Setting eithet, or A_ to vanish, destroys the
eigenvalue problem. This is circumvented by working with quantum effect, very much like closing one slitin the optical
P(id + eA1)v, that satisfy an eigenvalue equation, from experiment destroys the interference pattern. Although this
which their determinants may be computed. But now a sim- analysis was done for the Abelian theory, it is straightfor-
ple addition of the classical Lagrangians does not reproduceward to perceive that the effective action for a non Abelian
the expected gauge invariant form. At this juncture, the sol- theory can also be expressed in the form of an absolute
dering process becomes important. It systematically com-square (12), except that there will be a repetition of copies
bined the quantized (bosonized) expressions for the oppo-depending on the group index. This happens because only
site chiral components dfifferentfermionic species. The the two-legs graph has an ultraviolet divergence, leading to
importance of this will become more transparent when the the interference (mass) term. The higher legs graphs are al
three dimensional case is discussed. finite, and satisfy the naive factorization property.

At this point it is interesting to examine the impact that It is now simple to see that (12) represents an abelian-
different choices of regularizations may have over our result. jzed version of the Polyakov — Wiegman identity by mak-
There are two possible situations left. Here we examine theing a familiar change of variablesd, = ng‘lmU;
present regularization and show that different choicesforthe 4 — iy/9_ /-1 where, in the Abelian case, the matri-
parameters . in (9) lead to the Thirring model. We have cest/ andV are given asl/ = exp{ip} ; V = exp{—ip}
examined an alternative regularization prescription leading; ;7 = exp{i®} with ® being the gauge invariant soldered

tion of the model[7]. Indeed it is precisely when the mass

term exists{.e., ay + a_ — 2 # 0), that (9) represents the ) . .
Thirring model. Consequently, this parametrization comple- W[UV]=W[U]+W[V] +/d x(UTr0.U) (Vo-v™H) (13)
ments that used previously to obtain the vector gauge invari-

ant structure. it is now easy to see that the term in paren- hich js the Polyakov-Wiegman identity, satisfying gauge
theses in (9) correspondsd@ig) + )y so thatintegrating  jnyariance. The result can be extended to the non Abelian

out the auxiliaryA,, field yields, case since, as already mentioned, the nontrivial interfer-
_ g — ) 4r ence term originates from the two-legs graph which has
L=vigp = 5(Wm)” 1g=—————5 (1) been taken into account. It is now relevant to point out

T ta -

that the important crossing piece in either (12) or (13) is

which is just the Lagrangian for the usual Thirring model. conventionally[35, 25] interpreted as a contact (mass) term,

It is known[34] that this model is meaningful provided the or a counter term, necessary to restore gauge invariance. Ir

coupling parameter satisfies the conditipn- —, so that, our analysis, on the contrary, this term was uniquely speci-

| ar + a_ |> 2. This condition complements the condition fied from the interference between the left and right movers

found earlier. in one space dimension, automatically providing gauge in-
We have therefore explicitly derived expressions for the variance. This is an important point of distinction.

chiral determinants (5) which simultaneously preserve the

factorization property and gauge invariance of the vector de-

terminant. It was also perceived that the naive way of inter- 3.2 Self-Dual Models and Bosonization in

led to the supposed incompatibility of factorization with model

gauge invariance. Perturbatively we show the lacking )

of crossing graphs. ~ Classically these graphs do vanishypile the bosonization in three dimensions is not exact, nev-
(PP = 0) so that it becomes evident that this incompat- gheless, for massive fermionic models in the large mass or,
ibility originates from a lack of properly accounting for the  ¢qyjivalently, the long wavelength limit, well defined local
quantum effects. Itis possible to interpret this effect, as we gyressions are known to exist[27, 28]. Interestingly, these
will now show, as a typical quantum mechanical interference gy ressions exhibit a self or an anti self dual symmetry that
phenomenon, closely paralleling the analysis in Young's js gictated by the signature of the fermion mass. Clearly,
double slit experiment. We also provide a new interpreta- yqrefore, this symmetry simulates the dual aspects of the
tion for the Polyakov-Wiegman[35] identity. Rewriting (10)  |eft and right chiral symmetry in the two dimensional exam-
in Fourier space as ple, thereby providing a novel testing ground for our ideas.

N k. ke Indeed, two distinct massive Thirring models with opposite
——/dk AV —AL + AT —A_ —2AT A mass signatures, are soldered to yield a massive Maxwell

2 ey ke : re solc . .

theory. This result is vindicated by a direct comparison of

N k_ k. 5 the current correlation functions obtained before and after
= _ﬁ/dm HA+ - KA* | (12)  the soldering process.

To effect the soldering consider the bosonization of the
immediately displays the typical quantum mechanical inter- massive Thirring model in three dimensions[27, 28] that is
ference phenomenon, in close analogy to the optical exam-therefore reviewed briefly. The relevant partition functional,

WAL
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in the Minkowski metric, is given by, the bosonized Lagrangians are, respectively,
‘ 7 ifdswﬁ(if%m)wfﬁj j“] _ paw ex o Ly eu
Z=|DyDye - zm (14) L, = m%w\f [+ §fuf
- L = g P + g (19)
wherej,, = v, is the fermionic current. As usual, the B 2M 27"

four fermion interaction can be eliminated by introducing

an auxiliary field. where f,, andg,, are the distinct bosonic vector fields. The

current bosonization formulae in the two cases are given by

7= DyDyD f, ¢t | Celb@d+merpe+3faf’] (15 ‘ — A v
[Duping, e (15 5= Ts e
. . . . . _ by 5
Contrgry to the two dimensional models, the fermlon_m_- jp = Eyub= *Zﬁwpa g° (20)
tegration cannot be done exactly. Under large mass limit, ™

however, this integration is possible leading to closed and
local expressions[29]. The leading term in this limit was cal-
culated by various means[36] and shown to yield the Chern-
Simons three form. Thus the partition functional for the
massive Thirring model in the large mass limit is given by,

It is now possible to effect the soldering following the
general prescription detailed in the last section. The final
result, after elimination of auxiliary soldering fields, is

1 2
Ls = L L — - (Jf J.
Z:/Dfﬂ oI (e o L) g i £ 5 P;(f) +p0(9)
1 M
= _ZF“”FW + TA”AM (21)
where the signature of the topological terms is dictated by
the corresponding signature of the fermionic mass term. Thewhere,AM -

Lagrangian in the above partition function defines a self pressed in terms of the basic entity,. The soldering mech-

dual model introduced earlier[42]. The massive Thirming 4nism has precisely fused the self and anti self dual symme-
model, in the relevant limit, therefore bosonizes to a self tries to yield a massive Maxwell.

dual model. It is useful to clarify the meaning of this We conclude, therefore, that two massive Thirring mod-
self duality. The equation of motion is given by, =

y els with opposite mass signatures, in the long wavelength
—%ﬁ@mal’ﬂ from which the following the relations  |imit, combine by the process of bosonization and solder-
d.f* = 0 and (3#5)# + M2) f, =0, M = % may be ing, to a massive Maxw_ell theory. The bosonization of the
easily verified. A field dual tof,, is defined as;f, = qomposne current, obtalnec_:j by add.lng the separate con_tnbu—
ﬁewxa”fA where the mass parametaf is inserted for tions from the two mpdels, is given in terms of a topological
dimensional reasons. Repeating the dual operation, we findgcurrent of the massive vector theory. These results cannot
“(“fu) = ﬁe#”a” A = f,. thereby validating the def- be obtained by a straightforward application of conventional
inition of the dual field. Combining these results we con- bosonization techniques. The massive modes in the original
clude that,f, = —\mm*fu- Hence, depending on the sign of Thirring models are manifested in the two modes of (21) so

the fermion mass term, the bosonic theory corresponds to dhat there is a proper matching in the degrees of freedom.

self-dual or an anti self-dual model. Likewise, the Thirring
current bosonizes to the topological current

331 (9u = fu) is the usual field tensor ex-

4 Electromagnetic Duality in Differ-

e = %ngau fo (17) ent Dimensions
™| m|

The close connection with the two dimensional analysis 4.1 Duality Groups.

is now evident. There the starting point was to consider two The problem with the space-time dimensionality is a cru-

distinct fermionic theories with opposite chiralities. In the cial one that has obscured the understanding of duality with

present instance, the analogous thing is to take two indepentechnicalities and misconceptions. The distinction among

dent Thirring models with identical coupling strengths but the different even dimensions is manifest by the following

opposite mass signatures, double duality relation,
_ P 2 - +F if D=4k +2
Ly = $a+m)v - () F:{ _F, if D=4k (22)
— . P 2
Lo = &§@@—m)E~ > (&) (18)  wherex denotes the usual Hodge operation dhis a 2 -

form. The concept of self duality seems to be well de-
Note that only the relative sign between the mass parameterdined only in twice odd dimensions, and not present in the
is important, but their magnitudes are different. From now twice even cases and (22) apparently leads to separate con-
on it is also assumed that batthandm’ are positive. Then  sequences regarding the duality groups in these cases. The
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invariance of the actions in differed®-dimensions is pre- (¢, II) — (A4 , A_) thatis dimensionally dependent,
served by the following groups,
(13 — A+ + A,
_ ] 2 if D=4k +2 I — 7(@A;—0A 28
6—{ 250 D @3 n(OAL - 94.) @9)
with n = + defining the signature of the duality symmetric

which_are called '_[he “duality groups”. The duality oper- action. The effect of the dual projection (28) into the first
ation is characterized by a one-parameter SO(2) group of

symmetry in D=4k dimensions, while for D=4k+2 dimen- order action is manifest as,
sions it is manifest by a discret&, operation. Notice that
only the 4 dimensional Maxwell theory and its 4k extensions

would possess duality as a symmetry, while for the 2 dimen- ) ) ) _ )
sional scalar theory and its 4k+2 extensions duality is not e can appreciate the impact of the dimensionality over the

even definable. We shall discuss the physical origin of this Structure of the internal space, and the role of the operator’s

dichotomy. parity in detgrmmmg Fhe appropriate group'for .each dimen-
A solution for the problem came with the recognition Sion. _For twice o_dd dlmen5|_on the dual projection produces

of a 2-dimensional internal structure hidden in the space ofthe diagonalization of the first-order action into chiral ac-

potentials[37, 38, 39]. Recently this author[6] has developedtions, while fqr twice even.dlmensmns., the result is either a

a systematic method for obtaining and investigating differ- Self or an anti-selfdual action, depending on the sign, of

ent aspects of duality symmetric actions that embraces all di- C aB )

mensions. A redefinition of the fields in the first-order form , _ { NAaos 0Ag — 0Aq - 0Aq, if D=4k +2 (30)

of the action naturally discloses the 2-dimensional internal NAaeP0Az — DA, - 0A,, ifD = 4k

structure hidden into the theory. This procedure produces

two distinct classes of dual theories characterized by the op-BY inspection on the above actions one finds that while the

posite signatures of the (2x2) matrices in the internal space firstis duality symmetric under the discrefe, the second is

These actions correspond to self dual and anti-selfdual repinvariant under the continuous one-parameter gisy2).

resentations of the original theory. Indeed the dichotomy This is in accord with general discussion based on algebraic

(23) seems to be of much deeper physical origin, since it methods[40]. In fact, using the choice of operators in (27)

attributes different group structures to distinct dimensions. We easily find that the D=2 case describes a right and a left
The dual projection Operation’ that Systematica”y dis- Floreanini-Jackiw chiral aCtionS[41] if we |dent|@ with a

closes the internal duality space of any theory in D- scalar field,

dimensions is quickly discussed. The distinction of the du- C B A L

ality groups is manifest, in the dual projection approach by L=nAao3" Ay — A, - Aq (31)

the following construction. The first-order action for a free

field theory is, in general, given as

£ =1 (Aao§?0A5 + Aae™P0A5) — 04,040 (29)

The second case, on the other hand, describes either selfd
ual or anti-selfdual Schwarz-Sen actions, according to the
L=Tl&— [T 00 om (2a) ~ Sgnatireoh

L=npteBP — By . B 32
with IT and® being generic free tensor fields in D-1 dimen- GO R (32)

sions and® an appropriate differential operator. For visual it e identify ® with a vector field,® — @ and9® —
simplicity we omit all tensor and space-time indices describ- . nOm@® = BY, with BS being the magnetic field.

ing the fields, unless a specific example is considered. The |, surﬁmary the above analysis clearly shows that the
parity of 0 has a particularly interesting dependence with the physical origin for the dimensional dependence of the elec-

dimensionality, tromagnetic duality group lies in the parity dependence on
41 iD= 4k dimensionality of a curl-operator naturally defined in the so-
P(0) = { 1 iD= dk 42 (25) lution of the Gauss law.
where parity is defined as, 4.2 Duality Equivalence: Noether Embed-
ding.
/@8@:1)(8)/8@@: (26)
Using the well known equivalence between the self-dual[42]

Sand the topologically massive models[36] proved by Deser
and Jackiw[43] through the master action approach, a corre-
spondence has been established between the partition func

Oy, if D=2 tions for the MTM and the Maxwell-Chern-Simons (MCS)
= { €lmnOn, ifD =4 (27) theories. The situation for the case of fermions carrying non-
Abelian charges, however, is less understood due to a lack
which we recognize as odd and even parity respectively. Theof equivalence between these vectorial models, which has
internal space is disclosed by a suitable field redefinition asonly been established for the weak coupling regime[44]. As

Take for instance the specific cases of 2 and 4 dimension
whereo is defined as,
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critically observed in [45], the use of master actions in this of F,,. Repeating this operation, and using the equations of
situation is ineffective for establishing dual equivalences.  motion obtained by varying (33) with respectiiy

We propose a new technique to perform duality map-
pings for vectorial models in any dimensions that is alterna- Y
tive to the master action approach. It is based on the tradi- FA = om e Fuy (36)
tional idea of a local lifting of a global symmetry and may
be realized by an iterative embedding of Noether counterwe find,* (*F,,) = F), thus justifying our terminology and
terms. This technique was originally explored in the context showing the self-dual character of this model.
of the soldering formalism[2, 3] and is exploited here since it Likewise the Abelian case, to proceed with the dualiza-
seems to be the most appropriate technique for non-Abeliartion, we begin with the zeroth-iterated action (33) whose

generalization of the dual mapping concept. variation with respect td, is given by

Using the gauge embedding idea, we clearly show the
dual eql_JivaIence bgtween the non—AbeIiar_1 self-dual and the 35S, = /d% tr [JU6F,] | (37)
Yang-Mills-Chern-Simons models, extending the proof pro-

posed by Deser and Jackiw in the Abelian domain. Thesere- . . ,
sults have consequences for the bosonization identities fromWlth the Noether currents being defined as,
the massive Thirring model into the topologically massive _ X »
model, which are considered here, and also allows for the Ju=—Fu+ 9, SHvA PR (38)
extension of the fusion of the self-dual massive modes[3] ) ] . o
for the non-Abelian case[12]. As mentioned in the introduc- Our goal is to obtain a non-Abelian gauge invariant theory
tion this has the advantage of possessing a straightforwardrom the above non-invariant self-dual model. To this end
extension to the non-Abelian case for all values of the cou- We define the first-iterated action by a coupling between the
p||ng constant. CUrrentS]H and an auxiliary ﬁE|CBM,

The non-Abelian version of the vector self-dual model
(16), which is our main concern, is given by
sH=s, - / Prir[JFB,], (39)
Sy= &’z t7'{_;FuFM+X€WA(FWFA— ;FMFMFA>:| (33)

4m and whose variation is

where F,, = Fgt, is a vector field taking values in the . 1

Lie algebra of a symmetry grou@ andt* are the matrices 53(1)=/d596 tr{-f@”%) —6(J"By) — J“CSB;J} , (40)
representing the underlying non Abelian gauge group with

a=1,...,dimG. The field-strength tensor and the covari- where we have used the following transformation rule for
ant derivative have their usual meaning. the gauging field§ F,, = —4B,, — §J,. This prompt us to

Using the master action approach, the action (33) hasdefine the following second iterated action,

been shown to be equivalent to the gauge invariant Yang-
ills- -Si 1

Mills-Chern-Simons (YMCS) theorg S, 4 / Botr [2 T, — Bu]

. 1 X 2
S= d%tr[FWFWJre#”A(FWF —ZFF,F )] 34 2 1
4m? ! dm ! A 3 ! A ( ) = /ds.’E tr% ENV)\<}T‘NVF)\ - 3FMFVF/\) + 2BMBM:|

only in the weak coupling limiy — 0 so that the Yang-Mills o _ . o _
term effectively vanishes. Here we are using the bosoniza-Which is gauge invariant after noticing that this transfor-
tion nomenclature that relates the Thirring model coupling mation rule fixes theB,, field as B, = —3& e\ F7.
constantg? with the inverse mass of the vector model. To Thanks to the structure of the current (38), this action can
study the dual equivalence of (33) and (34) for all coupling finally be put in a more far)pji\l}ar presentation as the gauge
regimes, a problem open for more than twenty years, and thénvariant theory, S — S5 the Yang-Mills-Chemn-
consequences over the bosonization program is main contri-Simons theory defined in (34). This proves that just as in
bution of this work. the Abelian case, the non-Abelian self-dual action defined
We are now in position to study the non-Abelian version in (33) is physically equivalent to (34) for all regimes of
of the vector self-dual model whose dynamics is given by the the coupling constant. In the process we have also shown
action (33). To this end we discuss first in which sense this the duality transformation that correctly defines the inherent
model possess the self-dual property. Following the sameself-duality property of action (33).

reasoning as in the Abelian case, we define the duality oper-  In summary, a general method has been developed that
ation as, establishes dual equivalence between self-dual and topologi-

cally massive theories based on the idea of gauge embedding
over second-class constrained systems. The equivalence has
*FA = [ﬁ N (D, + Fu)} F,, (35)  been established using an adaptation of the iterative Noether
m procedure both for Abelian and non-Abelian self-dual mod-
where the operator inside the square brackets in the right-els, including the cases with coupling to dynamical charged
hand side acts on the basic fidlfl defining* F'* as the dual ~ fermions.
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