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There is a missing energy problem in cosmology: the total energy density of the Universe, based on
a wide range of observations, is much greater than the energy density contributed by all baryons,
neutrinos, photons, and dark matter. Deepening this mystery are the recent observations of type
1a supernovae which suggest that the expansion rate of the Universe is accelerating. One possible
resolution is the existence of a cosmological constant which �lls this energy gap. However, a logical
alternative is \quintessence," a time-dependent, spatially inhomogeneous, negative pressure energy
component which drives the cosmic expansion. This lecture will serve as an introduction to the
quintessence cosmological scenario.

I Introduction

One of the most important challenges in cosmology is

the determination of the composition of the Universe.

Remarkably, recent developments suggest that most of

the energy density in the Universe, beyond the dark

matter, is unaccounted for or missing. Observations

of a low matter density in cold dark matter (CDM)

and baryons (see [1] for a review and [2] for recent re-

sults) fall short of the critical value required for spa-

tial atness. However, current measurements of the

cosmic microwave background (CMB) anisotropy spec-

trum strongly support a spatially at Universe [3], indi-

cating a shortfall in the total energy density. To account

for this \missing energy," the cosmological constant (�)

has been proposed to �ll the gap [4, 5], and also ex-

plain the accelerating expansion inferred from type 1a

supernovae [6, 7]. There is another class of cosmological

models, however, which �t the current data just as well

and are on an equal if not stronger theoretical ground

than � | that is, Quintessence.

Quintessence (Q) is a time-varying, spatially-

inhomogeneous, negative pressure component of the

cosmic uid [8, 9]. It is distinct from � in that it is

dynamic: the Q energy density and pressure vary with

time and is spatially inhomogeneous. A common exam-

ple of quintessence is a scalar �eld slowly rolling down

a potential, similar to the inaton in inationary cos-

mology. Unlike �, the dynamical �eld can support long

wavelength uctuations which leave an imprint on the

CMB and the large scale distribution of matter. An-

other, critical distinction is that w, the ratio of the pres-

sure (p) to the energy density (�), is �1 < w � 0 for

quintessence, whereas w is precisely �1 for �. Hence,

the expansion history of the Universe for � and Q mod-

els are di�erent. There is much rich behavior to explore

in a cosmological model with quintessence.

Furthermore, fundamental physics, e.g. those the-

ories of gravity and fundamental interactions beyond

the standard model of particle physics, provide moti-

vation for light scalar �elds (e.g. [10, 11, 12, 13]), one

of which may serve as a cosmic Q �eld. In this way,

quintessence serves as a bridge between the fundamen-

tal theory of nature, string theory or other, and the

observable structure of the Universe.

The aim of this lecture is to present a survey of

the quintessence cosmological scenario. The focus is on

qualitative results, but detailed references are provided.

Beginning with Sec. II, the observations leading to the

missing energy problem and the claims of cosmic ac-

celeration will be presented. Cosmology is currently a

data driven enterprise, and it is startling to �nd that the

observations are forcing theory to hypothesize the exis-

tence of a new energy component. In Sec. III, the cos-

mological constant is discussed as a possible solution.

However a simple solution it provides, a � presents an

enigma not understood by current theory. On the other

hand, as argued in Sec. IV, experience with the tools

commonly used to develop theories beyond the stan-

dard model of particle physics or Einstein's theory of

gravitation leads us to propose the existence of a cosmic

scalar �eld as a logical solution to the current problems

in cosmology. The properties of quintessence and the

quintessence plus cold dark matter (QCDM) scenario

will also be presented in this section. Various species

of quintessence, especially trackers, will be discussed in

Sec. V. The observational constraints will be evalu-

ated in Sec. VI, and the future outlook summarized in
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Sec. VII.

II Observational Background

Current observational data are driving cosmology

in new and unexpected directions, leading to the

quintessence hypothesis. This hypothesis rests on three

basic pieces of evidence.

First, the energy density in matter which clusters is

well below the critical energy density required to close

the Universe: 
m < 1. This result has been develop-

ing over a number of years [1]. One way to illustrate

this result is to consider the mass-to-light ratio on in-

creasingly large length scales. At the scale of clusters

and superclusters, the largest objects in the Universe,

the mass-to-light ratio appears to turn over, reaching

a value near M=L � 200 [14]. By Oort's method, the

matter density is 
m = (M=L)�(j=�crit) where j is the
observed luminosity density, obtaining 
m � 0:2� 0:3.

Another method is to consider the baryon fraction in

clusters, which is estimated to be 
b=
m � 0:1 � 0:2

[15]. Then using the Big Bang Nucleosynthesis con-

straint 
bh
2 = 0:02 [16] we obtain a similarly low value,


m � 0:2� 0:5 for reasonable values of the hubble pa-

rameter, h.
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Figure 1. The conformal structure of the CMB is shown.
The surface of the cone represents the ight path of photons
traveling from the surface of last scattering. The dominant
contribution to the temperature anisotropy is due to acous-
tic oscillations in the baryon-photon plasma on the scale of
the sound horizon at recombination. Using the apparent size
of this length scale in the CMB sky, the spatial curvature is
determined to be small.

Second, the Universe is spatially at. This has
been argued on the basis of recent CMB results which
show the presence of a sharp feature in the temper-
ature anisotropy spectrum on the very angular scale

predicted for a spatially at Universe [17]. The way
this works is straightforward. The predominant source
of temperature anisotropy is through the Sachs-Wolfe
e�ect, whereby photons climb out of deep gravitational
potentials on the surface of last scattering, depicted
in Fig. 1. At recombination, the deepest and largest
length-scale gravitational potential into which photons
can fall is limited by the sound horizon. The conse-
quence is a sharp peak in the anisotropy spectrum on
the angular scale corresponding to the apparent size
of the sound horizon at recombination. As a problem
in geometric optics, the relation between the angular
scale and the size of the sound horizon depends on the
spatial curvature and distance to the last scattering sur-
face. The prediction is that the peak should occur at
a multipole ` � 220=

p
1�
k where 
k is the spatial

curvature expressed as a fraction of the critical energy
density [18]. The location of the observed peak [3] as
shown in Fig. 2 strongly supports the claim of a spa-
tially at Universe, with j
kj � 1.

Figure 2. The angular power spectrum from COBE [19, 20],
Saskatoon [21], QMAP [22], TOCO97 [23], and TOCO98
([3] from which this �gure is taken) are shown. The rise and
fall in the anisotropy spectrum in the range ` � 100 � 300
in the TOCO98 data is the strongest evidence to date
that the spatial curvature of the Universe is small. The
cosmological models are SCDM (dashed line: 
m = 1,

b = 0:05, h = 0:5) and a � concordance model [24] (solid
line: 
m = 0:33, 
b = 0:041, 
� = 0:67, and h = 0:65.)
The error bars are 1� statistical.

The �rst two pieces of information alone are enough
to argue for the existence of an additional energy com-
ponent. Examining the FRW equations, which can be
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rewritten as a sum rule for the fractional energy densi-
ties,

3

8�G
H2 = � k

a2
+
X

�i

1 = 
k +
X


i;

we see that 
m < 1 and j
kj � 1 indicate that there
must be some other term, 
?, which brings the total up
to unity. There must be some other component which
dominates the total energy density today. But wait |
there's more.
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Figure 3. The magnitude - red shift relationship traced by
the type 1a supernovae measured by the SCP [6] and HZS
[7] groups is shown. The vertical axis shows the magni-
tude di�erence with respect to an open, empty (accelerat-
ing) Universe, represented by the curve �(m�M) = 0. The
top-most curve is the prediction for a 
� = 1 model; the
bottom-most curve is for a 
m = 1 model. The weight of
the data strongly rules out the 
m = 1 Universe, and favors
models with 
m = 0:3 and w = �1; �2=3; �1=3 in decreas-
ing order (the blue dashed, red dashed, and red dot-dashed
curves).

Third, the cosmic expansion of the Universe is ac-
celerating. This stunning claim is made on the basis
of the magnitude - red shift relationship traced out by
type 1a supernovae [6, 7], as shown in Fig. 3. The pro-
cedure can be summarized briey. Although type 1a
SNe are not standard candles, in that their intrinsic lu-
minosity is not known, there appears to be an empirical
relationship between the shape of the supernovae light
curve and the luminosity. Hence, given the luminos-
ity and the observed ux, the distance is determined;
the red shift is determined by the host galaxy. The
magnitude - red shift relationship then traces out an
extended Hubble diagram, beyond the linear regime,
which is sensitive to the cosmic acceleration. The evi-
dence strongly favors a Universe in which the expansion

is growing faster than that driven by pressureless dust.
Since the acceleration of the expansion scale factor is

�a = �a4�G
3

(�+ 3p);

the observations demand negative pressure to be pro-
vided by an additional component.

Putting these three pieces of evidence together, the
intersection indicates a low density, spatially at, ac-
celerating Universe. The stage is set for the entrance of
a dominant energy component with negative pressure.

III A Cosmological Constant?

Until a few years ago, when the CMB data began to
crystallize and the SNe results were �rst reported, there
was been no compelling reason to consider a spatially
at, low matter density, accelerating Universe. Indeed,
theoretical prejudice favored simpler models, such as
standard CDM with 
m = 1 (for ination enthusiasts)
or open CDM. The cosmological constant was a cu-
riosity, �rst introduced by Einstein in a failed attempt
to obtain a static solution for a dust-�lled Universe.
However, the cosmological constant has come back into
vogue as a popular candidate to �ll the gap between
the matter and critical density required for a at Uni-
verse, and drive accelerated expansion with its negative
pressure [25].

The shift of focus onto � has developed in response
to the new observational data. Yet, introducing � re-
vives several diÆcult questions [26]. If there is a cos-
mological term, a constant energy density and pressure,
how did it arise? Is it a consequence of quantum grav-
ity? Is it the self-gravitating energy associated with
zero-point quantum uctuations? Naive attempts to
understand such a � typically associate it with zero-
point quantum uctuations, but require an ultraviolet
cut-o�, such as the energy scale of a symmetry break-
ing transition, to render it �nite. Some quick num-
bers indicate the energy scale must be exceedingly low:
(H2=G)1=4 � 10�3 eV. The problem of the hierarchy of
energy scales in particle physics is exacerbated by this
reasoning.

Consider the problem of the energy scale of � in
another way. In order for the constant energy density
to be dominant today, it must have been a negligible
fraction of the total energy density of the Universe at
all times in the past. It's diÆcult then to see how such
an energy component could have ever been in equilib-
rium or contact with the rest of the cosmic uid. As we
will argue later, perhaps this component did not always
have a constant, or nearly constant energy density.

By the principle of Occam's Razor, the simplest ex-
planation for the missing energy component may be the
cosmological constant. After all, there is just one num-
ber to specify, � itself. Occam's Razor, however, is not



218 R.R. Caldwell

a law of physics, and if too broadly applied it can ob-
scure the interpretation of experiment. As we argue in
the next section, a dynamical component is a logical
candidate for the missing energy.

IV Quintessence: A Dynamical

Component

The proposal of a cosmic scalar �eld, quintessence,
strikes this author as the most logical way to model
the missing energy, at present. The most basic tool
employed to build a fundamental theory beyond the
standard model of particle physics or Einstein gravity
is the scalar �eld. The Higgs, inaton, Brans-Dicke,
moduli, and dilaton �elds are examples of such scalar
�elds which play a critical role in models of fundamen-
tal physics. Furthermore, there is precedent to solving
\missing energy" problems with a new particle or �eld,
as was the case with the neutrino (a success) and dark
matter (to be determined, but supersymmetric parti-
cles are strong candidates). In addition, the wide range
of behavior encompassed by a scalar �eld provides a
greater context in which to explore and understand the
developing cosmological observations. In the limiting
case of w ! �1, the quintessence �eld is indistinct
from a �. As well, with a scalar �eld, it is simple to
model the behavior of other forms of energy, such as a
network of frustrated topological defects [27].

An important motivation for considering
quintessence models is to address the \coincidence
problem," the issue of explaining the initial conditions
necessary to yield the near-coincidence of the densi-
ties of matter and quintessence today. For the case
of �, as described earlier, the only possible option is
to �nely tune the ratio of energy densities to 1 part
in � 10110 at the end of ination. Symmetry argu-
ments from particle physics are sometimes invoked to
explain why the cosmological constant should be zero
[28] but there is no known explanation for a positive,
observable vacuum density. For quintessence, because
it can couple to other forms of energy either directly
or gravitationally, one can envisage the possibility of
interactions which cause the quintessence component
to naturally adjust itself to be comparable to the mat-
ter density today. In fact, recent investigations [9, 29]
have introduced the notion of \tracker �eld" models of
quintessence which have attractor like solutions [30, 31]
which produce the current quintessence energy density
without the �ne tuning of initial conditions. Particle
physics theories with dynamical symmetry breaking or
non-perturbative e�ects have been found which gen-
erate potentials with ultra-light masses which support
negative pressure, and exhibit the \tracker" behav-
ior [13, 32]. These suggestive results lend appeal to
a particle physics basis for quintessence, as a logical
alternative to an ad hoc invocation of a cosmological

constant.

IV.1 The QCDM Scenario

The quintessence plus cold dark matter (QCDM)
cosmological scenario is constructed as follows. The
space-time is a spatially at FRW with line element
ds2 = a2(�d�2 + d~x2). The cosmic uid contains
quintessence, CDM, plus all the standard model par-
ticles in the form of baryons, radiation, and neutrinos.
The Universe evolves from an inationary phase, dur-
ing which time a spectrum of adiabatic density pertur-
bations are generated, through radiation- and matter-
dominated phases, until the present quintessence-
dominated era.
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1
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Figure 4. Quintessence introduces the equation of state, w,
to the space of cosmological parameters. The most impor-
tant quantities for characterizing a QCDM model is w and
the matter density, 
m = 1� 
Q.

IV.2 Background Evolution Equations

The evolution of a cosmic scalar �eld is obtained by
the following set of equations. Starting from the La-
grangian for a self-interacting scalar �eld, the �eld is
broken into a background, homogeneous portion Q and
an inhomogeneous perturbation ÆQ. The equations of
motion for the background �eld in an expanding FRW
space-time are simply obtained:

L =
1

2
@�Q@

�Q� V (Q) ! Q00 + 2
a0

a
Q0 = �V;Q:

Here, the prime indicates the derivatives with respect
to conformal time. One need only specify a potential
to evolve the equations and obtain the energy density
and pressure,

� =
1

2
_Q2 + V; p =

1

2
_Q2 � V:

Hence, a potential energy dominated scalar �eld will
give rise to an equation of state w < 0. An equivalent
formulation of the scalar �eld is to specify the evolution
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of the equation of state as a function of the scale factor,
w(a). Then the energy density can be reconstructed as

�(a) = 
Q�crit exp

�
3

Z 1

a

[1 + w(a)] d ln a

�
;

and the pressure is simply p = w�. It is possible to
reconstruct the potential and �eld evolution for a given
equation of state [34, 33]:

V (a) =
1

2
[1� w(a)]�(a)

Q(a) =

Z
d~a

p
1 + w(~a)

~aH(~a)

p
�(~a):

The equivalence w(a) $ V (Q[a]) immensely simpli�es
the simulation of quintessence.

Figure 5. The uctuations in quintessence are important
on large scales. As a demonstration, the CMB anisotropy
is computed for a smooth component, where ÆQ is arti�-
cially set to zero in a model with 
m = 0:3 and w = �1=3;
the uctuations ÆQ which would normally cancel with the
strong, late time integrated Sachs-Wolfe terms in the CMB,
are absent, leading to a dramatically di�erence anisotropy
spectrum. The uctuations distinguish Q from �, and pro-
vide insight into the microphysical properties of Q.

IV. 3 Fluctuation Evolution Equations

The spatial uctuations follow the evolution equa-
tion

ÆQ00 + 2
a0

a
ÆQ0 + (V;QQ �r2)ÆQ = �1

2
h0Q0

where h is the trace of the synchronous gauge metric
perturbation. (See [35] for details of the perturbation
theory.) This equation is amenable to Fourier decompo-
sition of the uctuations. We see that the quintessence
reacts to the external gravitational �eld of, say, dark
matter and baryons through h. The nature of the re-
sponse is determined by V;QQ, which characterizes the
e�ective mass, mQ =

p
V;QQ, or the Compton wave-

length of the �eld, �Q = 1=
p
V;QQ. Again there is a

simpli�cation using the equation of state:

a2V;QQ =�3
2
(1� w)

"
a00

a
�
�
a0

a

�2�
7

2
+
3

2
w

�#
+

1

1 + w

�
w02

4(1 + w)
� w00

2
+ w0

a0

a
(3w + 2)

�
By making the change of variables to fÆQ = ÆQ=

p
1 + w

then the w00 term drops out of the evolution equation,
so that w and w0 need only be speci�ed. We see that for
a slowly varying equation of state, jw0j=(1+w) � a0=a,
then V;QQ / H2 and the Compton wavelength of the
quintessence �eld is approximately the Hubble horizon
radius, �Q � H�1. From the above equations, this
means that uctuations ÆQ on scales smaller than the
Hubble scale dissipate, so the �eld is a smooth, non-
clustering component there. Any initial uctuations
in the quintessence �eld are damped out rapidly. On
scales greater than H�1, the �eld is unstable to grav-
itational collapse, and long wavelength perturbations
develop. This means the quintessence responds to the
large scale uctuations in the CDM and baryons. As
shown in Fig. 5, the quintessence uctuations play an
important role in the large angle CMB anisotropy spec-
trum.

V Tracker Quintessence

Trackers represent a particular class of quintessence
models which avoid the problem of �ne tuning the ini-
tial conditions of the scalar �eld in order to obtain
the desired energy density and equation of state at the
present time [9, 29]. The tracker is a scalar �eld Q
which rolls down a potential V(Q), as shown in Fig. 6,
according to an attractor-like solution to the equations
of motion. The solution is an attractor in the sense
that a very wide range of initial conditions for Q and
Q0 rapidly approach a common evolutionary track, so
that the cosmology is insensitive to the initial condi-
tions. Tracking has an advantage similar to ination
in that a wide range of initial conditions is funneled
into the same �nal condition. The initial energy den-
sity of the quintessence, �Qji, can vary by nearly 100
orders of magnitude without altering the cosmic his-
tory. In particular, the acceptable initial conditions
include equipartition after ination | nearly equal en-
ergy density in Q as in the other 100 - 1000 degrees of
freedom (e.g. 
Qji � 10�3). Furthermore, the cosmol-
ogy has desirable properties. The equation of state of
Q varies according to the equation of state of the domi-
nant component of the cosmological uid. As displayed
in Fig. 7, when the Universe is radiation-dominated,
then w is less than or equal to 1=3 and �Q decreases less
rapidly than the radiation density. When the Universe
is matter-dominated, the w is negative and �Q decreases
less rapidly than the matter density. The consequence
is that eventually �Q surpasses the matter density and



220 R.R. Caldwell

becomes the dominant component. At this point, the
Hubble damping of the �eld evolution becomes impor-
tant, Q slows to a crawl and w ! �1 as 
Q ! 1 and
the Universe is driven into an accelerating phase. The
fact that 
Q is not seen to be completely dominating
yet, or that 
m is measured to be at least 0:2, pro-
vides a natural lower bound to the tracker quintessence
equation of state: w � �0:8.

Figure 6. The characteristic shape of the potential for
tracker and creeper quintessence models is shown; for these
runaway scalar �elds, the potential is high and steep at
small Q and falls o�, approaching zero as Q becomes large.
Starting from a wide range of initial conditions, an inter-
play between the Hubble damping and the curvature of the
potential drives the �eld evolution towards a common evolu-
tionary track, in which the equation of state is always more
negative than the background. Inevitably, the �eld comes
to dominate the cosmological uid, driving accelerated ex-
pansion. Once the �eld reaches the freeze-out point, the
rolling �eld is critically damped by the Hubble expansion
as w ! �1 and 
Q ! 1.

Tracking occurs for any potential for which w < wB ,
where wB is the equation of state of the background
uid (e.g. radiation or matter), � � V 00V=(V 0)2 > 1
and is nearly constant, d(�� 1)=dt� (�� 1)H . Once
tracking begins, the equation of state is given by the
handy formula

w � wB � 2(�� 1)

1 + 2(�� 1)
:

Two examples of tracking potentials are V =
M4[exp (Mpl=Q) � 1] where Mpl is the Planck mass,
and V = M4+�=Q� with � > 0. For � = 1, � = 2
which yields w � (wB � 2)=3 < wB so that sooner or
later the tracker will come to dominate. In each case,M
is a free parameter which is �xed by the measured value
of 
Q. Hence, these models each have one free parame-
ter, just as for the cosmological constant. The tracker,
however, has a much more plausible origin in particle
physics, as the potentials occur in string and M-theory
models associated with moduli �elds or fermion con-
densates (perturbative e�ects make at direction po-
tentials runaway), and can start from a realistic state

in equipartition. For these reasons the claim is made
that quintessence is on equal if not stronger theoretical
ground than the cosmological constant.

Another species of quintessence closely related to
the tracker is the creeper. This corresponds to the case
in which the initial energy density in Q after ination is
much greater than the radiation energy density. For ei-
ther of the potentials described above, this corresponds
to starting at a small value of Q, very high up in V .
The consequent evolution is such that the �eld rapidly
rolls down the potential, out to a very large value of
the �eld, at Q � Mpl. The �eld evolution is critically
damped; Q still moves, but is now creeping down the
potential. As such, the equation of state is very nearly
w � �1 and the creeper behaves very much like a cos-
mological constant.

Figure 7. The energy density versus red shift for a tracker
�eld is shown. Starting with initial conditions anywhere in
the vertical box at left, including the yellow region which
represents equipartition, to the singularly tuned black dot
as required for �, the tracker �eld (black line) rapidly joins
the common evolutionary track (orange dashed line). The
tracker quintessence rapidly overtakes the radiation (red)
and matter (blue) and comes to dominate the Universe by
today. The red shift z = 1012 has been arbitrarily chosen
as the initial time. (Figure provided by [29].)

VI Concordance and Quintessence

We now focus on the observational constraints on
QCDM cosmological models. These results were ex-
plored in depth in [24], where an exhaustive study
of the constraints was presented, obtaining a set of
quintessence models in concordance with observation.

The QCDM cosmological scenario can be character-
ized by the following �ve parameters: the quintessence
equation of state w; the matter density parameter

m, where a at model is assumed so that 
m =
1 � 
Q; the baryon density parameter, 
b; the Hub-
ble parameter, related to the Hubble constant by H =
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100h km/s/Mpc; the power law index of the spectrum
of primordial density uctuations in the matter and ra-
diation,

ns. In the case of tracker quintessence, the equation
of state changes slowly with time, but the observational
predictions are well approximated by treating w as a
constant, equal to

~w �
Z

da
Q(a)w(a) =

Z
da
Q(a):

Through out this discussion, we will evaluate the
bounds for a constant w, but the same constraints hold
for the equivalent QCDM model with ~w.

We now summarize the most important constraints,
breaking them up by red shift.

VI.1 Low Redshift

Hubble Constant: The Hubble constant has been
measured through numerous techniques over the years.
Although there has been a marked increase in the
precision of extragalactic distance measurements, the
accurate determination of H has been slow. The
H0 Key Project [36], which aimed to measure the
Hubble constant to an accuracy of 10%, currently
�nds H = 73 � 6(stat) � 8(sys)km/s/Mpc; the
method of type 1a supernovae gives H = 63:1 �
3:4(internal)�2:9(external)km/s/Mpc [37]; typical val-
ues obtained from gravitational lens systems are H �
50 � 70km/s/Mpc with up to � 30% errors [38, 39].
Other measures can be listed, but clearly convergence
has not been reached, although some methods are more
prone to systematic uncertainties. Based on these di-
verse measures, our conservative estimate for the Hub-
ble constant is H = 65� 15 km/s/Mpc with 2� uncer-
tainty.

Age of the Universe: Recent progress in the dating
of globular clusters and the calibration of the cosmic
distance ladder has relaxed the lower bound on the age
of the Universe. We adopt t0 � 9:5Gyr as a 95% lower
limit [40, 41].

Baryon Density: Recent observations of the deu-
terium abundance by Burles and Tytler [16] yield
D=H = 3:4 � 0:3(stat) � 10�5. If this value reects
the primordial abundance, then Big Bang nucleosyn-
thesis [42] with three light neutrinos gives 
bh

2 =
0:019�0:002 where the 1� error bars allow for possible
systematic uncertainty.

Baryon Fraction: Observations of the gas in clus-
ters have been used to estimate the baryon fraction
(compared to the total mass) to be fgas = (0:06 �
0:003)h�3=2 [15]. The stellar fraction is estimated to
be less than 20% of the gas fraction, so that fstellar =
0:2h3=2fgas. Next, simulations suggest that the baryon
fraction in clusters is less than the cosmological value
by about 10% [43] representing a depletion in the abun-
dance of baryons in clusters by a fraction of 0:9 � 0:1.

Hence, the cosmological baryon fraction fb = (
b=
m)
is estimated to be fb = (0:067� 0:008)h�3=2+0:013 at
the 1� level. Using the observed baryon density from
BBN, we obtain the constraint


m =
0:019h�2

0:067h�3=2 + 0:013
(1� 0:32)

at the 2� level. For h = 0:65 this corresponds to a value
of 
m = 0:32� 0:1.

�8: The abundance of x-ray clusters at z = 0 pro-
vides a model dependent normalization of the mass
power spectrum at the canonical 8h�1Mpc scale. The
interpretation of x-ray cluster data for the case of
quintessence models has been carried out in detail by
Wang and Steinhardt [44], in which case the constraint
is expressed as

�8


m = (0:5� 0:1�)� 0:1
 = 0:21� 0:22w+ 0:33
m + 0:25�
� = (ns � 1) + (h� 0:65)

where the error bars are 2�. This �tting formula is
valid for the range of parameters considered here.

Perhaps the two most important constraints on the
mass power spectrum at this time are the COBE [19]
limit on large scale power and the cluster abundance
constraint which �xes the power on 8h�1 Mpc scales.
Together, they �x the spectral index and leave little
room to adjust the power spectrum to satisfy other
tests.

VI.2 Intermediate Redshift

Supernovae: Type 1a supernovae are not stan-
dard candles, but empirical calibration of the light
curve - luminosity relationship suggests that the ob-
jects can be used as distance indicators. There has been
much progress in these observations recently, and there
promises to be more. Hence, a de�nitive constraint
based on these results would be premature. However,
we examine the recent results of the High-Z Supernova
Search Team (HZS: [7]) and the Supernova Cosmology
Project (SCP: [6]) to constrain the luminosity distance -
red shift relationship in quintessence cosmological mod-
els. We have adopted the following data analysis pro-
cedure: we use the supernova data for the shape of the
luminosity - red shift relationship only, allowing the cal-
ibration, and therefore the Hubble constant, to oat;
we excise all SNe at z < 0:02 to avoid possible sys-
tematics due to local voids and overdensities; for SNe
at z > 0:02, we assume a further uncertainty, added
in quadrature, corresponding to a peculiar velocity of
300 km/s in order to devalue nearby SNe relative to
the more distant ones (for the SCP data, a velocity of
300 km/s has already been included). There is sub-
stantial scatter in the supernovae data; the scatter is
so wide that no model we have tested passes a �2 test
with the full SCP data set; using a reduced set, Fit
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C, argued in [6] as being more reliable, a �nite range of
models do pass the �2 test, comparable to the range ob-
tained by the �2 test using the HZS data set. To gauge
the current situation, we will report both �2 tests and
maximum likelihood tests; to be conservative, we use
the largest boundary (the �2 test based on HZS data
using MLCS analysis) for our concordance constraint.

Lensing Statistics: The statistics of multiply im-
aged quasars, lensed by intervening galaxies or clusters,
can be used to determine the luminosity distance - red
shift relationship, and thereby constrain quintessence
cosmological models. There exists a long literature of
estimates of the lensing constraint on � models (e.g.
spanning [45] to [46]). In one approach, the cumulative
lensing probability for a sample of quasars is used to
estimate the expected number of lenses and distribu-
tion of angular separations. Using the Hubble Space
Telescope Snapshot Survey quasar sample [47] found
four lenses in 502 sources, Maoz and Rix [48] arrived
at the limit 
� � 0:7 at the 95% CL. In a series of
studies, similar constraints have been obtained using
optical [49] and radio lenses [46]. Waga and collabora-
tors [50, 51] have generalized these results, �nding that
the constraint weakens for larger values of the back-
ground equation of state, w > �1. In our evaluation
of the constraint based on the HST-SSS data set, we
�nd that the 95% con�dence level region is approxi-
mately described by 
Q � 0:75 + (1 + w)2, until the
inequality is saturated at w = �1=2, consistent with
the results of Waga. In principle, this test is a sen-
sitive probe of the cosmology; however, it is suscepti-
ble to a number of systematic errors (for a discussion,
see [52, 53]). Uncertainties in the luminosity function
for source and lens, lens evolution, lensing cross sec-
tion, and dust extinction for optical lenses, threaten to
render the constraints compatible with or even favor a
low density universe over 
m = 1. Taking the above
into consideration, none of the present constraints on
quintessence due to the statistics of multiply imaged
quasars are prohibitive: models in concordance with
the low-z constraints are compatible with the lensing
constraints.

VI.3 High Redshift

One of the most powerful cosmological probes is
the CMB anisotropy, an imprint of the recombination
epoch on the celestial sphere. The large angle tempera-
ture anisotropy pattern recorded by COBE [19] can be
used to place two constraints on cosmological models.

COBE norm: The observed amplitude of the CMB
power spectrum is used to constrain the amplitude of
the underlying density perturbations. We adopt the
method of Bunn and White [54] to normalize the power
spectrum to COBE. As we use a modi�ed version of
CMBFAST [55] to compute the CMB anisotropy spec-
tra, this normalization is carried out automatically.)
We have veri�ed that this method, originally devel-

oped for � and open CDM models, can be applied to
the quintessence cosmological models considered in this
work [34]. Of course, there is uncertainty associated
with the COBE \normalization": the 2� uncertainty
in rms quantities is approximately 20% (see footnote
#4 in [54]), which conservatively allows for statistical
errors, as well as the systematic uncertainty associated
with the di�erences in the galactic and ecliptic frame
COBE map pixelizations, and potential contamination
by high-latitude foregrounds [56].

ns: COBE has been found to be consistent with a
ns = 1:2� 0:3 spectral index [57, 58], but this assumes
the only large angular scale anisotropy is generated via
the Sachs-Wolfe e�ect on the last scattering surface.
This neglects the baryon-photon acoustic oscillations,
which produce a rise in the spectrum, slightly tilting
the spectrum observed by COBE. In general, the spec-
tral index determined by �tting the large angular scale
CMB anisotropy of a quintessence model, which is also
modi�ed by a late-time integrated e�ect, to the shape
of the spectrum tends to overestimate the spectral tilt.
For example, analysis of a class of CDM models [59]
(�CDM and SCDM, a subset of the models considered
here) �nds a spectral tilt ns = 1:1� 0:1. We conserva-
tively restrict the spectral index of the primordial adia-
batic density perturbation spectrum, with P (k) / kns ,
to lie in the interval ns 2 [0:8; 1:2]. Note that ination
generically predicts ns � 1, with ns slightly less than
unity preferred by inaton potentials which naturally
exit ination.

Small Angle CMB: Dramatic advances in cosmol-
ogy are expected in the near future, when the MAP
and Planck satellites return high resolution maps of the
CMB temperature and polarization anisotropy. When
the measurements are analyzed, we can expect that the
best determined cosmological quantities will be the high
multipole C` moments, such that any proposed theory
must �rst explain the observed anisotropy spectrum.
At present, however, there is ample CMB data which
can be used to constrain cosmological models.

We take a conservative approach in applying the
small angular scale CMB data as a model constraint.
Our intention is to simply determine which quintessence
models are consistent with the ensemble of CMB exper-
iments, rather than to determine the most likely or best
�tting model. At the time of this lecture, the results
from several experiments had either been recently pre-
sented or shortly expected, so that a detailed analysis
would have been premature.

VI.4 Concordance Results

We have evaluated the cosmological constraints for
the set of quintessence models occupying the �ve dimen-
sional parameter space: w; 
m; 
b; h; ns. The results
are best represented by projecting the viable models
onto the 
m � h and 
m � w planes.
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The concordance region due to the suite of low red
shift constraints, including the COBE normalization
and tilt ns, are displayed in Figs. 8, 9. Each point
in the shaded region represents at least one model in
the remaining three dimensional parameter space which
satis�es the observational constraints.

Figure 8. The projection of the concordance region on the

m � h plane, on the basis of the low red shift observa-
tional constraints only, is shown. The observations which
dominate the location of the boundary are labeled.

Figure 9. The projection of the concordance region on the

m � w plane, on the basis of the low red shift and COBE
observational constraints only, is shown. The observations
which dominate the location of the boundary are labelled.
If a wider range for the baryon density is allowed, such as
0:006 < 
bh

2 < 0:022, the shape of the mass power spec-
trum (not discussed here: see [24]) and �8 constraint deter-
mine the location of the low 
m boundary, and the concor-
dance region extends slightly as shown by the light dashed
line.

In Fig. 8, the boundaries in the 
m direction are

determined by the combined BBN and BF constraints

as a function of h, while h is only restricted by our

conservative allowed range and the age constraint. The

age does not impact the 
m � h concordance region,

since for the allowed values of 
m and h, there is al-

ways a model with a suÆciently negative value of w to

satisfy the age constraint. Relaxing either the BBN or

BF constraint would raise the upper limit on the matter

density parameter to allow larger values of 
m. This re-

quires a simultaneous reduction in the spectral index,

ns, in order to satisfy both the COBE normalization

and cluster abundance.

In Fig. 9, the upper and lower bounds on 
m are

again determined by the combination of BBN, BF, and

h. The lower bound on 
m due to the combination of

the BBN and BF constraints can be relaxed if we al-

low a more conservative range for the baryon density,

such as 0:006 < 
bh
2 < 0:022 [60, 61]. However, the

constraints due to �8 and the shape of the mass power

spectrum take up the slack, and the lower boundary

of the concordance region is relatively una�ected. The

lower bound on 
m near w = �1 is determined in part

by the shape of the mass power spectrum (see [24]);

the mass power spectrum in a model with low 
m and

strongly negative w is a poor �t to the shape of the

APM data, based on a �2-test. This constraint on mod-

els near w = �1 is relaxed if we allow anti-bias (b < 1),

although b < 1 is strongly disfavored on a theoretical

basis. At the other end, for w � �0:6, the lower bound
on 
m is determined by the combination of the up-

per bound on the spectral index, and the x-ray cluster

abundance constraint on �8. If we further restrict the

bias to b < 1:5, a small group of models at the upper

right corner with w � �0:2 and 
m � 0:4 will fail the

shape test.

We see that models occupying the fraction of the

parameter space in the range �1 � w � �0:2 and

0:2 � 
m � 0:5 are in concordance with the basic suite

of observations, suggesting a low density universe. It is

important to note that the set of viable models spans a

wide range in w; the concordance region is not clustered

around w = �1, or �, but allow such diverse behavior

as w � �1=3. However, the case w = 0, which can

result from the scaling exponential potential [30, 31] is

clearly in contradiction with observation: the 
m re-

quired by the x-ray cluster abundance constraint is in-

compatible with the matter density parameter allowed

by the BF and BBN constraints. Hence, the models

with w = 0 explored by Ferreira and Joyce [62] are not

viable.

The most potent of the intermediate red shift con-

straints is due to type 1a supernovae, which we present

in Fig. 10. In addition to the SCP results, the HZS

group has presented two di�erent analyses of their cat-

alog of SNe, based on multi-color light curve shapes



224 R.R. Caldwell

(MLCS) and template �tting; hence we show three SNe

results. Carrying out a maximum likelihood analysis,

all three give approximately the same result for the

location of the 2� bound, favoring concordant mod-

els with low 
m, and very negative w. Based on a

maximum likelihood analysis SCP have reported a limit

w � �0:6 at the 1� level. A �2 analysis of the same

data gives a somewhat di�erent result: the Fit C SCP

data and the HZS data sets give comparable, although

weaker, results to the likelihood analysis. In the spirit

of conservativism, we have used the weakest bound

which we can reasonably justify. Hence, for the concor-

dance analysis, we use the 2� contour resulting from a

�2 test.

Figure 10. The 2� maximum likelihood constraints on the

m � w plane, due to the SCP (solid), HZS MLCS (short
dashed), and HZS template �tting methods (dot-dashed).
The light, dashed line shows the low red shift concordance
region.

We have evaluated the high red shift constraint due
to the select ensemble of CMB anisotropy measure-
ments. Based on a �2 test in ÆTl, the set of concor-
dant models projected down to the 
m�h and 
m�w
planes is unchanged from the low red shift concordance
region at even the 1� level. This \null" result from the
CMB should not be too surprising; the current observa-
tional data is capable only of discerning a rise and fall
in power in the C` spectrum across ` � 100� 300. The
results are unchanged if we include additional current
CMB results, or use a �2 test in ln(ÆT 2

l ) [63]. Rather,
we must wait for near-future experiments which have
greater `�coverage, e.g. BOOMERANG, MAT, and
MAXIMA, which are expected to signi�cantly reduce
the uncertainties.

Since the submission of this manuscript, the data
from the MAT [3] (see Fig. 2) and BOOMERANG [64]

experiments have been released. However, neither sig-
ni�cantly changes our results.

Figure 11. The dark shaded region is the projection of the
concordance region on the 
m�w plane with the low, inter-
mediate, and high red shift observational constraints. The
dashed curve shows the 2� boundary as evaluated using
maximum likelihood, which is the same as Fig. 10.

Thus far we have applied the low red shift con-
straints in sequence with one of the other intermedi-
ate or high red shift constraints. It is straight forward
to see how the combined set of constraints restrict the
quintessence parameter space. Taking the low red shift
constraint region, which is shaped primarily by the BF,
BBN, H, and �8 constraints, the dominant bounds on
the 
m�w plane are then due to SNe and lensing. The
SNe drives the concordance region towards small 
m

and negative w; the lensing restricts low values of 
m.
Putting these all together, an ultimate concordance test
is presented in Fig. 11. If the present observations are
reliable, we may conclude that these models are the
most viable among the class of cosmological scenarios
considered herein.

To what degree do current uncertainties in the Hub-
ble parameter, the spectral tilt and other cosmic param-
eters obstruct the resolution in w? To judge this issue,
we have performed an exercise in which we �x h = 0:65,

bh

2 = 0:019, and we choose the spectral tilt to insure
that the central values of the COBE normalization and
the cluster abundance constraint are precisely satis�ed.
In Figs. 12 and 13, we show how di�erent constraints
restrict the parameter planes. Note �rst the long, white
concordance region that remains in the 
m � w plane,
which is only modestly shrunken compared to the con-
cordance region obtained when current observational
errors are included. The region encompasses both �
and a substantial range of quintessence. Hence, cur-
rent uncertainties in other parameters are not critical
to the uncertainty in w. The �gure further shows how
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each individual constraint acts to rule out regions of the
plane. The color or numbers in each patch represent the
number of constraints violated by models in that patch.
It is clear that regions far from the concordance region
are ruled out by many constraints. Both �gures also
show that the boundaries due to the constraints tend
to run parallel to the boundary of the concordance re-
gion. Hence, shifts in the values or the uncertainties
in these measurements are unlikely to resolve the un-
certainty in w by ruling out one side or the other |
either the constraints will remain as they are, in which
case the entire concordance region is allowed, or the
constraints will shift to rule out the entire region.

Figure 12. The concordance region (white) resulting if we
arti�cially set 
bh

2 = 0:019 and �x the spectral tilt to
precisely match the central values of COBE normalization
and cluster abundance measurements. The curves represent
the constraints imposed by individual measurements. The
curves divide the plane into patches which have been num-
bered (and colored) according to the number of constraints
violated by models in that patch.

The tracker models are a particularly important

class of quintessence models, as discussed earlier, be-

cause they avoid the ultra-�ne tuning of initial con-

ditions required by models with a cosmological con-

stant or other (non-tracking) quintessence models. An

additional important feature of these models is that

they predict a de�nite relationship between the present

day energy density and pressure, which yields a lower

bound on the constant, e�ective equation of state, nearew � �0:75 [29]. Note that the e�ective or averaged

equation of state as described earlier is about 10 per

cent larger than the value of w today. In Fig. 14 we add

this bound to the low red shift constraints, obtaining

the concordance region for tracker quintessence. This

region retains the core of our earlier low red shift con-

cordance, and is consistent with the SNe constraints. A

creeper �eld has an equation of state w = �1, marked
in Figs. 14, and is e�ectively indistinguishable from a

cosmological constant today.

Figure 13. The concordance region (white) resulting if we
arti�cially set h = 0:65 and 
bh

2 = 0:019 precisely and
�x the spectral tilt to precisely match the central values of
COBE normalization and cluster abundance measurements.
The curves represent the constraints imposed by individual
measurements. The curves divide the plane into patches
which have been numbered (and colored) according to the
number of constraints violated by models in that patch.

Figure 14. The concordance region based on COBE and
low red shift tests for tracker quintessence is shown. The
thin black swath along w = �1 shows the allowed region
for creeper quintessence and �. The equation-of-state is
time-varying; the abscissa is the e�ective (average) w.
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Figure 15. The overall concordance region based low, inter-
mediate, and high red shift tests for tracker quintessence is
shown. The thin black swath along w = �1 shows the al-
lowed region for creeper quintessence and �. The equation
of state is time-varying; the abscissa is the e�ective (aver-
age) w. The dark shaded region corresponds to the most
preferred region (the 2� maximum likelihood region consis-
tent with the tracker constraint), 
m � 0:33�0:05, e�ective
equation-of-state w � �0:65� 0:10 and h = 0:65� 0:10 and
are consistent with spectral index n = 1. The numbers refer
to the representative models that appear in Table I of [24]
and that are referenced frequently in the text. Model 1 is
the best �t �CDM model and Model 2 is the best �t QCDM
model.

In Fig. 15 we combine all current observations on
tracker models. Since these are arguably the best-
motivated theoretically, we identify from this restricted
region a sampling of representative models with the
most attractive region for quintessence models being

m � 0:33 � 0:05, e�ective equation of state w �
�0:65 � 0:07 and h = 0:65 � 0:10 and are consistent
with spectral index ns = 1 indicated by the dark shaded
region in Fig. 15. These models represent the best tar-
gets for future analysis. The challenge is to prove or
disprove the eÆcacy of these models and, if proven, to
discriminate among them.

VII Future Tests

The current observational data appear to indicate very
unusual, interesting phenomena. If this trend contin-
ues, as more experiments measure the CMB, large scale
structure, and the like, we will then �nd the evidence
supporting new, very low energy physics. In the follow-
ing, I have constructed an outline of a logical progres-
sion for experiments.

VII.1 Re�ne the Basic Parameters

The �rst order of business is to re�ne the measure-
ments of the basic cosmological parameters. That is, we

must verify that the matter density is low, 
m < 1, that
the spatial curvature is negligible, j
kj � 1, and that
there is a missing energy problem. The measurement
of the Hubble constant must also be further re�ned.
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Figure 16. The di�erential volume - red shift relationship
for a series of models is shown. The DEEP survey [65] will
measure the di�erential volume out to z � 1. Given that
the Universe is spatially at, this test will be able to pin
down the equation of state, w.

The experiments most likely to accomplish these
goals in the near future are: MAP, which will measure
the CMB and extract information about 
mh

2, 
bh
2,

and ns; the wide �eld surveys of large scale structure by
the SDSS and 2dF, and the small �eld x-ray probes by
Chandra and XMM, combined will reveal information
about the large scale distribution of matter, giving in-
sight into 
m; strong gravitational lensing systems and
S-Z clusters will help pin down the value of h. These
results will be in hand within several years, and should
the missing energy problem persist, there will be a num-
ber of exciting ideas to test.

VII.2 Determine the Cosmic Evolution

Given that the missing energy problem is real, the
next logical step will be to characterize the equation
of state, measuring w and _w, to determine whether the
dark energy is �, Q, or other. For fundamental physics,
� or Q represents new, ultra-low energy phenomena be-
yond the standard model. If �rmly established by ob-
servations, the discovery will go down in history as one
of the greatest clues to the ultimate theory. The fact
that the dark energy can be probed observationally is
an unimaginable gift, since most uni�ed theories entail
ultra-high energies, far beyond laboratory access.

A test of the tracker quintessence scenario can be
made by determining the change in the equation of
state. If the equation of state can be measured at the
present and at an earlier epoch, say z � 1, we can ob-
tain a crude measure of the slope, dw=dt. Trackers have
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the special property that the equation of state becomes
more negative at late times: w ! �1 as 
Q ! 1. A
measurement of dw=dt > 0 would argue against tracker
quintessence.

Probes of cosmic evolution are the most direct way
to determine w. Hence, observations of the magnitude
- red shift relationship using type 1a supernovae are
ideal. The ongoing e�orts of the SCP and HZS groups
should improve the SNe constraints on w, if the under-
standing of systematic e�ects and the theoretical mod-
eling of type 1a SNe improve. Another approach is to
use the volume - red shift relationship, as with the rate
of strong gravitational lensing or number counts. The
Deep Extragalactic Evolutionary Probe [65] should be
able to pin down w to 1% by studying the evolution of
the apparent numbers of dark matter halos as a func-
tion of their circular velocity, provided selection e�ects
are well controlled and 
m; 
Q are known.

VII.3 Determine the Microphysics

Once the basic properties of the dark energy are
determined, 
Q and w, we can begin to ask questions
about the microphysics | what is it? What clues can
it reveal about the structure of the Universe and the
nature of physical laws? Long wavelength uctuations,
manifest in very large scale structure and the CMB, are
the clues to the microphysics of quintessence.
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Figure 17. The cross-correlation of the CMB temperature
anisotropy with the weak lensing convergence of the temper-
ature �eld. The di�erence between the signals for a � and
Q model, as shown, gives clues to the behavior of the grav-
itational potential at late times and on the largest scales.

The best approach in this case is to make full sky
maps that trace cosmic structure on the largest scales.
These maps can be cross-correlated to isolate the late
time, large scale features unique to quintessence. Al-
though cosmic variance blurs information on large
length scales, cross-correlation can sharpen the picture.
Taking the CMB for example, a given multipole mo-
ment can only be measured to C` � C`=

p
2`+ 1 due

to cosmic variance, and at low ` the uncertainty is
worse. However, cross correlation can dramatically re-
duce this uncertainty. Consider the cross-correlation
coeÆcient between two �elds on the sky, such as CMB
temperature anisotropy and the x-ray background, or
the weak lensing convergence of the temperature �eld
[66, 67]. When the cross-correlation is strong, when
(CAB

` )2 � CAA
` CBB

` , then the cosmic variance is dra-
matically reduced, even on large angular scales, even
for the quadrupole. Hence, a strong cross-correlation is
probably the best tool to pin down the microphysics of
the quintessence.

VII.4 Test the Framework

The missing energy problem and the quintessence
hypothesis, and most current cosmological models, are
predicated on the validity of Einstein's general relativ-
ity, and the existence of cold dark matter with a spec-
trum of adiabatic perturbations generated by ination.
At the same time that an e�ort is directed towards mea-
suring cosmic parameters, it is necessary to test that
GR is valid on the largest scales, and to probe for long
range forces associated with the missing energy compo-
nent. By testing the framework we can hope to make
connections to fundamental physics.

Detection of a time or spatial variation in coupling
constants, such as � or G, would indicate dramatically
new physics. In models of fundamental physics, such
as M-theory, these �eld couplings in four dimensions
often appear as moduli �elds describing the evolution
of higher dimensions. Hence, a measurement of _G, say,
would reinforce quintessential ideas of a dynamical, in-
homogeneous energy component.

If the quintessence �eld is coupled to the Ricci
scalar, there will be observable consequences if Q is
rolling suÆciently fast. The constraints on scalar-
tensor theories of gravity apply, and the cosmic evo-
lution and long wavelength uctuations will di�er from
the standard QCDM scenario. (For recent work, see
[68, 69, 70]).

If the quintessence �eld is coupled to the pseu-
doscalar F�� ~F

�� of electromagnetism as suggested by
some e�ective �eld theory considerations [71], the po-
larization vector of a propagating photon will rotate by
an angle �� that is proportional to the change of the
�eld value �Q along the path. CMB polarization maps
can potentially measure the �� from red shift � 1100 to
now [72] and distant radio galaxies and quasars can pro-
vide information of �� from red shift a few to now [71].
If these two observations generate non-zero results,
they can provide unique tests for quintessence and the
tracker hypothesis, because tracker �elds start rolling
early (say, before matter-radiation equality) whereas
most non-tracking quintessence �elds start rolling just
recently (at red shift of a few).
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The prospects for decisively testing the quintessence
hypothesis in the immediate future are excellent.
Whether these ideas are vindicated or not, we will
surely discover exciting, new physics.
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