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Pinning-depinning transitions are roughening transitions separating a growing phase and pinned (or blocked)
one, and are frequently connected to transitions into absorbing states. In this review, we discuss lattice growth
models exhibiting this type of dynamic transition. Driven growth in media with impurities, the competition
between deposition and desorption and deposition of poisoning species are some of the physical mechanisms
responsible for the transitions, leading to different types of stochastic growth rules. The growth models are
classified according to the those mechanisms and possible applications are shown, which include suggestions
of experimental realizations of directed percolation transitions.

| Introduction tures of lattice growth models exhibiting depinning transi-
tions. Before introducing these systems, we will briefly

The study of surface and interface growth processes gt Summarize the theory and phenomenology concerning inter-

tracts much interest from the technological point of view face growth and phase transitions into absorbing states (Sec.

mainly because it helps to understand the growth mecha-.”)‘ Then we will discuss the problem of growing interfaces

. . . __in disordered media with quenched disorder, in which tran-
nisms of nanostructures and, consequently, their physical . . . ) :

roperties [1]. From the theoretical point of view, the sitions in the DP class or in the class of the random field
prop o . point ot » ey Ising model (RFIM) are the most frequently observed (Sec.
motivated significant advances in non-equilibrium Statisti- Il1). We will be mainly interested in the problems of domain
cal Mechanics and related fields [2, 3]. Theoretical mod- 7 L . . L

S S : . _wall motion in the RFIM and directed percolation depin
eling is usually based on stochastic differential equations .~ . . . )

. L . ning, introduced in the works by Ji and Robbins [6], Tang

or on discrete atomistic models. In various models, chang-

. . o and Leschhorn [8] and Buldyrev et al [7]. In those systems,
ing one parameter leads to a roughening transition betweenthe interface becomes pinned when the concentration of im-
a rough and_f_;\ smooth phase. TWO. well known example.spurities is high enough to generate a blocking cluster run-
are the transition in the Kardar-Parisi-Zhang equation in di- ning perpendicular to the growth direction. Subsequently

mensionsd > 3, separating regimes with linear (smooth) we will discuss a series of models with deposition and evap-

and nonlinear growth, and temperature-induced roughening_ ~ . . .
transitions in equilibrium conditions [2]. On the other hand, oration of weakly bonded atoms which were introduced by

in the so-called depinning transitions, the interface propa- Alon et al [9] (Sec. IV). In these systems, the interface is

gates only in the rough phase, being pinned in the smoothp.inned (but is not static) when evaporation rates are suffi-

. ; . ciently high. Depending on the symmetries of the model,
phase. Several mechanisms may be responsible for thi o . . .
g ; o hey show transitions in various classes, DP being one pos-
type of transition, such as the presence of impurities in the _. . . . . .
sibility. Finally, in Sec. V we will review some recent con-

growth media, competition between deposition and €VapO-iputions of the present author, who analyzed models of

ration or formation of poisoning species at the growing sur- deposition or etching with formation of poisoning species,

face. One of the interesting features of depinning transitions . . : o
: " . —showing different connections to DP transitions. Conclud-
is that they frequently can be mapped onto transitions into; .

ng remarks are presented in Sec. VI.

absorbing states, whose most prominent example is directed
percolation (DP). Different connections of depinning tran-
sitions to DP are found in discrete and continuous growth ||  Basic theory and phenomenology
models, as well as connections with other classes of transi-

tions to absorbing states [4] and, eventually, with statistical

equilibrium transitions. Besides the fundamental interest of A- Interface growth

these systems, the large variety of interface growth phenom-  gyaistical growth models attract much attention because
ena observed in nature suggests them as strong candidates fﬂey describe real systems' features by representing the
experimental realizations of models of dynamic transitions, |, qic growth mechanisms as simple stochastic processes

such as DP (see e. g. Ref. [5]). neglecting the details of the microscopic interactions [2].
The aim of the present work is to review the basic fea- Some examples are the random deposition model with sur-
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face relaxation of F_amily [10], the_restricted solid-on-_sqlid Egs. (3) and (4) are included in the dynamic scaling re-
(RSOS) model of Kim and Kosterlitz [11] and the ballistic  |5tion proposed by Family and Vicsek [13],
deposition BD) model [12, 13]. These are called limited-
mobility models because the diffusion of a deposited atom, W = Le¢ f (tL—ZG) , (5)
whenever possible, takes place in a restricted time interval
before the deposition of another atom. More complex mod-Wwheref is a scaling function and; is the dynamical expo-
els involve the competition among deposition, diffusion and nent, given by
aggregation [14, 15, 16], being able to represent real sys- za = i<y (6)
tems’ features quantitatively. e

During the growth process, the average height of the de-In Eq. (5), the argument of the scaling function is a ratio
posit, h, increases linearly in time, and the growth rate or of the deposition time and the crossover (or saturation) time

growth velocity is given by T ~ L*. This crossover occurs when the lateral correlation
length of the growth process, measured along the directions
v = @ (1) parallel to the surface, equals the lattice lengthn the di-
dt rection normal to the surface, the correlation length is of the

In general, it is more interesting for the understanding of the Order of the interface widthi’. _

growth dynamics to study the scaling of surface roughness.  1N€ €xponentsig, (g andzg of the discrete models
If deposition occurs in @-dimensional lattice of lengtld, are expected to assume values predicted by related contin-
then we define the interface width at tirhas uum theories, which represent those processes in the limits

L — oo, t — oo, defining the universality classes of in-

1 . 1/2 terface growth. The simplest theory for correlated growth

W(L,t) = [<Ld > (hi — ) >] , (2 was proposed by Edwards and Wilkinson [17], considering

i that the height distribution obeys certain symmetry require-

ments: translation, rotation and inversion symmetry in the

which characterizes the global roughness of the surface. Indirections arallel to the substrate, invariance under transla
this paper, we will usually refer to growth h+ 1 dimen- P '

sions instead od], in order to avoid confusion with conven- tion |n.t|me and translgtlon along the growth d|rect.|on, and

. . : : reflection symmetry with respect to the mean height (up-

tions of system dimensionality. down symmetry). These conditions lead to the Edwards-
At early times, in the so-called growth regime, the inter- Wilkins?)/n (EW)ye. uation

face width increases as q

oh
W ~ tfe, (3) T vV2h 4 (i), 7)
where (¢ is called the growth exponent. At long times, wherep is the height at the positiod in a d-dimensional
finite-size effects lead to width saturation at substrate at time, v represents a surface tension and

n is a Gaussian noise with zero mean and variance

(n(Z, tn(z', 1)) = D6z —a')8(t —t'). Higher order

derivatives ofh which satisfy the above symmetry require-

ments were not written in Eq. (7) because they are irrelevant

under renormalization, not affecting the interface width ex-

ponents [2]. The dynamical exponent of the EW theory is

2 = 2 in any spatial dimension; id = 1, ag = 1/2 and

(s 3 IUREALLL B LR AL B R ﬂ(; = 1/4, while ind = 2, ag = Ba =0, with Iogarithmic

- L=256 T scaling in Egs. (3) and (4) [2, 17].

ST The Family model [10] and the Wolf-Villain model [18]
L=128 | are two examples of discrete deposition models that belong

to the EW class.

In many growth processes, the up-down symmetry is
broken by some mechanism of lateral growth. Thus, non-
linear terms are included in the continuum growth equation,
the more relevant one being proportiona('@hf. Includ-

ing this extra term in Eq. (7), we obtain the Kardar-Parisi-
A A A ] Zhang (KPZ) equation [19]
AT AT AT Ll

1 10 100 1000 104 oh

_ A 2 .
t 5 = vV2h + 5(Vh) +n(,t), (8)

Wsat(L) = W(L,t — c0) ~ LG, (4)

whereag is called the roughness exponent. Here, the index
G refers to growth, in order to distinguish these exponents
from those of absorbing phase transitions. Fig. 1 illustrates
the typical time behavior of the interface width.

Figure 1. Interface widthV versus timet for the RSOS model ~ Where is called the excess velocity. Only ih = 1 the
(Ref. [11]) in1 + 1 dimensions, in two different lattice lengtlis KPZ exponents are exactly knowng = 1/2, 8¢ = 1/3,
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zq = 3/2[19]. Ind = 2, which is the more relevant dimen- as correlation lengths, are very different in isotropic perco-
sion for real applications, numerical works and renormaliza- lation and in DP.
tion studies givexg ~ 0.4 andSGg ~ 0.25 [2]. DP ind + 1 dimensions { + 1 in Fig. 2b) may be in-
Several discrete models belong to the KPZ class, suchterpreted as a dynamical process ifrdimensional system,
as BD [12], the RSOS model [11] and a recently introduced with time as the additional dimension [4]. The preferential
etching model of Mello et al [20]. direction of the lattice bonds (vertical in Fig. 2b) is the time
If the interest is MBE deposition, surface diffusion is an direction. Another simple dynamical process with the main
essential mechanism to describe interface width scaling. Itsfeatures of DP is the contact process [25] (CP), which was
main effects led to the proposal of fourth order linear and introduced as a lattice model for the spreading of an infec-
nonlinear growth equations, which are reviewed in Refs. [2] tion, as discussed above. One of the possible versions of
and [3]. thel + 1-dimensional CP is the particle-hole problem illus-
trated in Fig. 3. An empty site at timemay be occupied
by a particle at time + dt if it has at least one occupied

Here we will review the basic phenomenology of non- neighbor. The ratg of pgrticle creationvis;/Q, wheren is
equilibrium phase transitions in models with absorbing the number of neighboring particles. On the other hand, a
states, i. e. configurations which can be reached by theParticle may be annihilated with rateindependently of its
dynamics but from which the system cannot leave. Good Neighborhood. Thus, the parametemwhich represents the

reviews on this topic and related subjects are in Refs. [4] infection rate, plays the same role of the probabifityn
and [21]. the DP problem. Inl + 1 dimensions, its critical value is

A simple model for the spreading of an infectious dis- e = 3:29785 & 0.00008 [26]. The order parameter of the
ease without immunization qualitatively illustrates this type CP Process is the occupied fractiprf the lattice, equiva-
of transition. Suppose that each individual of a population €Nt to the probability” in the DP model.
may be healthy or infected. A healthy individual may be
infected upon contact with infected neighbors, while an in- \
fected one may recover from the disease. At long times, de<\_"*, )
pending on the probabilities of contamination and recovery~,_ <
the spreading process survives or the infection is completel iy Y
eliminated. In the latter case, the system has evolved ing((

B. Phase transitions in systems with absorbing states

an absorbing state, with no infected individual, and cannot )
leave that state. Related problems suitable for analytical s i; /
lution are presented in Ref. [21]. )
One of the oldest lattice models showing a transition into
an absorbing state is directed percolation [22] (DP), which
was introduced as a variant of isotropic percolation [23, 24].
Fig. 2 illustrates the formation of clusters in cases of bond (a)
percolation, with the same fractignof active lattice bonds.
In |_sotrqp|c perCOIatlc,m (Fig. 2a),. starting from the central Figure 2. lllustration of (a) isotropic and (b) directed bond perco-
lattice site, a cluster is formed with all bonds that are con- |4tion in a two-dimensional lattice, with the connectivity in the DP
nected to the center by a path of active bonds. Some isolategbroblem restricted to the directions indicated by arrows. Solid lines
clusters of active bonds appear at the edges of the latticerepresent active bonds and dashed lines represent inactive bonds,
On the other hand, in DP, bond connectivity has a preferen-With the same (random) spatial distribution in both figures. Clus-
tial direction, illustrated by arrows in Fig. 2b (down-right ters generated from the central site are indicated by bold lines. The

. . . . longitudinal and transversal correlation lengths in the DP problem
and down-left directions). Starting from the central site, areindicated.

the cluster of connected bonds is formed fO”OWing the ar- The order parameters of these dynamica| Systems are ob-
rows. Thus, bonds which were present in the cluster of thetained from configurational and time averages in their steady

isotropic problem are not present here, since a path with up-states. Near the critical points, they behave as
wards movements would be necessary to reach them from

that starting point. P~(p— pc)ﬂT 9)
The order parameter of both models is the probahifity
of a lattice site to belong to an infinite (percolating) clus- (similarly for p as a function of\ in the CP). Here, the in-
ter. For small values g, we haveP = 0, because only  dexT refers to the dynamic transition, in order to distin-
finite clusters are formed. Asincreases, the average size guish this exponent from the growth exponent of interface
of the clusters grow and, at a certain critical probabitity =~ Width (Eq. 3). The CP and various other models have the
one infinite cluster appears. In two or more dimensions, thesame critical exponents of DP, thus belonging to the DP
transition is continuous, with an increasing fraction of the universality class. The best estimates of expongntn
lattice sites belonging to the infinite cluster for> p.. The  d = 1 andd = 2 are 37 = 0.276486 + 0.000008 [27]
critical behavior ofP and other geometric quantities, such andgr = 0.584 + 0.004 [28], respectively.
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prisingly, the DP class also includes some models which do
not obey one of the above rules [4, 21]. The field-theoretical
formulation of DP helps to understand the robustness of the
DP class - see e.g. Ref. [4] and references therein.

=1 i+l There are also many non-equilibrium phase transitions
(a) t BRIV RR® into absorbing states that do not belong to the DP class.
t+dt QRFVVRR A class which deserves to be mentioned here is the parity

conserving (PC) one, in which the simplest representative
model is that of branching annihilating random walks with

(b) QOO 00® 90® e an even number of offspring [33]. This model is defined by

S S S S the following reaction-diffusion scheme:
o o e 0 ’
A2 A2 A 1 A (m+1A  , 2420, (12)

wheren = 2,4,6,... denotes the number of offspring and

the reaction rates are indicated above the arrows. This dy-
Figure 3. The contact process In+ 1 dimensions, where full ~Namical process conserves the number of particles modulo
(empty) circles represent particles (holes) and crossed circles may2. An absorbing transition is observed for allwith finite
represent a particle or a hole; (a) a scheme showing that the state oannihilation ratesy. In 1 + 1 dimensions, the best known

sited at timet +dt¢ depends on its state and on the state of its neigh- astimates of critical exponents for the PC class @re=
bors at timet; (b) the rates associated to creation and annihilation 0.92 % 0.02, v = 3.22 £ 0.06 andv, — 1.83+ 0.03 [34]

processes.

Other critical exponents describe the spatial and tempo- . . . .
ral correlations in these dynamical processes, whose charach | Growmg interfaces in disordered
teristic lengths are illustrated in Fig. 2a. The longitudinal media
correlation lengtfg) of d + 1-dimensional DP is a temporal

length scale from the point of view of a dynamical process, |, Fig. 4, we show a schematic representation of the prob-
characterizing the time correlations in this system. On the |oi, of an interface in a disordered medium driven by an
other hand, correlations along thespatial dimensions are gy tarnal force of modulu®. The disorder acts as an in-

Qes_cribed by the transversal correlation lerggthNear crit- homogeneous friction force which pins some parts of the
icality, they behave as interface. For small values df, the interface moves in the
£ ~ p — pol! (10) direption (_)f the forge but wiII.eventyaIIy bepome pi.nned _by
the impurities. The interface is depinned with a critical driv-
and ing force .. Near and above this critical value, the growth
&L~ 1p—p™. (11) velocity scales as
Usually, the critical exponentg andv . are very different. v (F = Fc)e’ (13)

The best known estimates ih= 1 arev| = 1.733847 &

0.000006 andv; = 1.096854+0.000004 [27], and ind = 2 whered is called the velocity exponent. This exponent and
they arev = 1.295 & 0.006 andv, = 0.734 + 0.004 [28]. the interface width exponents of the critical interface char-

No exact value of DP exponents éih= 1 andd = 2is  acterize the universality class of the depinning transition.
known yet.

One of the more interesting features of the DP class is
that it includes systems defined with very different micro-
scopic rules. Models with depinning transitions illustrate h(X) )
this fact, as will be shown in the next sections. Other im- ‘ T

_® ()
F“

portant examples are forest-fire models [29] and models of '

catalytic reactions [30]. This observation led Janssen and /\W\"\/‘
Grassberger [31, 32] to conjecture that a model should be- ‘

long to the DP class if it obeys the following conditions: 1) P T » o
the model displays a continuous transition from a fluctuating

active phase into a unique absorbing state; 2) the transition is X

characterized by a positive one-component order parameter;
3) the dynamical rules involve only short-range processes;
4) the system has no special attributes, such as additionafigure 4. S_chematic representation of a driven interface in a disor-
symmetries or quenched randomness. dered media,

This conjecture has not yet been proved rigorously, but ~ Several lattice growth models represent the generic
it is supported by a large amount of numerical results. Sur-problem of an interface moving in a disordered medium.
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They are usually separated in two groups, depending on Inthel+ 1-dimensional RFIM, two different morpholo-
the effects of anisotropy at the transition points. The first gies may be observed in the critical region: far< 1.0,
group is that of isotropic growth models, whose main rep- the interface is faceted, while fak > 1 it is self-similar.
resentative is the problem of domain wall motion in the A schematic representation of the phase diagram is shown
random-field Ising model [6, 35, 36] (RFIM), and the sec- in Fig. 5. In the self-similar regimeX > 1), the in-
ond one includes models of directed percolation depinningterface problem cannot be represented by the QEW equa-
(DPD) [7, 8]. The common ingredient of these models is tion (Eq. 14 withA = 0), but can be mapped onto site
the presence of quenched disorder, which eventually formpercolation. The local fieldd + h; alone determines the
spanning clusters that block an interface growth. stability of spins;, then all spins with high enough local

The different universality classes are related to the pres-fields will eventually be flipped, while the other spins block
ence of nonlinear terms in the expected hydrodynamic de-the growth. At criticality, a critical percolation cluster of
scription of the interface at criticality. The most general —1 spins blocks the growth, the interface being the perime-
equation is the quenched KPZ (QKPZ) equation ter of this cluster [35, 36]. Consequently, the critical in-

oh terface is self-similar, with roughness exponent = 1.
— =F+uvVih+ = (Vh) n(Z, h), (14) Scaling arguments [35] give the velocity exponént=
ot v (dmin + 1 — dr), wherev is the correlation length expo-

where the thermal noisg(Z, ¢) of the KPZ equation (8) is  nent of the percolation problendy is the fractal dimension
replaced by a quenched noiggz, 1) [37, 38, 39]. Here, the  of the critical percolation cluster ant},;,, is the dimension
main idea is that, at criticality, this quenched noise domi- of the shortest paths along that cluster [24].
nates the depinning process over the thermal noise. While |n 2 + 1 dimensions, the RFIM shows a transition line
the models in the DPD class show finite (possibly infinite) in the (A, H) diagram with a faceted region, a self-similar
coefficients\ of the nonlinear term at criticality, the models  region and a self-affine region. In this self-affine region,
in the RFIM class, in the self-affine regimes, have vanish- numerical results suggest that the critical interfaces can be
ing nonlinear terms. Eq. (14) in the case= 0 is called  represented by the QEW equation. Among these results are
quenched EW (QEW) equation. These distinct critical be- the measure of growth velocities of tilted interfaces and of
haviors reflect the symmetries of the underlying media [40]. critical roughness exponents [41].

Before going further into the discussion of continuum
theories, we will introduce the main lattice models.

First we consider depinning transitions in the RFIM. In H A
this problem, spins with possible valugs= +1 at sitesi
of a lattice interact through the Hamiltonian

——stsj > (hi+ H)si, (15)

MOVING PHASE

faceted

H(4)

. . . . . self similar.
where the first sum is over pairs of nearest neighbris, 1F perco\atlmn
a ferromagnetic couplingH is an external uniform field

and h; is a quenched local field which represents the dis- [ STATIC PHASE

order in this system. In the simplest version of the model, 1 1 1 ——
J = 1 (fixed) andh; is randomly distributed in the interval 1 2 3 4 A
[-A, A]. Thus,A characterizes the strength of the disorder

and H plays the role of the driving force.
The dynamics of an interface separating domaing bf
and—1 spins is usually simulated at zero temperature, start- _ _ _
ing from a flat interface, with up+1) spins above it and  Figure 5. Schematic representation of the phase diagram of the
down (1) spins below it. For simplicity# > 0 is con- random-fleld Ism_g model |m_+ 1 dimensions, Wher_éI is the ex-
. p. : p ’ y, = . ternal field andA is an amplitude of random local fields.
sidered. The interface advances by flipping down spins ad-

jacent to the interface if it lowers the energy of the system. Experiments on fluid flow in porous media are possi-
Regions of down spins which become surrounded with up pje realizations of the isotropic class [42, 43, 44]. The for-
spins become trapped in that state. Parallel or random upmer estimates of roughness exponents were scattered in the
dates may be considered [35]. range0.65—0.91. However, some recently developed meth-
For small values of7, the stable phase of1 spins be-  ods were applied to analyze theoretical and experimental
gins to advance at the expense of the phase. However, data and showed that fluid flow in random media formed
the system will eventually attain a static configuration, in by packed glass beads were indeed in the RFIM class [45].
which —1 spins at the interface are frozen by random lo-  Now we will discuss the anisotropic class of depinning
cal fieldsh; favoring this configuration. For a critical field  transitions, whose main representatives are the DPD model
H = H. (afunction ofA), the interface becomes depinned, of Buldyrev et al [7] and a related model by Tang and
and moves with finite velocity foff > H.. Leschhorn [8]. The DPD model was introduced to describe
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results of experiments on paper wetting. Fig. 6a illustrates
the process on a square lattice with a fractioof blocked
sites and a fractioh — p of empty sites. At = 0 the inter-
face is flat (all heightg = 0), with all sites below it being
wet. Growth proceeds as follows: first, an empty site which

Fabio D. A. Aaao Reis

a ratio of exponents that agreed with DP values, it was not
clear whether they were indeed experimental realizations of
DP. However, experiments on ink flow in a sponge-like ma-
terial gave roughness exponents consistent with the exten
sion of the DPD model t@ + 1 dimensions [47] (which is

is a nearest neighbor of the interface is chosen; then, thisnot in the DP class), which suggests further experimental

site is wet and any other site below it (sameower h) is
also wet, independently of being empty or blocked. Thus,
the model excludes overhangs.

For smallp, the interface advances with finite velocity.
The fractionl — p of empty sites plays the role of the driv-
ing force in this model. Whep attains a sufficiently large
value that a DP cluster is formed in thedirection (per-
pendicular to the growth direction), the interface becomes
pinned. Fig. 6b illustrates the formation of such cluster and
the resulting pinned interface. The condition of wetting a
whole column justifies the requirement of a DP cluster to
stop the growth, since an isotropic percolation cluster would

be crossed by the wetting process at the overhangs. Conse

studies on these lines.

The above analysis illustrates the fact that the DPD and
related models belong to a class of anisotropic depinning.
On a phenomenological level, it is believed that the QKPZ
equation (14) provides their continuum description at crit-
icality [40, 41], with anisotropy being responsible for the
presence of a non-vanishing nonlinear term. It contrasts to
the usual kinetic origin of nonlinearities in the growth equa-
tions (A ~ v) [19], which would give\ = 0 at the transition.
That belief is supported by calculations of the growth ve-
locities of tilted interfaces, which indicate a non-vanishing
(possibly infinite) nonlinear term [41]. The same analysis

quently, the depinning transition occurs at the DP threshold Indicates that some models, such as the RFIM in 1 di-

p = p. =~ 0.469 of this geometry (connectivity of blocked

cells through next nearest neighbors in the square lattice is

assumed - see Fig. 6b).
The mapping of this transition onto DP is possible only
in 1 + 1 dimensions. In higher dimensions, the transition

mensions (self-affine regime), correspond to the QEW class

Despite the intense study of this subject in the last ten
years, there are some open questions that motivate furthe
analysis of the QKPZ equation, its connection to directed
percolation depinning and related topics. See, for instance

can be mapped onto the problem of percolation of directed the recent works of Neshkov [48], Ramasco et al [49] and

surfaces [47].
t=1, t,
h X

(@)

[
B

(b)

X

Figure 6. (a) The directed percolation depinning model, with_

empty squares, crossed squares and filled squares representing

empty cells, blocked cells and wet cells, respectively. At ttime
the interface (heavy line) is flat. At= ¢; andt = t2, one empty
cell which has a neighboring wet cell is wet. At= ¢3, an empty

Le Doussal and Wiese [50].

IV Competitive models with deposi-
tion and evaporation

Depinning transitions are also observed in systems with de-
position and evaporation of atoms. In some cases, evapo
ration is restricted to the edges of islands, and the transi-
tions can be mapped onto DP and other absorbing state trar
sitions. Physically, these processes account for the lowel
binding energies of adatoms which are isolated above an is:
land or aggregated at its border, when compared to the en
ergy inside an island. Extended models may also include
evaporation inside the islands, leading to more complicated
critical behavior.

Fig. 7a shows the growth rules of the first model pro-
posed with those features [9], in+ 1 dimensions. Atoms
are deposited with probability. Evaporation occurs with

cell neighboring the interface is wet, and the blocked cell below it probability 1 — ¢ for isolated atoms (no lateral neighbor)
is also wet. (b) Pinned interface due to the presence of a directedyng with probability(1 — ¢) /2 for atoms with one lateral

percolating cluster of blocked cells above it, running alongathe
direction.

Scaling arguments ifh + 1 dimensions give a velocity
exponent) = v — v, ~ 0.637 and a roughness exponent
ag = vi /v ~ 0.633 at criticality [7, 8]. These relations
are supported by numerical estimates of the exporteatsi
aq of the DPD and related models [7, 8, 41].

The first estimate of the roughness exponent in exper-

neighbor, i. e. atoms at the edge of an island. These pro-
cesses must also obey the condition of the RSOS model [11
that|h, — h.+1| < 1, otherwise the deposition or evapora-
tion attempt is rejected. No evaporation occurs below the
bottom layer.

For smallg, evaporation processes dominate, then the in-
terface is pinned to the bottom layer. Asncreases, larger
and higher islands are formed. If any region of the bottom

iments on paper wetting were in good agreement with the layer is not filled, evaporation of the whole deposit is still

above theoretical prediction [7], but other authors’ experi-
ments provided larger values at; [46]. Since it was only

possible and the average height is limited, characterizing
the pinned phase. The depinning transition takes place whel
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the bottom layer is completely filled, because no evaporation iS the typical time for filling one layer&h ~ 1), we obtain
can occur at that layer anymore. Subsequently, higher layers Ah ) ,
will also become completely filled. The critical evaporation v A § ~(@—q)". (16)

probability obtained in simulations is ~ 0.189 [9]. . .
The bottom layer occupation, in the smooth phase cor-

) ? ? ? ? responds to the fraction of particles in the corresponding
particle-hole problem, then its critical behavior obeys
o e el B e B .
a 4 a g 14 -2 (1-q)2 0 no~ (= 9)"", (17)

with the DP exponentiz. On the other hand, finite-size
scaling relations of various quantities involve the lateral cor-
T T T relation exponent; of DP [51]. These relations and the
,l_l_h_h_‘_i. - scaling forms in Egs. (16) and (17) are confirmed by numer-
bottom layer . . .
Z / / ical simulations of the model [9, 51].
R MM Y, The interface width at the smooth phase saturates, while
0080 . 860 0 at the rough phase it scales with KPZ exponents [51]. At

criticality, it was recently shown [52] that, in lattices of
length L, W obeys the finite-size scaling relation

W2(L,t) =alnL + f (t/LZ), (18)

(b)

contact process

Figure 7. (a) Conditions for deposition and evaporation of particles ) ) ) )

in the model with evaporation restricted to the edges of the islands,Wherea is a constant ang' is a scaling function. In Eg.
with the respective probabilities. (b) Above thexis, some depo-  (18), the critical dynamical exponent is given by =
sition and evaporation attempts in the interface problem are ShOWﬂ.yH/VJ_ [51], and logarithmic scaling meank; = ag = 0
Below the axis, the configurations of the associated particle-hole at criticality.

problem before and after the deposition and evaporation processes Another interesting feature of this depinning transition

are shown. is the scaling of the occupations, of the first few lay-
ers ¢ = 1,2,...), which is connected to unidirectionally
coupled DP processes. Numerical simulations and field-
theoretical renormalization techniques were applied to this
problem [51, 53]. One important conclusion is that the scal-
ing exponents(*) andv, (%) of the dynamical processes
at higher layers are the same of DP [51], although the crit-
ical behavior ofn; (analogous to Eq. 17) is governed by
%—dependent exponents.

Concerning possible experimental realizations of this
transition, the main limitation is the exclusion of adatom

This transition can be mapped onto a CP by associat-
ing a particle-hole problem to the dynamics at the bottom
layer. In this problem, a particle corresponds to an empty
column of the depositi = 0), while a hole corresponds
to a filled column § > 0). Some deposition and evapo-
ration attempts and the corresponding configurations of the
particle-hole system (before and after those processes) ar
shown in Fig. 7b. The annihilation process (particle
hole) of the CP corresponds to the deposition of an atom
at an empty column. Offspring .productlon (hole parti- diffusion in the model, which typically occurs with much
cle) corresponds to the evaporation of an atom at the bottomnigher rates than desorption.

Iaye_r. This_ Is possible only if th_at atom hqs an empty neigh- = 4 o ated model was proposed by Hinrichsen and collab-
bor in the interface problem (Fig. 7a), which corresponds to o615 1 describe non-equilibrium wetting transitions [54].
a neighboring particle in the particle-hole system. The rates Deposition and evaporation at the edges of plateaus may oc-
of annihilation and offspring production cannot be obtained cur with probabilities proportional tg and1, respectively.
analytically fromg because the depos_it_ion and evaporation Moreover, evaporation inside an island is a{Iso possible, with
processes must obey the RSOS con_dmpn a_nd, COnsequeml}f)robability proportional t (the last process in Fig. 7a).
those rates depend on the heights distribution. However, for-l-he presence of a hard wall is considered at 0, repre-

an unrestricted que], the exact mapping on a CP is pOSSi'senting a solid substrate. Fpr= 0, we have the ,previous
ble, with the annihilation rate given by= ¢/ (1 — q) [51]. model, in which a complete layer is stable and a DP tran-

This analysis shows that this depinning transition is also sition is observed. The cage= 1 can be solved exact]y
in the DP class, with the smooth phase (rough phase) correhecause the probabilities of evaporation are equal at all po-
sponding to the active phase (absorbing phase) of DP. How-sitions and, consequently, the dynamic rules satisfy detailed
ever, there is an important difference from the problems of pajance [54]. The critical interface@t = 1,¢ = 1) isinthe
interfaces grOWing in disordered media: in the pinned phase,EW class. However, in the generic cdse p <1 the situa-
the deposit dynamically evolves through different configura- tjon is less clear: the model is expected to be described by a
tions, i.e. itis not blocked. KPZ equation with an additional term for the effective inter-

The scaling of the interface velocity is obtained as fol- action between the hard wall and the interface [55, 56], but
lows. Forgq slightly aboveg., a large timeAt is necessary  the theoretical exponents significantly differ from numerical
to fill the bottom layer. This is the characteristic time of estimates. This divergence was attributed to a crossover be-
survival of isolated empty sites at the bottom layer, which tween the values predicted by this continuum theory and the
correspond to particles in the CP. Thl, ~ £. Since this exact exponents at = 1. For details, see Refs. [4] (Sec.
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6.7), [54] and [57], the latter presenting an extended wetting  For a more detailed review on the problems discussed in

model. this Section and related models, the interested reader may
Another interesting model is that of dimer deposition consult Ref. [4] and references therein.

and desorption in which desorption is allowed only at the

edges of the plateaus, similarly to the model in Fig. 7 [58].

Fig. 8a illustrates the growth rules of the dimer model, with \/  Growth with poisoning Species
probabilityq for deposition and — ¢ for desorption, respect-

ing the RSOS condition. Moreover, both atoms of the pair |, 1983, Wang and Cerdeira [59] introduced a class of depo-
must be at the same layer to aggregate or to evaporate. Co:i

i X ition models with two kinds of incident particled,and B,
sequently, the number of particles at each layer is conserve nd with production of an inactive speciésafter reactions

modulo 2'_ ) o between an incidenB and an aggregated. Some years
A depinning transition is observed @t ~ 0.317. The  |ater, works on2 + 1-dimensional versions of this model
dynamics at the bottom layer corresponds to a particle-holegng its extensions suggested the existence of a morpholog:

problem with parity conservation, illustrated in Fig. 8b. jcq| transition for high fluxes of particle® [60, 61] (the
Dimer deposition corresponds to pair annihilation and dimer nature of this transition was not analyzed there). Motivated

desorption (possible only with an empty neighbor at the bot- by these works and by some experiments mentioned below,

tom level) corresponds to creation of a pair from one parti- . i
cle. A mapping onto a BAWE (Eq. 12) is possible, so that rglated (and ap_parently different) rl’n.odels were recently con
sidered. They involve the competitive deposition of a main

the transition belongs to the PC class (Sec. 1.A). Numerical . N . S i
species and a poisoning one, showing depinning transitions

results confirm this hypothesis [58]. X i i
o .yp ,[ ] , as the relative fluxes are varied [62, 63]. The most interest-
At criticality, the interface width and the average height ing cases are those with transitions in the DP class, which

: 4 .

increase asy® ~ (h) ~ logt. One curious feature of \{vill be the central point of discussion in this section.

this model is that, in the depinned phase, the average heigh In the followi del il denote th i

and the interface width also increase logarithmically, as n the tollowing models, we will denote the active
species byA and the poisoning species #. An A par-

(h) ~ W ~ logt, i. e. the interface does not move with >F=* . - C
a constant velocity. This is related to the fact that random tcl€ is released with probability — p and aB particle is

deposition of dimers does fill a line completely, but leaves éléased with probability above the deposit. The role of
isolated holes between islands, in which new dimers cannotSPECIESB IS to b|_OCk th_e surf_ace for future aggregation of
be deposited. In Fig. 8b, this is the caserat 6 after de- ~ a@ny incident particle at its neighborhood.
position and at: = 15 before desorption. In the interface The most simple transition occurs in a RSOS ver-
model, it leads to the formation of mounds, with the one-site sion [62] of the originalAC' model [59]. Its rules are illus-
valleys between them acting as pinning centers. In order totrated in Fig. 9. Any incident particle can aggregate at the
deposit a new dimer, it is necessary that two pinning centerstop of the column of incidence only if: 1) it has a neighbor-
diffuse until they meet. However, this diffusion is very slow ing A at that position; 2) the aggregation respects the con-
because it depends on the evaporation of entire mounds in alition that heights differences of neighboring columns do
phase where deposition is dominant. not exceed [11]. In the RSOS model(= 0) the interface
grows with finite velocity. A first order dynamic transition is
observed ap = 0 because any small flux d8 leads to the
T T T formation of pinning centers that will eventually block the
i ‘ h ﬁ growth process. A region of a blocked deposit foe 0.1
Hro B Hed is shown in Fig. 10a, while Fig. 10b shows the structure of
-9 1 0 the most probable pinning centers. No deposition occurs at
valleys with those triplets of particleB due to condition 1
above, while no deposition occurs at the sloped regions of
the surface due to condition 2. In the blocked phase, scal-

~— bottom layer ing arguments show that the interface width and the average
5 3 s X height saturate ad/, ~ H, ~ p—3/2, which agrees with
o _ooe e oo numerical results [62].
} }article—hole problem Subsequently, a ballistic-like model with similar aggre-
________ @. .. _ 0000000 gation rules was considered [63]. Fig. 11a illustrates its

rules in1 + 1 dimensions. The incident particlel (or B)

follows a straight vertical trajectory towards the surface. Ag-
Figure 8. (a) Conditions for dimer deposition and evaporation in gregation is allowed only if the incident particle encounters
th_e model with gvaporation _r_estricted to the edge_s of the islands, g particleA at the top of the column of incidence or at the
with the respective probabilities. (b) Above theaxis, some de- top of a higher neighboring column. Otherwise the aggrega-

position and evaporation attempts in the dimer deposition problem fi tt i ‘ected. A col in which fi ¢
are shown. Below the axis, the configurations of the associated ion attempt is rejected. A column in which aggregation (top

particle-hole problem before and after the deposition and evapora-Or lateral) is possible is called an active column. The deposi-
tion processes are shown. tion time is the number of deposition attempts per substrate
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column, thus the growth velocity (or growth rate) is equal to
the fractionp of active columns.

TP
anma m A

Figure 9. Examples of applications of the growth rules of the model
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with active (gray squares) and poisoning (black squares) particlesfigure 11. Ballistic-like deposition with a poisoning species. (a)

and the RSOS condition for aggregation.

]
ih

(a)

v) M

Figure 10. (a) A region of a blocked deposit in the model with poi-
soning species and RSOS condition for aggregationy fer 0.1.

(b) Structure of a triplet that blocks the growth at the valleys of the
deposit.

As the flux of specie®3 increases, the growth velocity
decreases, and a pinning transition is observed at 0.207
in 1+1 dimensions ang, ~ 0.490 in 241 dimensions [63].
The relation to DP is explained by the mapping of the inter-
face problem ini + 1 dimensions onto d-dimensional CP.

In the particle-hole problem, a particle is associated to a top

A and a hole is associated to a tBpas shown in Fig. 11b.
Note that this correspondence is the inverse of that consid
ered in the problems of deposition and desorption in Sec. IV.
Here, the deposition of & in a column with a topA cor-
responds to the annihilation of a particle in t&. On the
other hand, the deposition of ahin a column with a top3
corresponds to offspring production in th&P, since it re-
quires a topA at a neighboring column. The stability of the
absorbing state is illustrated by process 4 in Fig. 11b. The
probabilities of annihilation and offspring production in the
CP are not trivially related t@ because they also depend
on the heights’ distribution.

Examples of deposition attempts dh= 1. Open squares repre-
sent particlesd, filled squares represent particl&and crossed
squares represent incident particlésdr B). In processes (1), (2)
and (3), aggregation occurs at the positions marked with a crossed
circle. In processes (4) and (5) the aggregation attempt is rejected.
In processes (3) and (4), lateral aggregation to the right is not pos-
sible because the neighboridgis not at the top of its column. (b)
The equivalent one-dimensional contact process, in which altop
corresponds to a particle (filled circles) and a t#Bpcorresponds

to a hole (empty sites). The initial configuration and the possible
final configurations, for the cases of incidehtind incidentB, are
shown.

The growth phasep(< p.) of this model corresponds to
the active phase of the CP or DP. This correspondence is the
opposite in all depinning transitions previously discussed: in
growth in disordered media, depinning is observed if the im-
purities do not form a directed percolating cluster, and in the
deposition-desorption models depinning occurs with a filled
bottom layer, corresponding to absorbing phases of certain
dynamic processes at that layer.

In an infinite lattice, a steady state with a fluctuating fi-
nite fraction of active columns is attained. Thus, the growth
velocity is the order parameter of this transition and scales
as

Br

v~ € , €=De— P. (29)

Here, the velocity exponeidt in the language of driven in-
terfaces, is equal to the order parameter expofierdf DP.
At the transition point, the growth velocity is expected to
decrease as. ~ t—?7/7I. These scaling relations are sup-
ported by numerical results [63].

At criticality, the fraction of growing columns is finite,
decreasing in time as a power law. Consequently, there is a
slowly increasing fraction of blocked columns. Aregion of a

critical deposit inl 4+ 1 dimensions is shown in Fig. 12. The
heights’ differences between blocked and active columns in-
crease linearly in time, then the interface width is also
expected to increase linearly in time, which is confirmed by
numerical simulations [63]. On the other hand, at the growth
phase,W asymptotically obeys KPZ scaling. Thus, below
but neam., a crossover from a critical DP behavidt’(~ t)

to KPZ scaling (Eqg. 3) is observed, as shown in Fig. 13. The
crossover time is of the order of the longitudinal correlation
length of DP (Eq. 10).
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pe, SO that a finite fraction of the deposits will attain the
steady state regime. At certain probabilipy < p., the
transversal DP correlation length equals the lattice length,
i. e. & ~ €Y ~ L, and saturates at this value in the
whole critical region, as expected from finite-size scaling
theory [66, 67]. On the other hand, height fluctuations satu-
rate at a value of the order of the longitudinal DP correlation
length, theriV ~ e~"I. Thus, the saturation widths (Eq. 4)
at the critical point scale with a roughness exponent

Otg:) = VH/VL- (20)

This relation was confirmed numerically int- 1 dimen-
sions. In Fig. 14a we shoW ., (L) versusL at criticality
(128 < L < 4096), and in Fig. 14b we show the effective

exponentmg) (L) (local declivities of the previous log-log

Figure 12. Critical deposit in + 1 dimensions for the ballistic-  Pl0t), which suggests an asymptotic eXPO”@Eﬁ) ~ L.6.
like model with a poisoning species. Open squares represent activeOn the other hand, the best known estimates of DP expo-

particles and filled squares represent poisoning particles. nents give /v, ~ 1.581 [27].
: T | LI | LI | T T :
4 E_ _E Wsat<pc> aé}C)(L>
ln(w) 3 r 1 105 ¢ 1.8 SR
- . 104 1.7 z— —z
2 ] 10° L6 EHE 4
o = 102 @ L5 E E
1 - . B B 4 | I I | | L1
| e 102 103 104 0 0.05
O 5N 1 1 11 1 11 1 11
-5 0 5 L 1/L1/2

In(x) (a) (b)
Figure 13. Interface width scaling in the ballistic-like model with

a poisoning species below the critical point. Showmis/ versus ~ F19ure 14. Interface width scaling in the ballistic-like model with
In z, with the scaling variable = ¢¢”I1, for p = 0.15 (solid line), a poisoning species at the critical point: (a) saturation width ver-

p = 0.17 (dotted line) ang = 0.18 (dashed line), in a lattice with ~ SYS lattice lengthl at the critical point inl + 1 dimensions, for
length L. = 4096. The regions of critical DP and KPZ behaviors 128 < L < 4096; (b) effective roughness exponents (successive
are indicated. declivities of the data in (a)) versus/L'/?. This abscissa was
chosen to clarify the evolution of the data with

Similar crossover was observed in the study of dynam-
ical phase transitions in the Domany-Kinzel cellular au- Although the applicability of this ballistic-like model to
tomata by de Sales et al [64]. Those authors calculatedreal deposition processes is very limited, the robustness of
the transition points with accuracy by mapping cellular au- the DP class suggests that systems with deposition of poi-
tomata patterns onto an interface problem, which showed asoning species but different aggregation mechanisms may
crossover from random deposition behavigg (= 1/2) to also present transitions in that class. In various processes
critical DP behavior §o = 1). the presence of different chemical species improves films’

In the pinned (or blocked) phase, the deposit grows un- properties but leads to undesired features, such as the de
til attaining a limiting average heighf;, where the whole  crease of growth rates. In many cases, a poisoning specie
surface is poisoned by speci& Since surface poisoning is responsible for the saturation of dangling bonds at the
corresponds to the absorbing phase in the ZPjs of the surface, such as deposition 8% films doped withP by
order of the longitudinal correlation lenggh of DP, which CV D or MBE, in atmospheres with phosphine [68, 69].
also agrees with numerical results [63]. The interface width Poisoning effects also appear in diamo@® D in atmo-
of the blocked deposits also scalesas spheres with boron and nitrogen [70], where high fluxes of

Another interesting feature of this model (not discussed boron cancel out diamond growth, leading to a transition to
in Ref. [63]) is that the critical roughness exponent is a blocked or pinned phase.

larger than one, i. e. it exhibits super-roughening [65]. A related model was recently proposed for etching of a
Consider growth in finite lattices at the critical probability ~crystalline solid with deposition of a poisoning species after
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reactions at the surface [71]. The lattice model without im- 15- Normal and lateral erosion in the etching model give

purities {p = 0) was proposed in Ref. [20]. At each etching
attempt, a random columhis chosen and the top particle

rise to particle annihilation and offspring production in this
particle-hole system. Since lateral etching may occur at two

is removed. Then, any neighboring column whose height is (¢ = 1) or more ¢ > 1) columns, two or more offspring

larger than the previous height of colum(hg (7)) is etched
until its own height becomés, (i). These processes will be

called normal and lateral erosion, respectively. Lateral ero-

may be produced. Moreover, this CP also includes particle
diffusion [71]. However, these features are not sufficient to
change the class of the transition, which is confirmed to be

sion accounts for the removal of highly exposed parts of the DP by numerical simulations [71].

solid after a normal erosion process. The rules of the ex-

One of the motivations for this etching model is the fact

tended model with a poisoning species are illustrated in Fig. that, in some experiments, deposition of poisoning species

15. The solid contains a single chemical speciesimilarly
to the original model, and any column with a tdpis said

is observed. One example $8 etching byNaOH, where
some clusters off Si(OH ), remain on the surface, block-

to be exposed. An erosion process (normal or lateral) at aing the corrosion process [72]. However, the applicability of

certain column may leave an inactive partiéleat the top

of this column with probabilityp. Any attempt of normal
erosion at a column with a tap (B) is accepted (rejected),
then specied3 blocks the interface for this process. How-
ever, a column with a to will be subject to lateral erosion
if: 1) a neighboring column was subject to normal erosion;
2) there is an exposed particke below the topB. This is
the case of columih= 7 in Fig. 15.

Q(I)O(I) O O

0 5 10 i

Figure 15. Etching model with a poisoning species: (a) examples

of etching attempts iW = 1, with selected columns indicated by
arrows, A particles in gray and3 patrticles in black. The corre-

the above model depends on being possible to vary the rate
of formation of the poisoning species.

Finally, it is important to mention that related models
were also proposed to represent the formation of passive
layers at the interface between lithium metal and a sol-
vent [73, 74]. The simplest version of this model is an ex-
tension of the Eden model starting from a line of seeds (see
Ref. [2], ch. 8). The growth proceeds by incorporation of
new particles at any site neighbor to the cluster. These par-
ticles may be active or poisoning ones, with probabilifies
and1 — p. Numerical studies indicate an isotropic perco-
lation transition in this system. This is expected because,
contrary to the above models, there is no anisotropy.

Vi

This review discussed various classes of lattice growth mod-
els which exhibit depinning transitions, i. e. transitions from
a growth phase to a blocked or pinned phase. Most of those
transitions are in the directed percolation class, although
some important examples fall into other classes. Moreover,
depending on the mechanisms of interface growth, differ-
ent relations are obtained between growth exponents and the
exponents of a certain class of dynamical transition. Conse-
quently, those models suggest a large variety of plausible
physical situations in which those transitions may be ob-
served, which is certainly a motivation for further theoretical
and experimental studies.

Concluding remarks
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