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We present a detailed derivation of the effective dielectric constant to be used in the dispersion relation for
electrostatic waves in the case of a plasma immersed in a inhomogeneous magnetic field, with inhomogeneity
perpendicular to the direction of the magnetic field.

1 Introduction

We have recently discussed the correct form of the disper- In the present paper we derive the effective dielectric
sion relation for electrostatic waves in inhomogeneous plas-constant considering the case of a magnetic field featuring
mas, considering for simplicity the particular case in which perpendicular gradients, therefore complementing the for-
the magnetic field is homogeneous and other plasma parammulation appearing in Refs. [2,3]. The geometry to be used
eters can be inhomogeneous, and deriving a general express the same geometry which has been adopted in Ref. [5],
sion for the dielectric constant, valid for arbitrary direction which has been concerned with the general dispersion re-
of propagation [1-3] The situation in which the magnetic lation for electromagnetic waves. The derivation requires
field is homogeneous has been chosen for these studies bex considerable amount of algebraic work whose main steps
cause it features a relatively simple geometry, which hasare illustrated in the following sections. Due to the details
been useful for the discussion of basic features, like the sym-which must be provided, we emphasize analytical features
metry properties of the effective dielectric tensor. More gen- of the derivation, leaving detailed applications with numeri-
eral situations which also feature inhomogeneity in the mag- cal results to forthcoming publications.
netic field introduce considerable difficulty to the derivation The structure of the paper is the following: In section 2
of the effective dielectric tensor and to the effective dielec- the formulation employed in Ref. [5] is adopted and applied
tric constant, since the inhomogeneity in the magnetic field to the derivation of a general expression for the effective di-
affects the resonance condition [4,5]. electric constant, and in section Ill the general expression
From the derivation presented in Refs. [3] and [2], it is is particularized to the case in which the plasma particles
important to remember here that the dispersion relation for possess a Maxwellian distribution function.
electrostatic waves in inhomogeneous plasmas can be writ-
ten in a general form which is well known from the literature ) ) ) ] .
6], 2 Derivation of the longitudinal di-

ke, — ik - (v- e) —0, @) electric constant

where thez is the dielectric tensor ang is the longitudinal

: : Let us assume a plasma immersed into an inhomogeneou:
dielectric constant,

magnetic field, with weak inhomogeneity perpendicular to
kicijk; the direction ofB. Using Eqg. (3) from Ref. [5]:

g = 12 . (2)

v N dmqs 3

It is also important to remember here that it has been s Za: MaW n;oo/ dT/d s £l feo)

demonstrated that for an inhomogeneous plasma the dielec-
tric properties are given by the so-callefiective dielectric . (nl—1) T,
tensor instead of the conventional dielectric tensor [2,7,8]. X €T [Fo(T)] e
When studying electrostatic waves, therefore, Eq. (1) must
be utilized along with an effective dielectric tensor and an 47'rqa 3
effective dielectric constant, derived according to Eq. (2), —€:€: Z / d*u —=L(fao) 3)
with the components of the effective dielectric tensor ap-
pearing in the right-hand side. where
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Ty (@) F2 (7) e
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the inhomogeneity. The inhomogeneity has been assumed to
be weak, such that the cyclotron frequency has been written

ot (1) =i KCnT F by cosp + 1S, b, sin as
=
no T KnT £ bo costh + iS5, b, sin ) Qo (7)) ~ Qo ()1 + ep(2), — z)], (4)
ot O - 1 whereQ,(z) = (gaBo(z)/mqc) is the particle cyclotron

angular frequencyn,, is the particle rest masg, is the par-

1/2~+ __ . .
Fol?Grio = —(KnT F ba o8 + iSyba sin ). ticle charge is the velocity of lightep = [i dBO} ,

By dx,
with andz’, is the unperturbed position of partiale
Foa(r) = 02 — K272 — 125, ba sin Kt We also used
In these expressions we have u=p/(mac) Sy = signn), Kn =nepcu, /2,
kw2 £ _ p2 499 S OIC IC221/2
Dpo =yw — Ck”’u,” —nQy(1+4+€epx) —€p i;;;_c sin ) Ty [ a o COSYK, T + Ko T ]
o The longitudinal dielectric constant can be obtained
kiu,c from the effective dielectric tensor as follows,

by =
Qa

C(faO) = aulfao -

\“l

4
L(fa0) g =1 722 m”ﬁzz Z / dT/d?’u U1 L(fa0)
u
L(faO) - uij‘_auLf(xO - au”faO

B ) XeiD"aT |n| 1) Z
The geometry utilized has been the following. The mag- Foa =

netic field has been considered pointing in thdirection,
and inhomogeneous in the direction, By = By(x)e. 47“1@ .
The waves were assumed propagating in arbitrary direc- Taw? / d’u —L(fa0) s (5)
tions, withk andk as the components of the wave vector
respectively parallel and perpendicular to the magnetic field. where we did not use the indexes in the componentsl;,
The wave angular frequency has been denoted. ag de- for simplicity. We see that it is necessary to evaluate the
notes the angle between the vedkar and the direction of  following product,

J
Zkﬂ —’fn J\n|( EVEN 2 (7)

ki k1L HJr

xn xn |n\

£y £ a1 (77) 1/2 .
tki costy [nd, (2y,)Gro (T) +i————F—F,,7(T)ba sin 1)

Tn
+ik sm1/2 |:|n‘<]|n\ (xrj;)Gia (T)

In

FY2(1)(bg costp + /ch)}

=+ (Spky costp £ ik, siny) Un|J‘n|(xff)foa(T)]
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+’f||u%=f\n\(ﬁ)F$é2(T).

Therefore, the quantity of interest is given by
S ity S kI
J A

— { (Snky cos + ik sine) [[n] ) ()G (7)]

g N -
7i]€L SiIM/} L_WFT%F(T)KHT + k” H J\nl( )F;éQ(T)}
L Tn i
X {— (Spky cosy) — ik, sinv) [|n|J|,L|(x;)G;a(T)]
g B -
ik sing [ mn) praye oy Byt g )Fggf(T)}
Tn J
|
After some straightforward algebra, usi6g G— = —1 o U + _
andF/2F1/2 = F, we arrive to the following +h ﬁ‘]‘"‘ (@) ) (27) Fna(7)
_ _ T (@) T -
SIS B = B 0 (27 ) (27) +ik? S, sin g cos {'” (&)t 41(75)
- P Tn
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obtain L
p— - _ 2 2 + - Jin ) (25
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J i UL Tn



R. Gaelzer, L. F. Ziebell, and R. S. Schneider

T (@) )41 (25,)

Tn

Fro(T)Knt
(6)

This expression must be used along with Eq. (5), which
constitutes a general form of the longitudinal dielectric con-
stant. An alternative form can be obtained by use of the

—ikyky sin gL
I J_Sln’(/)ul
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following property of Bessel functions,

- 7@).

Using this property, Eq. (6) can be written as follows,

nJdy, ()

Iate) = (

]
I i )
> = g P @) T (2
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This is an alternative expression to be utilized instead of
Eg. (6), for evaluation of the dielectric constant, given by
Eq. (5).

In the homogeneous limit¢,, — 0, 2 — b,, and
F,.o — b2. Inthat case it is easy to show that Eq. (7) is
reduced to the following expression,

:| 2

2.

ij

Kok T ILF
k2

kij_?’l
k ba

k| u
— 0, ‘]|2n(ba)|: z”ﬂ

and therefore,

Z /d3u us L(fa0)
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1 2 kJ_ n k” UH 2
bo) | —— + ——
X Do il ){k b |k uL
k 4
H Trqa 3
T [au i), @
|
. 47q?
g=1- ZZ —=
[e3 maw n——oo
XeLD"aT H J\n|(
47rqa

mcu2

For propagation parallel to the direction of the inhomo-
geneity,

= [B2 £ 20,7 + K272

= [(ba £ K07 = [bo £ K]
Fna(T) = bi - (ICHT)2’
and
4
Elzl_iznjqa Z / dT/d3UUJ_£ fa0)
aw n——00
o Faa(r D )
e e I ) T a7). (10

The last limiting case to be considered is the case of
propagation perpendicular to the direction of the magnetic
field and of the inhomogeneity.

o [b2 +IC272]1/2

)

Fro(r) = bi — (Kn7)% = 125,00 (K1),

u
/dS ”L faO
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where we have performed the integration over the time vari-
able,
i

> iDpaT —
/0 dr€ D

Equation (8) corresponds to the homogeneous contribu-
tion appearing in Ref. [2]. Itis easy to see that the same limit
is obtained using the alternative form, based on Eq. (7).

Another interesting limit to be considered corresponds
to the case of propagation parallel to the magnetic field,
bo, — 0, where

mf = |KnlT,

R

nxn

Fra — _(K:nT)Q = -

The Bessel functions become all independentk of
Therefore, for vanishing:, , all terms which have combi-
nations of Bessel functions multiplied Iy should vanish.
After a small amount of algebra, it is easy to show that Eq.
(5) becomes

\n|/ dT/d3u UJ_ﬁ faO

)l (27)

9)

The dielectric constant in these cases is given by Eq. (5),

with
)

&
(

Kok T TS
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]2 Jjy (278 Ty (2 | (2

Tn Tn

E) )J\n|(

Tn
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X (KT + isnba)(icm}

12 T (275) T (2

g

2) Il () Tl (27

hony

1

+ p—
Tn Tn

+
Tn

(KT + isnba)(/cnr)}

( +) - J|/n($:)>
(2] (27

X ( ) _ J’nl(x;)> Fna(T)(ICnT)Q] .

Tn
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In the same limit, an alternative expression can be ob-
tained using Eq. (7), resulting the following,

2

ij

1] Ty (@) 1 (2,)

Tn

12| Jj 1 (25) T (27,)
T
3 The dielectric constant for the case

Tinj1 (T8 T )41 (27,)
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of a Maxwellian distribution func-

tion
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Let us assume a Maxwellian distribution function for parti-

cles of typex,
natdl o ac
faO = (27’(’)3/2 He ) Ha = Ta (11)
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Choosing the coordinate system in order to have 0,
and considering, for simplicity, the non-relativistic limit, we
obtain
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[Fna(r)](lnl_l)

Jeike; IL; ITF
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The quantitiesct and F,,, do not depend on the paral-
lel momentum, which only appears in the prodﬁi;tﬂj.

Therefore we are left with the following integrals over par-
allel momentum,

b-

with j = 0,1,2. These can be easily performed, with the
following results,
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We now introduce the definition of the “inhomogeneous plasma dispersion function”, for the non-relativistic case [5]
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Eqg. (26) can be prepared for the use of the inhomogeneous plasma dispersion function, as follows,
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Using the definition of the inhomogeneous dispersion function, we obtain the following
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This expression can be somewhat simplified, by collecting together some terms and by cancelling others
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Let us examine the terms appearing in the expression fomitially we consider the following terms,
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This expression can be inverted, and we obtain,
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Using these results, a small amount of algebra transforms Eq. (29) into the following
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Using this expression in Eq. (28),
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An interesting limiting case to be considered is the case References

of propagation perpendicular to the direction of the mag-
netic field and of the inhomogeneity. In this case from Eq.
(39) we obtain,
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which, as expected, corresponds to the expression for the
componentey, Of the effective dielectric tensor, for a

Maxwellian distribution function for particles of type, in
the non-relativistic approximation [5].
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