
Brazilian Journal of Physics, vol. 31, no. 1, March, 2001 71
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We calculate the masses of �b and �c in the framework of QCD sum rules including instanton
contributions. We �nd that these contributions have the same size of the four quark condensate
contribution and improve the Borel stability in both Dirac structures of the baryon correlation
function.

I Introduction

The ammount of data on heavy baryons is already im-
pressive. Alone in the charm sector, for example, 17
baryons have been seen. New data can be expected
to emerge in the near future when CLEO III, BaBar,
HERA-B and CDF/D0 begin taking data. With these
accumulation of experimental data, more reliable theo-
retical calculations are needed.

From the theoretical point of view [1], heavy
baryons provide us with a good testing ground for QCD.
In principle, because of the large masses involved, the
perturbative contribution, which is under control, is
dominant and nonperturbative (not completely under
control) are corrections. Moreover, they o�er an ad-
vantage over heavy-light mesons (where we also have a
large mass scale), namely, they are the ideal place to
study the dynamics of a diquark system in the environ-
ment of a heavy quark.

Nonperturbative e�ects can be computed in di�er-
ent expansion schemes, one of them being QCD sum
rules. In the study of the diquark dynamics, instantons
may play a crucial role and have to be included in the
sum rule approach to heavy baryons.

The calculation of baryon masses within the frame-
work of QCD sum rules is quite appealing, since in
this approach, the hadron properties are related to the
fundamental parameters of QCD: quark masses and/or
QCD vacuum condensates.

The application of this method to the light baryon
systems has shown that the baryon masses are essen-
tially determined by the chiral symmetry breaking con-
densates. Another nonperturbative contribution may
come from instantons. Indeed, over the last years grow-
ing evidence for a signi�cant role of QCD instantons in

hadron structure has been collected. It originated �rst
from models built on instanton vacuum phenomenology
[2, 3] and recently received model independent support
from cooled lattice studies [4].

In the case of heavy baryon systems we would expect
the instanton contribution to be even more pronounced
because of the small distances involved, which enhance
the role played by small size instantons and reduce the
relative importance of other condensates. Moreover, in
a heavy baryon, according to Heavy Quark E�ective
Theory (HQET), the main quantum numbers are car-
ried by the heavy quark and the diquark behaves like
a scalar object. It is known that instantons are more
active in the scalar and pseudoscalar channel[5, 6]. We
might therefore expect them to be responsible for some
substancial e�ect in heavy baryons properties.

The importance of explicit instanton corrections in
the nucleon mass have been addressed in Ref.[5, 7]. The
corrections in the nucleon channel turn out to be small
in the chirally-even correlator and in the correspond-
ing sum rule, but signi�cant in the chirally-odd one.
Indeed, the chirally-odd sum rule could hardly be sta-
bilized without instanton corrections, whereas the chi-
rally even one is stable and in agreement with phe-
nomenology even if the instanton contribution is ne-
glected [8].

In Ref.[9] the spectra of heavy baryons were com-
puted in the framework of QCD sum rules. Whereas
satisfactory results were found for the �c;b, in the case
of the �c and �b particles the authors conclude that
there is no Borel stability in this sum rule and therefore
no reliable predictions can be made for the respective
masses. Later studies addressed this question and in
Ref. [10, 11] more satisfactory results were obtained
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within the framework of HQET.

Since instantons were shown to stabilize one the
nucleon mass sum rules and since in heavy baryons
they should be the most important source of non-
perturbative e�ects, we will, in this work, reanalyze the
calculation of Ref. [9] including the instanton contribu-
tion and investigate its consequences for the Borel sta-
bility of the baryon correlators. We address speci�cally
the heavy �'s because they were \the problematic par-
ticles", but the calculation could be straightforwardly
extended to the �'s. However, as it will become clear,
there is no need to do this extention.

A �nal motivation for including instantons in heavy
baryon calculations is the fact that they generate dif-
ferent e�ects in di�erent Dirac structures. This is espe-

cially welcome in the QCD sum rule analysis of semilep-
tonic heavy � decays. It was found in [12] that the total
decay rate varies by a factor 3 when di�erent structures
are considered. This is an indication that some physics
is still missing and, in view of the structure dependence
of the results, we shall check whether instantons are this
missing contribution.

II Instanton Contribution

We now evaluate the small-scale instanton contribu-
tions to the �Q (where Q stands for c or b) correla-
tors. We begin with the heavy �Q correlation function,
which is characterized by two invariant amplitudes of
opposite chirality,

c

��(q) = i

Z
d4x eiq�xh0jT ��(x) ��(0) j0i = i

Z
d4x eiq�x ��(x) = /q�q(q

2) + �1(q
2) (1)

The composite operator �� is built from QCD �elds and serves as an interpolating �eld for �Q. We adopt:

��(x) = �abc
��
uTa (x)C5db(x)

�
Qc + b

�
uTa (x)Cdb(x)

�
5Qc

	
(2)

d

where u, d and Q are quark �elds and b is a parameter.
Inserting (2) in the integrand of (1) we arrive at

��(x) = SQcc0(x)Lcc0(x; 0) (3)

where SQcc0(x) is the heavy quark propagator and

Lcc0(x; 0) = ��abc�a0b0c0Tr[S
d
aa0(x)5CS

uT
bb0(x)C5]

(4)
where Sdaa0(x) and Su

T
bb0(x) are respectively the d and

(transposed) u quark propagators and C is the charge
conjugation operator.

The leading instanton contributions to the correla-
tors can be calculated in semiclassical approximation,
i.e. by evaluating (4) in the background of the instan-
ton �eld and by taking the weighted average of the
resulting expression over the quantum distribution of
the instanton's collective coordinates [5]. These contri-
butions add nonperturbative corrections to the Wilson
coeÆcients of the conventional OPE, with which they
will be combined.

The rationale behind the semiclassical treatment of
instanton contributions and the calculational strategy
are analogous to those presented in ref. [5, 7], and we
thus just sketch the essential steps here. To leading or-
der in the product of quark masses and instanton size,
instanton e�ects in the baryon correlators are associ-

ated with the quark zero-modes [13]

 �0 (x) =
�

�

1� 5
(r2 + �2)3=2

/r

r
U; (5)

where the superscript � corresponds to an (anti-) in-
stanton of size � with center at z. The spin-color ma-
trix U satis�es (~� + ~� )U = 0 and r = x � z. The zero
mode contributions enter the calculation of the correla-
tors through the leading term in the spectral represen-
tation of the quark background �eld propagator

S�q (x; y) =
 �0 (x) 

�
0
y
(y)

m�
q(�)

+O(�m�
q) : (6)

The avor dependent e�ective quark mass m�
q(�) =

mq�
2
3�

2�2hqqi (where q stands for up or down quarks)
in the denominator is generated by interactions with
long-wavelength QCD vacuum �elds [14]. Quark prop-
agation in the higher-lying continuum modes in the in-
stanton background will be approximated as in [7] by
the free quark propagator.

Note that both the zero and continuum mode prop-
agators are avor dependent. The zero mode part con-
tains the e�ective quark mass, which depends on the
current quark masses and on the corresponding conden-
sates. The current quark masses enter, of course, also
the continuum mode contributions. Because of 1=m�

appearing in (6) the instanton e�ects in the heavy quark
propagators are neglected.
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With the quark background �eld propagator at
hand, the instanton contributions to the Lambda cor-
relators can be evaluated.

For the function L (the color indices have been
summed) we obtain:

LI+I(x; 0) =
8

�4

Z
d� �4

n(�)

m�
0
2(�)

�

Z
d4z

1

[(x� z)2 + �2]3[z2 + �2]3
;(7)

where the subscript I + I indicates that the instan-
ton and anti-instanton contributions (which are equal)
have been summed. In the above expression the ef-
fective quark mass is de�ned as m�

0(�) = � 2
3�

2�2hqqi0
with hqqi0 � (huui+ hddi)=2.

The further evaluation of eq. (7) requires an explicit
expression for the instanton size distribution n(�) in the
vacuum. Instanton liquid vacuum models [15] and the
analysis of cooled lattice con�gurations [4] have pro-
duced a consistent picture of this distribution. The
sharply peaked, almost gaussian shape of n(�) found in
ref. [15] can be suÆciently well approximated as [16]

n(�) = �nÆ(�� ��) ; �n '
1

2
fm�4; �� '

1

3
fm; (8)

which neglects the small half width (' 0:1fm) of the dis-
tribution. In eq. (8) we introduced the average instan-

ton size �� and the instanton number density �n, which
equals the density of anti-instantons.

After performing the integration over instanton
sizes, we insert the amplitude (7) back into (3) and the
latter into (1). In the evaluation of �q(q

2) and �1(q
2)

we perform a standard Borel transform [17],

�(M2) � lim
n!1

1

n!
(Q2)n+1

�
�

d

dQ2

�n

�(Q2) (9)

(Q2 = �q2) with the squared Borel mass scale M2 =
Q2=n kept �xed in the limit.

III Mass sum rules

Having the instanton contributions for �q(q
2) and

�1(q
2), we add to them the other OPE terms, which

are the perturbative, the four quark condensate and the
gluon condensate. These terms are exactly like in Ref.
[9] and we refer the reader to that paper for details, giv-
ing here only the resulting expressions. This completes
the QCD side of the sum rules in both structures, /q and
1. The phenomenological side is described, as usual, as
a sum of pole and continuum, the latter being approx-
imated by the OPE spectral density.

The �nal expression for the /q sum rule is:
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and for the 1 sum rule is:
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where

d
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x
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10

x
+

1

x2
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1
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) ln(x) (13)

f 0(s) = (1� x)(1 + 5x) (14)
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(16)

with x = m2
Q=s. In the above equations fQ is the

coupling between the baryon current and the pole, s0
is the continuum threshold (which we take as s0 =
(m� + �s)2) and a = �4�2 < qq >. In our expres-
sions we have a2 which is the four quark condensate
contribution written in terms of a, indicating that we
have used the factorization hypothesis. < g2sG

2 > is
the gluon condensate.

We might now extract the masses by numerically
minimizing the di�erence between both sides of the sum
rule (simultaneously for both structures) as a function
of M�, fQ and �s. Alternatively, the baryon masses
may be extracted from the ratio between the two sum
rules. Indeed dividing (11) by (10), we isolate M� as a
function of M2. In doing so, we eliminate the coupling
fQ and the M� dependence in the exponents. We can
then analyze the Borel stability in the �ducial mass re-
gions 3:0 � M2 � 6:0 GeV2 and 5:0 � M2 � 30:0
GeV2 respectively for �c and �b. For a given b choice,
there is only one parameter to be varied: �s. We will
adopt this last method because it is very economical
and has the merit of avoiding numerical minimizations.
Of course, the �nal results should not depend strongly
on the method.

IV Numerical results

The numerical inputs for our calculations are mc = 1:4
GeV, mb = 4:6 GeV, m�

u = m�
d = 0:3 GeV, < qq >=

�(0:23)3 GeV3 and < g2sG
2 >= 0:47 GeV4. �s will

assume values around 0:5 GeV.
In Fig. 1 and 2 we show the mass sum rule for �c re-

spectively in the /q and in the 1 structure. In the vertical
axis are the right hand sides of (10) and (11) multiplied

by the exponential e+M
2

�
=M2

. In the horizontal axis
is the Borel mass squared. The dashed, dash-dotted,
dotted and long dashed lines represent respectively the
perturbative, four-quark condensate, gluon condensate
and instanton contributions. The solid line is the sum
of all lines.
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Figure 1. �c mass sum rule /q in the structure as a function
of the Borel mass squared. The dashed, dash-dotted, dotted
and long dashed lines represent respectively the perturba-
tive, four-quark condensate, gluon condensate and instanton
contributions. The solid line is the sum of all lines.

Figure 2. The same as 1 for the 1 structure.

In Fig. 3 we show M�c (obtained by dividing (11)
by (10)) as a function of the Borel mass squared. The
dashed line shows the sum of all OPE terms, except the
instanton one. The solid line shows all contributions,
including instantons.
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Figure 3. M�c as a function of the Borel mass squared.
The solid (dashed) line show the result with (without) in-
stantons.

In these �gures �s = 0:7 and b = 0. In the dashed
line of Fig. 3 we take �s = 0:61. From them we can
conclude that both sum rules are reasonably stable and
that the nonperturbative corrections are small. Among
them, however, instantons are the most important ones.
Moreover, choosing b 6= 0 would not generate instability
but would imply increasing values of �s (�s is chosen
so as to reproduce the correct value of M� at the cor-
responding value of M2), which would be unrealistic.
Therefore our results suggest that b ' 0 for the �c cur-
rent. At larger values of b (b � 0:6) the sum rules would
become irremediably unstable.
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Figure 4. The same as 1 for �b.
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Figure 5. The same as 2 for �b.

In Figs. 4, 5 and 6 we plot exactly the same quan-
tities as in Figs. 1, 2 and 3 (and with the same conven-
tions) for �b. In these �gures �s = 0:72 and b = 0:15.
The most prominent feature of these �gures is to show
how all the nonperturbative contributions are not only
small, but signi�cantly smaller than in the charm case.
We can also see that, as in the previous case, the in-
stanton gives the most important nonperturbative con-
tribution. As for the stability we observe again that
instantons play a very modest role, enhancing the sum
rule in the lower Borel mass region.
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Figure 6. The same as 3 for �b.

It is well known that instantons may generate at-
tractive forces between quarks. In our case, since they
play a role only in the light sector, we may visualize
the heavy baryon as being composed by a heavy quark
\at rest" and a diquark \orbiting" around it. This pic-
ture may be well justi�ed if the attraction between the
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quarks (in the diquark) is strong enough. This can
be checked by analyzing the behaviour of the � mass
when we include the instanton contribution in the cor-
relation function. When all other parameters are �xed,
a decrease inM� means a deeper binding, which can be
attributed to the quark-quark binding via instantons.
This last statement is only true because of the factoriza-
tion observed in (3). In the case of light baryons there
would be a mixing between all quarks. We compute
the masses by adjusting the right hand sides of (10)
and (11) to exponential forms (as functions of 1=M2).
The slopes are identi�ed with the masses. The result
of this procedure is shown in Table I:

M2
�b

(GeV2) /q 1 �s (GeV)

without instantons 34.78 34.86 0.5
with instantons 33.93 34.03 0.5
without instantons 32.63 32.90 0.4
with instantons 31.86 32.07 0.4

TABLE I M2
�b

in GeV2 with and without instantons
for two threshold parameters �s in the two structures

/q and 1

As it can seen, in both structures and for di�erent
threshold values the inclusion of instantons reduces the
� mass. This is compatible with the picture of a bound
diquark with bindind energy of ' 100 MeV.

V Summary and conclusions

We have calculated the masses of �b and �c in the
framework of QCD sum rules including instanton con-
tributions. We �nd that these contributions have the
same size of the four quark condensate contribution
and improve a little the Borel stability in both Dirac
structures of the baryon correlation function. We also
�nd that the baryon current parameter b should assume
small values, b � 0:15.

We would like to thank FAPESP and CNPq, Brazil,
for support.
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