260

Brazilian Journal of Physics, vol. 27, no. 2, june, 1997

Nonadiabatic Regimes of Atomic
Motion in Magnetic Traps

V.I. Yukalov
International Centre of Condensed Matter Physics
University of Brasilia, CP 04513, Brasiia, DF 70919-970, Brazil

Bogolubov Laboratory of Theoretical Physics
Joint Institute for Nuclear Research, Dubna 141980, Russia

Received January 1, 1997

The motion of neutral atoms in quadrupole magnetic traps is considered using an accurate

method for solving nonlinear systems of differential equations. This approach, called the

method of scale separation, does not involve the adiabatic approximation, thus, allows to

analyze nonadiabatic regimes of motion. A new regime is found when atoms are confined

from one side of a trap but are not confined from another side. Possible experimental
applications of the semi-confining regime are discussed.

I. Introduction

The properties of neutral atoms in magnetic traps
have recently attracted much attention in connection
with the realization of the Bose condensation of alkali
atoms (see review[l]). The motion of trapped atoms,
as is generally believed, can be described in the adia-
batic approximation. Although it has been argued that
trapping can also occur in a nonadiabatic regime of res-
onant cooling!®. What is certainly true is that in the
more general picture, when atoms are permitted to es-
cape from the trap, one has to give up the adiabatic
approximation.

The aim of the present paper is to give an accurate
solution to the equations of motion for neutral atoms
in quadrupole magnetic traps, without using the adi-
abatic approximation. For this purpose, the method
of scale separationt®=5! will be applied. The mathe-
matical foundation of this approach is based on the
The method
of scale separation has been successfully employed for
describing dynamical processes in spin mazerst 73! po-
larized targets!], and nuclear magnets®>'9]. Its accu-

Krylov-Bogolubov averaging method[®l.

racy was confirmed by good agreement of found solu-

[11,12]

tions with experimental datal and with computer

simulations(}3—151,

I1. Basic Equations

The dynamics of neutral atoms in magnetic fields
can be described in the semi—classical approximation
which presupposes that the space variation of the mag-
netic fields is sufficiently slow, so that the spin and
real-space degrees of freedom can be separated. In
the quantum-mechanical language this means that the
wave function can be factorized into a product of a spin
and a real-space wave functions!*l.

The equations of motion in the semi—classical ap-

proximation are

d2? /’L — —_—— ?
= — —_— 1
e mV(SB)—I—m (1)

for the real-space variable 7= {z,y, 2}, and

—

ds

— — 2
di Sx B (2)

SR

for the spin variable §: {S¢,5y,S5:} . Here m is a
mass of an atom and p is the magnetic moment, that
18, the product of the Bohr magneton and the hyperfine
g —factor. The vector ? in (1) represents the average

force
N
_

f==3"(v ay), (3)

J(#4)



V.I. Yukalov

with (..

ing, acting on an atom from other N — 1 atoms inter-

.} meaning the quantum-mechanical averag-

acting through the potential ®;; . The total magnetic
field is E . The evolution equations (1) and (2) are to

be complimented by the initial conditions

=

(0) = {l‘o,yo,zo},

v (0) = {vg,v5, 05}, (4)
S (0) = {57, 55,55},

in which v (0)=d 7 /dt at t=0.
The total magnetic field

B=Bi1 (7)+ B2 (1)+ Bs (1) (5)
consists of three parts: The first is the quadrupole field
By (7) = Bj(7 =3z ¢.) (6)
typical of quadrupole magnetic traps, such as the loffe—
Pritchard traps with a static bottle field[27=1°] or dy-
namical traps with a rotating bias field?%21]. The sec-

ond term in (5) is the rotating bias field
Ez )= Bz(?x coswt+ ?y sinwt), (7)

as in the dynamic trapl?t. Finally, the third term is a

cooling radio—frequency field
Eg (t) = Bs e, coswyt (8)

serving for removing fast particles from the trap.
For what follows, it is convenient to deal with the
dimensionless space variable 7 measured in units of

the characteristic length

By

LEB—i.

(9)
The latter roughly defines the linear size of the atomic
cloud in a trap. Therefore, in dimensionless units we

have

|7 | < 1. (10)

To return to the dimensional space variable, we need to
put =7 L.

Define the characteristic frequencies
1B uB

2

Wy = Wy = —— 11

1 T 2=~ (11)

of atomic and spin motions, respectively, and use the
notation

C:—, (.dng. (12)
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Also, introduce the collision rate v given by the rela-

tion

o1
7€ L (13)

In what follows we shall treat g as a random variable.
Then, Eq.(1) for the space variable takes the form

7 - - = 7
= @S o 45, €y 28 )k & (1)

and Eq.(2) for the spin variable can be written as

nl

d ~ —
I(.UQA S, (15)

QU

t

where the matrix A = [Aag] with «,8 =1,2,3

consists of the elements
A1 = Ags = Azz =0,

Ay = —Aq) = =22 + (cosw,t,
A13 = —A31 = -y — sinwt,
Aoz = —Azs = z + coswt.

FEqgs.(14) and (15) are the basic evolution equations to

be considered.

III. Scale Separation

[3-51 for

To apply the method of scale separation
solving the system of nonlinear equations (14) and
(15), let us take the characteristic parameters as in
experimentsl?H22. Then wy ~ 10%7 1, wy ~ 5 x
107s~! | the value of ws may be somewhere in the
interval between zero and 10°s7', w ~ 5 x 10%s™!, w,
is of the order of ws and v~ 1571 —10s~!. Thus,

the following sequence of inequalities holds:
T W K w <K wa, (16)

with w3 € ws and w, ~ws .

The inequalities in (16) show thath the space vari-
ables can be treated as slow while the spin variables as
fast. Therefore, the former can be considered as the
quasi-integrals of motion for the latter. Eq.(15), under

fixed 7 , can be solved exactly, and the solution writes

S (1= ai Si (1), (17)

where
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— —* —

a; =Sob; (0), §OES (0),
Si (1) =b (t) exp{pi(t)},

bi (1) = (a; A1z + A12A23) o+ (avjAsz — A12A13) ?y + (0%2 + A%z) ?Z] )

Ci = (i = A1y)" + (Jou|* + Af,y) (AT5 + AZ),

— — _ - 2 2 2
o] = o, ay = —ia, ag =0, o= \/A12 + A, 4+ Azg,

— % d—»

¢i(t) = /Ot |:W204i(t)— bi () b (t)] dt.

Substitute the solution (17) into Eq.(14) averaging the right—hand side of the latter according to the rule

F= lim 1/7 F(t)dt. (18)

T—00 T

Take into account that ws <€ w2, so ¢ € 1, and make use of the inequality (10). Then Eq.(14) reduces to

9 =

ro = -
— = 19
gz Pt E (19)
with the force )
F= L1+ 2)S5 + ySY +(C = 22)55] (v €0 4y €, +82 ). (20)
|
If initial conditions are such that S§ = S and Under these conditions, from Eq.(19) we have for

Sy = S¢ = 0, then (20) trivializes to the adiabatic the variable x the equation

force d2r

;)
— - _ — 4+ Sw? (z— = | x = ~E. 23
Faa= %w%(r +7z €,). dt? ! 2 " @3)

L The same equation, with the replacement of x by vy,
In the latter case, atoms are confined inside the trap

foll for th iabl . And f t
for S < 0 and unconfined for S >0 or S=0. otlows for Bhe varable ¥ ndfor =z we ge

& + 8Sw? (z — §) z = ~E. (24)

2
IV. Nonadiabatic Motion dt

If { 1is not too small, there can appear oscillatory

Consider nonadiabatic motion with the initial con- solutions when atoms oscillate about the point (/2 .
ditions for the spin variables in the form This can be shown by putting
¢ 1
S§=0, Sy=0, S;=05. (21) u=z—g5,  |u<l,

. . . . d L izing Fq.(24), which Its in th ti
Because of the isotropy of the interaction potential, the and linearizing Fq.(24), which results in the equation

du

Tz +wippu =7,

force of interatomic interactions is to be an isotropic

vector, so that for the corresponding random variable

describing atomic collisions we may write with the effective oscillation frequency

- — — — —2 SWS
§=¢(ect ey +ez) (22) Helf =N T,
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However, for very small { — 0 the life is more
complicated. Let us put ¢ = 0 in Eqgs.(23) and (24).
Keeping in mind that 5 <« w; , we may write the

solutions as the sums

r =z + 2, =21+ 29. (25)

The equations for the functions z; and z; are

dzl‘l
dt?

+ Swizae; =0 (26)

and, respectively,

d221

s 8Swizi = 0. (27)

The corresponding initial conditions are

1‘1(0)21‘0, 1‘1(0)21}8‘,

21(0) = Zo, 21(0) = Ué. (28)

The functions x5 and zs are due to the existence of

random collisions and satisfy the equations
dzl‘z

e + Sw%(zlxz +x122) = ¢ (29)

and, respectively,

d222

B +16Swiz 20 = #E. (30)

The related 1nitial conditions are

(0) = 0. (31)

The procedure of handling Eqs.(26), (27), (29), and
(30) is as follows. First, we solve Eq.(27) whose exact

solution 1s

__3
45(.«1%

where P(t) is the Weierstrass function with the delay

z1(t) = Pt —to), (32)

time
o dz
15027'0/_Oo N (33)
in which

[ 3
=, /— 4
70 16502’ (34)
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the spin S is assumed to be positive, and
23 =28 4+ (vimo)t (35)

Then, the solution (32) is substituted into Eq.(26)
yielding the Lamé equation of degree 1/2 . The exact

solution of the latter 1s

(1) = [cm (t ;to) + Cz] o (%) . (36)

with FE3(t) = dP(t)/dt being a Lamé function of de-
gree 3, of the first kind, and with ¢; and e¢s being

integration constants.
Solving Eqs.(29) and (30), the functions z2 and
z9 , due to random collisions, can be treated as fast,

as compared to x; and z; . The stochastic variable

¢ 1s modelled by the white Gaussian noise with the

stochastic averages

((E@E ) =2Ds( =), (37)

where D 1s a diffusion rate.

From Eq.(30) we have

so(t) = / G.(t — TYE(r)dr (38)

and from (29) we find

za(t) = /0 Gyt — T)[e(r) — Sw%xlzz(r)]dr, (39)

the transfer functions being

_sin(et)
Galt) = e 4e

with the effective frequency

9 :wlezl.

The realization of stochastic averaging is based on

(37), which gives

{({z2(0))) =0, ((z2(1))) = 0. (40)

For the mean—square deviation of the axial variable,

FEq.(38) yields



264

{(z(0)) =

_ ~2 Dt
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16¢2

[1 ~ sin(8€t)] | )

8t

Using (41) in (39), we obtain the mean—square deviation for the radial variable

2 2Dt sin(2¢et)
(o = 22 [1- 22D
73?015255% {1 — cos(et)cos(4et) + sin(fet) [cos(et) — cos(4et) — 16€tsin(5t)]} . (42)

To analyze the behaviour of the found solutions,
take, for concreteness, S > 0 . For the negative S|
the situation is symmetrical. Then Eq.(32) shows that
z1 is bounded from above by the maximal value (35)

and diverges to —oo as t — ¢y by the law
21(t) o< — [t — 19|72 (43)

Such a motion, confined from one side of the z —axis
and deconfined from another side, can be called semi—
confined.

The radial variable in (36) diverges together with

the axial one following the law
2(t) o |t — to] 712 (44)

The axial divergence is much faster than the radial one,

so that the aspect ratio

ETRST

tends to zero, as t — ty . Thus, the atomic cloud would
acquire the ellipsoidal shape stretched in the axial di-
rection.

For the random variable z;, Eq.(41) gives

(2(00)) o |t — tof exp (m#) . 6)

[t — %ol

as t — o . And from Eq.(42) we get

(e2(0)) o [t — to[ exp (m#) LD

[t — to]

The aspect ratio for the random variables,

(E IO
ke N 48

also tends to zero, as ¢ — tp . However, this anisotropy
is due to the preexponential factors, while the values
(46) and (47) diverge by the same exponential law, that
is the divergence is practically isotropic.

What kind of regime establishes in a trap, either
isotropic exponential expansion or anisotropic semi—
confined motion, depends on the relation between the
parameters v, D , and w; . If 72D <« w? | then
the influence of the random terms xs and zs 1s
small, and the atomic motion is characterized by the
regular terms x; and z; . In the opposite case, when
v2D > w? | the motion is governed by the random
terms. The crossover point between these regimes is

defined by the equality
viD = Wi (49)

Assuming that the diffusion rate D = kgT/h we ob-
tain from (49) the crossover temperature
hw?
T. = —L. 50
kpy? (50)

For the parameters typical of experiments(?1,22]

Eq.(50) gives T. ~ 107K .
V. Conclusion

Dynamics of neutral atoms in quadrupole magnetic
traps i1s analysed by solving the evolution equations
with the help of the method of scale separation®=5].
This method is more general than the adiabatic ap-
proximation and, thus, permits to explore nonadiabatic

regimes of atomic motion. A new semi—confined regime
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of motion is discovered, when atoms are confined from
one side of the trap but are not confined from another.
During this regime, occurring at low temperatures, the
cloud of atoms acquires ellipsoidal shape stretched in
the axial direction and moving to one side of the z —
axis.

The semi—confining regime can be exploited for
studying the relative motion of one atomic component
through another. The possibility of the simultaneous
trapping of two different atomic species, sodium and
potassium, has been recently reported!®®!. The rela-
tive motion can be achieved if one of the components
is confined while another is semi—confined. A variety of
unusual phenomena can happen in mixtures with rela-
tive motion. For example, in such a binary mixture the

24]

effect of conical stratificationl?¥ can occur. Another

plausible application of the semi—confining regime is for
atom lasers that are being discussed in literaturel?%].
One of the necessary conditions for the effective opera-
tion of such a laser is the directed motion of atoms. The
semi—confining regime, providing the directed atomic
motion, can serve as a dynamical mechanism for the

atom laser.
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