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Comparing the Mori Formalism and the Green Function Methods

A.S.T. Pires and M.E. Go@da

Departamento de Bica, ICEX, Universidade Federal de Minas Gerais,
Belo Horizonte, CP 702, MG, 30123-970, Brazil

Received on 10 November, 2003; revised version received on 20 February, 2004

Using a simple model described by a Hamiltonian of fermions coupled to bosons, we show that the relaxation
function calculated via a low temperature approximation to the Mori memory function is similar, at least to
lowest order, to the relaxation function calculated using a Green function formalism.

The analytical calculation of dynamic properties of all frequency moments exact up to first order in temperature.
many-body systems is, in general, a difficult task to accom-  As it is well known, another very important method to
plish and most of the theoretical models that have been pro-treat low temperature quantum models is the perturbation
posed to take account of this job involve — in despite of the theory in terms of Green functions [11]. Obviously, each of
high degree of complexity of the calculations usually re- these two theoretical models, LTMM and Green functions,
quired — some approximations and/or are restricted to a lim-has its own advantages and drawbacks, and, also, the choice
ited range of temperatures or wave-vectors. One of the mostof which method shall be adopted depends, strongly, on the
useful methods for studying the dynamics of a many-particle specific features of the problem to be studied. There are,
system is the memory function method proposed by Mori[1] however, some models where these two methods can be ap-
in 1965. That method is based on a generalized Langevinplied requiring, basically, the same amount of analytical cal-
equation, and is a generalization of the projection-operatorculation. Therefore, it is interesting to compare the results
technique proposed by Zwanzig [2]. Mori’'s method is phys- obtained by using these two methods.
ically appealing because it can show how two differenttime ~ The aim of this paper is not to propose a new method to
scales, slow and fast, can possibly arise from Hamiltonian treat many-body Hamiltonians, neither to establish limits of
systems and how transport coefficients can be related to thevalidity for each of the two methods discussed here. As we
interaction energy [1,3]. The method leads to an expres-show in the following, these two methods, despite having
sion for the Laplace transform of the autocorrelation func- different characteristics, can lead to the same result. This
tion in the form of a continued fraction involving static and conclusion is important because it is known how to check
dynamical quantities. One of the drawbacks of the methodthe accuracy of a result obtained by using the Green function
is that the related static properties are not calculated as partmethod up to a certain order: being a perturbative approach,
of the whole procedure but, rather, are assumed to be knowrall one has to do is to go one step further obtaining higher
from ab initio. However, the main problem of the proce- order diagrams. However, the LTMM does not have this per-
dure seems to be the absence of a prescription on how tdurbative character and one of the ways to test its validity is
cut the continued fraction expansion in which the memory by comparison to other methods: this is what is done in this
function is expanded. Several approximations, or recipeswork.
for a reasonable cut, have been proposed in the literature for  Our discussion will be based on the results obtained for
the calculation of the memory function [3,4], and the relax- the following Hamiltonian
ation function so obtained has been successfully compared
to experimental data [5,6], and to results obtained by us- H= Z [wl(q)agaq +w2(q)b§bq]
ing other methods [7]. Although there is a great number of q
applications of Mori’s method, only a few discussions con-
cerning the essence of the method and the validity of the re- +> g(p, q)a} . 4ap(bg +bT,) + c.c. 1)
sults obtained whit a particular approximation scheme have p.q
appeared in the literature [3,8]. A particularly useful ap- For simplicity, we will consider a one-dimensional problem,
proximation to the method, in the low temperature regime, yt the calculations can be easily extended to any number
was introduced by some authors [9,10] almost two decadesyf dimensions. This Hamiltonian can be the prototype for
ago; we will refer to this scheme as the low temperature ap-several models. For instance, df is a fermion operator
proximation of Mori's method (LTMM). In the LTMM, the  and , is a boson operator, Hamiltonian (1) can be used
memory function, formulated as a relaxation function, is de- o describe the electron-phonon coupling, as used by Rice
coupled in the mode-mode approximation. One of the inter- anq stassler[12] in their theory for a quasi-one-dimensional
esting aspects of the approximation is the fact that it yields hand conductor. This same choice foy and b, makes
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Hamiltonian (1) also suitable to describe a chain of spins defined by
with s = 1/2 coupled to phonons, as required for the under-

standing of the spin-Peierls transition [13].alf andb, are S(q,t) = _Mqi@’ 7
both boson operators, we can have an exciton-photon sys- (qu, ¢7q)

tem that can be applied, for example, to the study of energy _

transport by excitons [14]. It is important to notice that our My(t) = (QL?¢q,e "?*?'QL%¢_,).  (8)
model Hamiltonian does not include terms with four inter- ) . ) o

acting operators. In the expressions above,is the time derivative of the

It is important to emphasize that the discussion done operator . .
here is not restricted to Hamiltonians as simple as the one ¢q = iLpq = (¢4, H]., ©)

defined by (1). In fact, if we wanted to apply one of the wherelL is the Liouville operator. Th€) operator appearing
two methods, Green function or LTMM, to a more general in the definition of the memory function, Eq. (8), is a pro-
spin Hamiltonian, the first step would always be to write jection operator that projects out any terms proportional to
the operators of that Hamiltonian in terms of creation and ¢, andg, [1,3].
annihilation operators. The final product of this procedure, It has to be emphasized that Eq. (5) for the relaxation
would be a Hamiltonian involving an harmonic part and an- function is exact. However, the evaluation of the memory
harmonic interaction terms — Hamiltonian (1) is just a sim- function as given by Eq. (8), involves th&p(—iQIQt)
ple especimen of this kind. More complicated Hamiltonians term whose exact calculation requires the solution of the the
would require more troublesome calculations, but the kind many-body problem directly. Therefore, it is necessary to
of conclusion we are looking for in this paper will remain introduce some degree of approximation at this point. Ayk
the same. [9] and Reiter and co-workers[10] proposed an approxima-
In order to compare the results obtained by using the tion scheme (LTMM) which is correct up to first order in
LTMM and the Green function methods, we will use these temperature. In their approach, the exponential of Eq. (8),
two methods to obtain the relaxation function related to op- QLQ, is replaced by the normal time evolution operator
eratorb,. Obviously, the same calculations and conclusions giving

will apply to operatora,. We start by defining @honon M,(t) = (QL% ¢y, e T QL?*¢_,). (10)
variable The calculation of this approximate expression for the mem-
by = 1 (by +01), 2) ory function is done according to the following recipe: we
2wa(q) ! start by using the Liouville operator to calculaé¢,.

Then, we expand.?¢, in terms of boson operators retain-
ing, only, the linear and quadratic terms. The operation of
. @ on this expansion erases the terms lineapjn At last,

1 —iwt w th drati rt of the Hamiltonian to calculate the

Rlqw) =5 [ dte ™ (9,(1),6-4(0)) , (3  Weusethe quadratic partof
T J-oo time evolution and expectation values of the operators.
. ) ) ) More insight about the physical meaning of this approxi-

using, first, the memory function formalism. In (3), mation can be obtained if we taki, =), the Laplace trans-

and calculate the relaxation function given by

(A(t), B) is the inner product of two operator$ and B, form of the time dependent memory function, and use the
defined as following expression
1 o — 22 - <w2> E(q72) = 22 - <w2> A(Q7Z)+ZA(q7Z)E(Q7Z)
(A(), B) = 5 / AT B, @) o) ( 2 (11)
0

This expression is exact in the frequency space [15]. Here,

where the brackets . ) denote the usual thermal average, A(¢,2) is given by
andg = 1/kgT is the Boltzmann factor. In the following,

(QL?6y. (=~ L)' QL20_y)

the Boltzmann constariz will be taken as equal tb. A(g,2) = (12)
Following Mori’s procedure [1,3], the relaxation func- (Log, Lo—q)
tion Is written as Using Eq. (11), we can write
1 (69, 9—q) (WI)E (¢, w) - _F a2
R(q,w) = — ©¥-a/ g 2(g,2) = Mg, 2) + 35— <w3>/\ (¢:2) + (13)

T [w? = (@2) + W (q,w)]” + WE" (g, w)]
(5) Thus, we see that the replacemét@ — L is, in fact, a

where weak coupling approximation.
(séq, ¢;q) Now, we perform the calculation of the relaxation func-
(W)= ~— 2 (6) tion for Hamiltonian (1) in the LTMM context, following the
" (9g:9-q) recipe steps. Using the equation of motion (9), we find, after

. , a straightforward calculation,
is the second frequency moment aidg,w) and¥ (g, w)

are, respectively, the real and imaginary parts of the memory L2¢q = wa(q) g + 21/ 2w2(q) Z g9(p, q)a;apﬂ. (14)
functionX (g, w), which is the Laplace transform &f(q, t), »
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Inserting (14) into (10), we find

Mq(t) = 8wa(q) 292(1% q) (a;—qal)’ a; (t)ap—q(t)) .

(15)
Using Eq. (4), we finally arrive at
My(t) = Alp,q)e - @, (16)
where
_ 8wa(9)g’(pq)
Alp,q) = Q_(p,q) (np —np—q), (17)
Q-(p,g) = wip)—wilp—9). (18)

In Eq.(17),n, denotes the usual occupation number. If the
operatorb, in Hamiltonian (1) is a bosom, = (e/«1(?) —
1)~1, and ifb, represents a fermiom,, = (e#1(P) 4 1)~1,

The calculation of the denominator of (W, ¢_,), is
done by using the identityd, B) = —i([A, B]). We easily
obtain (¢,,¢_,) = 1. Then, using Egs. (7) and (16) we
obtain the final expression for the memory function

E((L(U):_Z A(p,q)

_Apg) (19)
p W= Q_(p7 q)
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where" andy” represent, respectively, the real and imag-
inary parts of the phonon self-energy,

Using the fact that the terrty,, ¢_,)w2(q) in the nu-
merator of Eq. (5) is equal to the unity, we see that Egs. (5)
and (25) have the same form if we replackE in Eq. (5)
by the functionX appearing in (25). Comparing Eqgs. (19)
and (22), we see that® would be identical ta if we had
wA(q, k) = Q_A(q, k). Thus, there would be no difference
between the two results obtained here if, in the numerator of
(22), we could replac€_ by w. However, it can be seen
that, in the summation to be done in Eq.(22), the main con-
tribution comes from the region of ~ 2_, and, then, the
replacementy — Q_ can be considered as a good approxi-
mation.

At this point, it is relevant to make some comments
about the Green function method and the interchandge of
andw. Lets, then, consider the harmonic part of Hamilto-
nian (1)

H =Y ws(a)bjby, (26)
q

because this Hamiltonian can be treated exactly. The (exact)
relaxation function for the operatar, defined in Eq. (2) is
given by

1

wa(q) w? —wi(q)

R(q,w) =2 (27)

The calculation of the second moment, Eg. (20), can also be

done directly and gives

(W2) = (g, 0—q) " = walq),

which is, according to (1), the phonon frequency.
The Green function treatment for Hamiltonian (1) is

(20)

However, if we apply the Green function technique to obtain
the relaxation function for (26), we obtain

1

w? — wi(q)

(28)

R(q,w) = Qwiiq)

standard [11-13] and, for this reason, we will present only ¢ is important to emphasize that both expressions, (27) and

the final result. The first non-vanishing correction, in a

perturbation expansion, appears in the second order, and i

given by
1
w? — w3 (g) + %(q, w)

D(q,w) = ; (21)

where the irreducible phonon self-eneigfy, w) is defined

by
i(q:w) = _Zw_Bg(zp_’éiq)a (22)
with
B(p,q) = Q_(p,9)Ap, q)- (23)

The relationship betwee®(¢q,w) and the relaxation
function is well known and is given by
1
R(q7 w) =——1Im D(Qv w)v (24)
W

whereZm D(q,w) denotes the imaginary part @ (q,w).
Using (24), we can write the relaxation function as

ladt}]

R(g,w) = — > )

™ w2~ ude) + 5 g,0)] +

27

5 (0]
(25)

28), are exact. In this case, thdunction allows us to in-

rchangev andws(q). In Hamiltonians like (1), with other
interaction termsys (q) has to be replaced §y_ in the ex-
pression for the relaxation function. Due to the interaction
terms, the peak linewidth becomes finite but is very narrow
allowing us to interchange the two frequencies- 2_ be-
cause the main contribution comes from the region around
the peak.

We have thus shown that, for Hamiltonian (1), the mem-
ory function formalism, in the context of LTMM, at least to
lowest order in the calculation, gives the same result as the
Green function technique. The same conclusion holds true
if we had considered a relaxation function involving the
operators.
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