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Theoretical results for the positronium (Ps) formation from hydrogen negative ion, H�, targets are
presented. An exact analytical expression is constructed for the transition matrix for Ps formation
in collisions of positrons with H� in the framework of Born approximation using three di�erent
target wave functions. The corresponding di�erential and total cross sections are presented for Ps
formation in ground state. Comparison between these cross sections for di�erent wave functions
reveals the dependence of the Ps-formation process on the choice of the target wavefunction and
the e�ect of correlation among the target electrons on the process.

I Introduction

Hydrogen atom, being the simplest system in atomic
physics, has been used extensively in the development
of quantum mechanics. Despite the repulsive Coulom-
bic interaction between electrons which is equal in mag-
nitude to their attraction to a proton, it is possible to
attach an electron to the hydrogen atom. Although
very weakly bound, the two electrons and the proton
together form the singly charged negative hydrogen ion,
H�. It is the simplest negative ion ( bound by a short-
range potential).

In last few years , there has been a signi�cant
progress in studying collision processes involving H�. It
is of great importance in astrophysics as it plays a fun-
damental role in maintaining the radiation equilibrium
of the solar atmosphere [1] and also provides a stringent
test of the approximation methods used in the analysis
of two-electron systems [2]. Moreover, H� also has im-
portant biological application as it can be used as an
eÆcient antioxidant in human body [3]. On the other
hand, both positron (e+) and positronium atom (Ps)
have di�erent important applications in many di�erent
branches of physics. Hence, studying Ps-formation pro-
cess from H� by positron impact is something of great
interest.

Recently, Lucey et al [4] studied the (e,2e) process
on H� and showed the sensitiveness of the process to
the form of the approximation used for the H� wave-
functions. Quite in the same spirit, we investigate here
the positronium formation process by the collision of
positron and H� ( e+ + H� ! Ps + H ) and study the
e�ect of target electron correlation on the formation
cross section. In this case the �nal channel consists
of hydrogen atom and the Ps-atom. Both of them are

considered to be in ground state in the present study.
We consider three di�erent representations of the H�

wavefunction, correlated and uncorrelated versions of
Chandrasekhar representation [5] and Slater represen-
tation [2, 4] to calculate the di�erential and total cross
section for the Ps-formation in its ground state. As dis-
cussed in the ref. [5] and [4], Chandrasekhar represen-
tation which describes one electron as strongly bound
and the other loosely bound to the nucleus, gives bet-
ter ionization potential and ground state energy for H�.
Consideration of the correlation between the electrons
improves the energy value considerably. In fact, there
exist several di�erent types of H� wave function. Very
recently Le Sech [6] formulated a new correlated ver-
sion of the H� wave function which gives slightly better
ground state energy than that of Chandrasekhar rep-
resentation. However, for the time being, we choose
to work with Chandrasekhar representation consider-
ing the good energy prediction and comparatively sim-
ple structure and of the wave function which reduces
the computational labour signi�cantly. In table 1 We
present the ionization potential and ground state en-
ergy of H� due to various wave functions. The dif-
ference between correlated Chandrasekhar representa-
tion and Le Sech representation of H� wave function
in terms of the prediction of ground state energy is not
much signi�cant and hence, we hope the correlated ver-
sion of the Chandrasekhar wave function will provide
fairly accurate results. Slater wave function for H�,
on the other hand, predicts much higher value of the
ground state energy which actually makes H� an un-
stable structure [5]. Still we include this in our study
as it is interesting to see the e�ect of wavefunction on
the formation process. The two versions of the Chan-
drasekhar representation will help us to see the e�ect
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of correlation in the Ps-formation from H�.

Table 1. Ionization potential and ground state energies due to some wavefunctions of H� compared to the
experimental values.

Wavefunction Ionization Ground State
potential (a.u.) energy (a.u.)

Experimental 0.028 -0.5277
Slater -0.027 -0.473
Chandrasekhar 0.026 -0.5259
(Correlated)
Chandrasekhar 0.014 -0.514
(uncorrelated)
Pekeris [7] 0.028 -0.5276
Thakkar & Koga [8] 0.028 -0.5276
Le Sech 0.027 -0.5266
S. H. Patil [9] 0.025 -0.5253

In the present work we use Born approximation
(BA) and evaluate the transition matrix in exact an-
alytic form using Lewis integral [10]. Although there
exist more re�ned approximation schemes to estimate
scattering parameters, BA still has a signi�cant impor-
tance in atomic physics. It gives quite accurate value
when the total or parcial cross section is not large, as oc-
curs generally at the higher energies [11]. Exact evalua-
tion of the Born scattering amplitude is very important
for many of these more re�ned approximation schemes
and useful to have a general view of the corresponding
scattering process. Since in the present work we are
interested in studying the qualitative behavior of the
e�ect of correlation and the dependence of the scatter-
ing cross sections on the choice of wave function, the
use BA is suÆcient.

We will report the di�erential and total cross sec-
tions for Ps-formation from hydrogen negative ion in a
energy range of 50-500 eV using both Chandrasekhar
and Slater representation of wavefunction for H� and
compare them among themselves to study the depen-
dence of the process on the choice of target wave func-
tion and correlation among target electrons.

II Theoretical development

The three di�erent wave functions of our interest are
given by,
i) Slater representation :

 SlH� (ri; rj) =
Z3

�
e�Z(ri+rj) (1)

with Z = 11=16.

ii) Chandrasekhar representation :

a) Uncorrelated version :

 UncorrH� (ri; rj) =
N1

4�

�
e��ri��rj + e��ri��rj

�
(2)

with N1 = 0:3948; � = 1:039 and � = 0:283.
b) Correlated version :

 CorrH� (ri; rj) =
N2

4�

�
e��ri��rj + e��ri��rj

�
(1�Drij )

(3)
with N2 = 0:36598; � = 1:0748; � = 0:4776 and D =
0:31214: In this work we shall use i = 2 and j = 3.

In atomic units, the �rst Born scattering amplitude
for Ps-formation from H� is given by

fB(kf ;ki) =
1

�

Z
��(r3)!

�(r12)e
�ikf �S12

V (r1; r2; r3) (r2; r3)e
iki�r1 dr1 dr2 dr3;

(4)

where

V (r1; r2; r3) = (
1

r1
� 1

r2
+

1

r23
� 1

r13
): (5)

For the purpose of studying the initial target-state elec-
tron correlation on the �nal channel we choose the post
form of the interaction. In writing (4) we denote the in-
cident positron and two electrons of the target hydrogen
negative ion as particles 1, 2 and 3 respectively. Here
 (r2; r3); �(r3) are the wave functions of the target H

�

and the neutral hydrogen atom of the �nal channel in
the ground state, respectively and !(r12) that of the
positronium atom with

S12 =
1

2
(r1 + r2); r12 = r1 � r2: (6)

S12 stands for the centre-of-mass coordinate of the
positronium.
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The wave number of the positron, ki, and that of
the positronium (Ps), kf are related through conserva-
tion of energy by

1

2�i
k2i +EH� =

1

2�f
k2f +EPs +EH (7)

where EH� is the ground state energy of the hydro-
gen negative ion, EPs=-0.25 a.u. and EH=-0.5 a.u. �i
and �f are the reduced masses in the initial and �nal
channels respectively (�i=1, �f=2). Thus the energy
conservation relation in the present case becomes,

k2i + 2EH� =
1

2
k2f � 1:5 (8)

To evaluate the amplitude in (4) we work with the
ground state hydrogen wave function, 1p

�
e�r3 and the

ground state positronium wave function is taken as
1p
8�
e��r12 j�=0:5 . Also we use the Fourier transfor-

mation

e��rij =
�

�2

Z
eip�(~ri�~rj)

(�2 + p2)2
dp: (9)

Then the radial equation in (4) become separable and
can be arranged in terms of Lewis integral [10] which
has standard analytical solution. The �nal expression
of the scattering amplitude for each wave function con-
sidered is given below:

i) for Slater representation of the wavefunction, eqn.
(1)

fB(kf ;ki) = I1 + I2; (10)

where

I1 = A�B; (11)

I2 = C �D: (12)

Now using some general notations, Qmn(�; �i;x;y) and
Llmn(�; �i; �1; �f ; �2) (whose de�nitions will be given
later) we can write

c

A =
8
p
8Z3

�2(1 + Z)3
lim
t!0

L101(�; �i; t; �f ; Z); (13)

B =
32
p
8Z3�

(1 + Z)3
Q21(�; �i;Z;K); (14)

C =
32
p
8Z3�

(1 + Z)3

�
Q21(�; �i;Z;K) � f(2Z + 1)(Z + 1)g Q22(�; �i; 2Z + 1;K)

� Q21(�; �i; 2Z + 1;K)

�
; (15)

D =
8
p
8Z3

�2(1 + Z)3

�
lim
t!0

L101(�; �i; t; �f ; �) � 1

2
(1 + Z)L111(�; �i; 1 + Z; �f ; �)

� L101(�; �i; 1 + Z; �f ; �)

�
: (16)

ii) for uncorrelated representation of Chandrasekhar wave function, eqn. (2)

fB(kf ;ki) = I1 + I2 (17)

where

I1 = A+B; (18)

I2 = C +D: (19)

with

A =
64C�

(� + 1)3
lim
t!0

L101(�; �i; t; �f ; �)� 256C��3
(� + 1)3

Q21(�; �i;�;K); (20)
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B =
64C�

(�+ 1)3
lim
t!0

L101(�; �i; t; �f ; �)� 256C��3
(� + 1)3

Q21(�; �i;�;K); (21)

C = iC1 � iC2 ; (22)

with,

iC1 =
256C�3�
(� + 1)3

�
Q21(�; �i;�;K)� fY (� + 1)g Q22(�; �i;Y;K)�Q21(�; �i;Y;K)

�
; (23)

iC2 =
64C�

(� + 1)3

�
lim
t!0

L101(�; �i; t; �f ; �) � 1

2
(� + 1)L111(�; �i; � + 1; �f ; �)

� L101(�; �i; � + 1; �f ; �)

�
; (24)

and
D = iD1 � iD2 : (25)

with,

iD1 =
256C�3�
(�+ 1)3

�
Q21(�; �i;�;K)� fY (�+ 1)g Q22(�; �i;Y;K)�Q21(�; �i;Y;K)

�
; (26)

iD2 =
64C�

(�+ 1)3

�
lim
t!0

L101(�; �i; t; �f ; �) � 1

2
(�+ 1)L111(�; �i; �+ 1; �f ; �)

� L101(�; �i; �+ 1; �f ; �)

�
: (27)

In this case Y = �+ � + 1 and C = N1=8
p
2�3.

iii) for correlated representation of Chandrasekhar wave function, eqn. (3)

fB(kf ;ki) = I1 + I2 � I3; (28)

where,

I1 = A+B; (29)

I2 = C +D; (30)

I3 = E + F: (31)

A =
64C�

(� + 1)3

�
� 4��2

�
Q21(�; �i;Y;K) + (1 + �)Y Q22(�; �i;Y;K)

�

�
�
(1 + �)

2
L111(�; �i; 1 + �; �f ; �)� L101(�; �i; 1 + �; �f ; �)

��
(32)

B =
64C�

(�+ 1)3

�
� 4��2

�
Q21(�; �i;Y;K) + (1 + �)Y Q22(�; �i;Y;K)

�

�
�
(1 + �)

2
L111(�; �i; 1 + �; �f ; �)� L101(�; �i; 1 + �; �f ; �)

��
(33)

C =
64CD�
(� + 1)3

�
4��2

�
� 4Y 2(1 + �)Q23(�; �i;Y;K) + (1 + � � 2Y )Q22(�; �i;Y;K)

�

+

�
(1 + �)

2
L112(�; �i; 1 + �; �f ; �) +

(1 + �)

2�
L111(�; �i; 1 + �; �f ; �)

� L102(�; �i; 1 + �; �f ; �)� 1

�
L101(�; �i; 1 + �; �f ; �)

��
(34)
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D =
64CD�
(�+ 1)3

�
4��2

�
� 4Y 2(1 + �)Q23(�; �i;Y;K) + (1 + �� 2Y )Q22(�; �i;Y;K)

�

+

�
(1 + �)

2
L112(�; �i; 1 + �; �f ; �) +

(1 + �)

2�
L111(�; �i; 1 + �; �f ; �)

� L102(�; �i; 1 + �; �f ; �)� 1

�
L101(�; �i; 1 + �; �f ; �)

��
(35)

E =
64CD�
(� + 1)4

�
�4��2

�
4Y (1 + �)2Q23(�; �i;Y;K) + (5Y � 1)(1 + �)2Q22(�; �i;Y;K)

+ 3Q21(�; �i;Y;K)� Y (1 + �)Q22(�; �i;Y;K)

�

+

�
(1 + �)2

2
L121(�; �i; 1 + �; �f ; �)� 1:5(1 + �)L111(�; �i; 1 + �; �f ; �)

+ 3L101(�; �i; 1 + �; �f ; �)

��
(36)

and

F =
64CD�
(� + 1)4

�
�4��2

�
4Y (1 + �)2Q23(�; �i;Y;K) + (5Y � 1)(1 + �)2Q22(�; �i;Y;K)

+ 3Q21(�; �i;Y;K)� Y (1 + �)Q22(�; �i;Y;K)

�

+

�
(1 + �)2

2
L121(�; �i; 1 + �; �f ; �)� 1:5(1 + �)L111(�; �i; 1 + �; �f ; �)

+ 3L101(�; �i; 1 + �; �f ; �)

��
(37)

where Y = �+ � + 1, C = N2=8
p
2�3 and D = 0:31214.

The mathematical expression of the scattering amplitude thus becomes more and more complex from Slater
representation to the correlated version of Chandrasekhar representation. In writing all the expressions above we
use a few general notations that are de�ned below :

�f =
kf

2
�i = ki � kf

2
and K = ki � kf ; (38)

Qmn(�; �i;x;y) =
1

(�2 + �2i )
m(x2 + y2)n

(39)

and

Llmn(�; �i; �1; �f ; �2) =
@l

@�l
@m

@�m1

@n

@�n2
L000(�; �i; �1; �f ; �2) (40)

with

L000(�; �i; �1; �f ; �2) =

Z
1

(p2 + �2)(j p+ �i j2 +�21)
1

(j p+ �f j2 +�22)
dp: (41)

L000 is the Lewis integral [10] that has analytical solution given by,

L000(�;q1; a;q2; b) =

Z
1

(p2 + �2)(jp� q1j2 + a2)

1

(jp� q2)j2 + b2)
dp

=
�2

�
1

2

log

�
(� + �

1

2 )

(� � �
1

2 )

�
; (42)

� = � � �2 (43)

� = f(q1 � ~q2)
2 + (a+ b)2g q21 + (�+ a)2 q22 + (b+ �)2 (44)

� = �f(q1 � ~q2)
2 + (a+ b)2g+ bfq21 + (�+ a)2g+ afq22 + (�+ b)2g � 4ab� (45)
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The generalised Lewis integralsLlmn(�; �f ; �1; �i; �2)
of order � 3 (i.e. l+m+m = 3 ) have been evaluated
numerically by the procedure of Roy et al [12]. The
higher order Lewis integrals are evaluated using its
equality with Dalitz integral, Dlmn = Llmn [12] where

Dlmn = �2
@m+n

@�m1 @�
n
2

Z 1

0

dx
1

�

@

@�l0

�
1

!2 + Æ2

�
: (46)

with

! = xq1 + (1� x)q2; (47)

�2 = x�21 + (1� x)�22 + x(1� x)jq1 � q2j2 (48)

and

Æ = �0 + � (49)

The Dalitz integrals are carried out by a 16 point
Gauss-Legendre quadrature with subsequent division
of the interval (0,1) to obtain a pre-determined rela-
tive error of 10�10. The total cross sections are calcu-
lated numerically by using a Gauss-Legendre quadra-
ture method for integrating the di�erential cross section
over the cosine of the scattering angle.

III Results and discussion

Based on the exact analytic evaluation of the �rst
Born transition matrix we have computed the di�er-
ential cross sections ( d�= d
) and total cross sections
(�) for the positronium formation using the standard
de�nitions [13] with all the three scattering ampli-
tude mentioned in the previous section. For brevity,
we denote the di�erential cross sections due to Slater
wave function as ( d�= d
)slater and that due to corre-
lated and uncorrelated Chandrasekhar wave function as
( d�= d
)corr and ( d�= d
)uncorr respectively. In Figs
1 and 2, we present a comparative study of the di�er-
ential cross sections due to the three wave functions.

In Fig. 1, we plot ( d�= d
)slater , ( d�= d
)corr
and ( d�= d
)uncorr separately each for three energies,
E=100, 300 and 500 eV to have a comparison among
themselves while in Fig. 2, ( d�= d
)slater , ( d�= d
)corr
and ( d�= d
)uncorr are compared for incident energies
E=100, 200, 300 and 400 eV. Qualitatively, each of the
curves with uncorrelated wave function has the same
feature having a sharp minimum. As energy increases,
amplitude due to the repulsive interaction part as well
as that due to the attractive part become more and
more peaked in the forward direction and the minima
move towards the smaller angles. The occurance of the
sharp minima is due to the destructive interference of
the attractive and repulsive parts of the interaction po-
tential. However,( d�= d
)uncorr shows a di�erent na-
ture. Unlike the uncorrelated case, the inter-electronic
repulsion pushes the dip of the correlated wave-function
towards higher scattering angles with the increase of
energy and disappears completely after 200 eV. After

that the cross section decreases in a smooth exponen-
tial manner. From Fig. 1 we can see that in case of
( d�= d
)slater , the minima are more or less at the
same scattering angle for all energies, the movement
being extremely slow. But in case of ( d�= d
)uncorr
the minima move towards forward scattering angle with
the increase of energy at a faster rate. However in both
the cases of uncorrelated wave-function the minima are
located somewhere around 30Æ scattering angle.

Figure 1. A comparison of di�erential cross sections (in
units of a20) for the formation of Ps(1s) state from H� us-
ing Slater wave function, uncorrelated Chandrasekhar wave
function and correlated Chandrasekhar wave function re-
spectively. Each block contains di�erential cross section
curves for incident positron energy E=100 eV (dashed-
dotted line), E=300 eV (dotted line) and E=500 eV (Solid
line).

In Fig. 2, we compare the di�erential cross sec-
tions for the three wave functions at four particular
energies. Here we see, ( d�= d
)slater is always a bit
higher than ( d�= d
)uncorr for scattering angles below
20Æ and above 30Æ at all energies, but the di�erence
between them diminishes with the increase of energy.
However, comparing with ( d�= d
)corr we can say that
( d�= d
)slater lies more or less close to ( d�= d
)uncorr
at all energies in spite of the important fact that Slater
wave function provides a poorer value of ground state
energy of H� than that provided by uncorrelated Chan-
drasekhar wave function (table 1). In this context, its
worth noting that ( d�= d
)corr runs always lower than
( d�= d
)slater and ( d�= d
)uncorr and the di�erence
among them is signi�cant. Hence we can conclude that
to study the Ps-formation from H�, consideration of
the correlation among the target electrons is very im-
portant.
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Figure 2. A comparison of di�erential cross sections (in
units of a20) for the formation of Ps(1s) state from H� us-
ing Slater wave function (dotted line), uncorrelated Chan-
drasekhar wave function (solid line) and correlated Chan-
drasekhar wave function (dashed-dotted line) respectively
at di�erent energies. In the �gure, x-axis denotes the scat-
tering angle in degrees while y-axis is the di�erential cross
sections.

In Fig. 3 we display the results for the total cross
section for Ps-formation in ground state using the three
di�erent representations. Unlike the di�erential cross
sections, total cross sections due to Slater representa-
tion are always higher than that of uncorrelated Chan-
drasekhar representation, however the di�erence dimin-
ishes with increase of energy. This is due to the higher
values of the ( d�= d
)slater for the lower scattering an-
gles which contribute most to the total cross section
values. The total cross section due to correlated Chan-
drasekhar wave function is much smaller than both
the two uncorrelated wave function as expected. Since
there exist no experimental results for capture cross
sections in e+ � H� collisions comparison of our cross
sections is not possible.

In conclusion, we have performed an closed analyt-
ical calculation of �rst Born transition matrix element
and present the di�erential and total cross section for
positronium formation in ground state in e+�H� colli-
sion for di�erent positron impact energies. A compar-
ison between the Slater representation and more accu-
rate Chandrasekhar representations, both in uncorre-
lated and correlated version, of wave function for hy-
drogen negative ion has been drawn through these Ps-
formation cross section values. It is clear from the com-
parison that the Ps-formation process from H� is quite
sensitive to the choice of target wave function and the
consideration of the correlation e�ect between the elec-
trons of target H� is very important. Its beyond doubt
that to get more clear picture of the particular process,
more re�ned models and approximations are required
which we will consider in our forthcoming studies. How-
ever, the present method of analytical calculation will

reduce the computational labour signi�cantly in more
advanced studies. Moreover, we believe that the present
endeavour will help to provide a general idea about the
Ps-formation process from hydrogen negative ion, H�

and a clear visualization of the e�ect of the electron
correlation on this rearrangement process.

Figure 3. Total cross sections (in units of �a
2

0) for the
Ps(1s)-formation from H� using Slater wave function (dot-
ted line), uncorrelated Chandrasekhar wave function (solid
line) and correlated Chandrasekhar wave function (dashed-
dotted line) respectively at di�erent energies.

The author would like to thank Prof A. S. Ghosh for
useful discussions and FAPESP for the �nancial sup-
port.
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