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FIXING THE GAUGE AT FUTURE NULL INFINITY  

Osvaldo M. Moreschi  
FAMAF  

Facultad de Matemáticas Astronomia y Física  
Universidad Nacional de Córdoba  

Laprida 854  
5000 Córdoba  

Argentina  

ABSTRACT  

After a review of the fundamental concepts around the notion of isolated  

systems in curved spacetimes, we analyze the problem of the ambiguities of  

the supertranslations at future null infinity. We propose a tool that  

provides a clean way to fix the gauge problem; namely the notion of "nice  

sections". We conclude with some resent results on "nice sections" on a  

particular class of radiating spacctimes.  
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1 INTRODUCTION 

Among the interactions defined by physicists, gravitation appears as the 

weakest of them. And since the source of gravitational interactions is the 
presence of matter, physically interesting gravitating systems normally 
involve large concentration of it. 

There are two types of physical systems where the use of the general 
relativistic picture of the gravitational interactions is essential, they are 
the systems that involve very compact objects and the systems that involve 
all known matter, namely the universe. We will next be concerned with the 

first type of systems. 
In the study of very compact objects it is generally the case that we 

can neglect the influence of the rest of the universe on them. In this case 
we say that the system can be modeled by an isolated system. In the Newtonian 
picture an isolated system is normally represented by a gravitational poten-

tial that goes to zero at large distance as 1/r. In a relativistic . theory of 
gravity one expects that at large distances from the central object the 
spacetime will approach more and more the characteristics of Minkowski space; 
more precisely, the discussion of isolated systems is made in terms of the 
class of spacetimes which have their curvature going to zero when one recedes 
to infinity, these are called asymptotically flat spacetimes. 

The notion of asymptotically flat spacetimes (that we will discuss in 
the second part of our talk) introducès a partial boundary for the spacetime, 
that is very convenient for studying the asymptotic physical fields. However

•a new ingredient appears (in comparison with what happens in Minkowski space-
time), now the gauge group at infinity is much larger than the Poincaré one; 
in fact it has infinite dimension. This has as a consequence that it is much 
more difficult to handle the physical fields in this case. We will later pro-

pose a solution for the gauge problem. 

• 2 ASYMPTOTIC FLATNESS  

2.1 WHAT SHOULD WE LOOK FOR? 
Since isolated systems in relativistics theories of gravity should be 

modeled by asymptotically flat spacetimes, we should have a precise idea of 

the meaning of this concept. A definition of an asymptotically flat spacetime 
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should include somehow the statement that the curvature tensor tends to zero  

when one recedes from the central region where the sources are placed. How-

ever in a Lorentzian spacetime there are three types of distinct direction  

which one could take to move away from the central region; besides, one  

should be very careful with the idea of a tensor tending to zero since in  

principle. the notion of the limit of a tensor is not geometrically clear.  

Comparison of components with respect to some particular chart will not work.  

Another problem that should also be considered is the one of having to  

expressed the conditions in the limit to infinity.  

Since we would like to take into account the effects of radiation, it  

turns out that it is more convenient to discuss these phenomena when one  

recedes along null directions; therefore we should search for the notion of  

asymptotic flatness at null infinity.  

Although the notion of isolated systems is very frequent in physics, we  

note that there is a great difference whether the theory one is considering  

involves the very structure of the spacetime or not. For example in Maxwell  

theory in Minkowski spacetime. the notion of isolated system does not intro-

duce any problem. In this case if one have a localized distribution of char-

ges, and the electromagnetic field goes to zero at infinity (in an appro-

priate way) one says to have an isolated system. In contrast in general rela-

tivity the spacetime structure is not given a priori, in fact using Einstein  

equation, it depends on the matter distribution. In this case instead it is  

much more difficult to figure out which are the appropriate boundary condi-

tions to be imposed on the spacetime and which are also consistent with the  

field equation.  

In order to deal with the difficulties of taking the limits of tensor  

along asymptotic regions, it has been convenient the use of the conformal  

techniques, by which one introduces a conformal metric  

s 
g,n  = ^ g

ib 
 

Since to get to infinity one needs to ever an infinite distance, with  

respect to the metric gab. one may think that if one makes an appropriate  

choice of i2, infinity will be at a finite distance with respect to k b. The  

function i2 should go to zero as we approach infinity. Also in these  

techniques one usually attaches new points to the spacetime manifold, so that  

the region where 12 = it is included in a new enlarged manifold. By doing this  
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one could replace limits to infinity by statements on these boundary points. 

In the definitions of spacetimes representing isolated systems, one has 

to specify the precise asymptotic behavior of the geometry as i2 goes to zero. 

The choice of appropriate asymptotic conditions for a spacetime is a delicate 

one, since conditions too strong will rule out solutions that clearly repre-

sent isolated physical systems, and conditions too weak will allow for too 

many cases in which useful aspects of the asymptotic behavior of physical 

fields are messed up with unnecessary bad behavior. 

It is interesting to consider the possibility of separating the notion 

of isolated system in general relativity from a particular field equation. 

This is suggested by the following fact. Taking into account that any physi-

cally meaningful gravitational theory has to have Newton theory as a weak 

field limit, one can deduce from the geodesic hypothesis that in such a limit 

the time component of the metric should have the following asymptotic 

behavior: 

gm = l + 4-1 	. 
r 

Then, assuming some uniform smoothness condition (that we will not discuss 

here), one could expect that all physically meaningful theories of gravity 

should admit the notion of asymptotic flatness. 

However, in studying this kind of ideas it is good to recall a statement 

appearing in the literature': "so far no firm arguments have been presented 

either in favour of or against the conjecture that nonstationary isolated 

systems can really be described by asymptotically flat spacetimes, in the 

sense in which this concept has been made precise up to now". 

We can deal partially with this situation by working with a notion of 

isolated system which is independent of a particular field equation; in this 

way one should see later whether the theory one likes admits this notion. We 

will next present a definition of an asymptotically flat spacetime which does 

not refer to any field equation. 

2.2 GENERAL FUTURE ASYMPTOTICALLY FLAT SPACETIMES2  

Let M be a C°°  manifold and g a C3  metric in M. We define the orientable 

spacetime (M,g) to be genera! future asymptotically fiat (GeFAF) if there 

exists a manifold M with boundary 9' , metric g
ab  a function f! on M such 

Out M is diffeoinorphic to (and therefore identified with) M u 9' and 

a) on M: i2 isC°°.il>O and g.h =if g , ; 
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b) at 9 +: ii = 0 and 0 is G°; 94  is diffeomorphic to S2  x R; at every  

point of 94  there end future directed null geodesics of M, and g is  

non-degenerate; and finally  

c) the leading behavior of the Riemann tensor for 0 —. 0 can be  

expressed by  

A  
R^ = j(II) R^ + SR^a  (2.1)  

A 

where there exists 0o  > 0 such that for 0< iZo, 	0, ^limOf _ 0; Rid  
dil

is a regular tensor at 9 +, and SRS is a tensor that goes to zero faster  

than Ail) for 0 —4 0. Condition (2.1) must be understood as saying that every  

component of the Riemann tensor R te°  with respect to an orthogonal tetrad of  

g ib  , which is regular at 2 , behaves like eq. (2.1).  

Note that from condition b) one can see that we are implicitly requiring  

gab  to be CI  at 9+, since we can write and solve the geodesic equation up to  

A  

94  itselft. Also observe that in general the tensor R is unrelated to the  

curvature of the metric g.  

This definition of asymptotic flatness along null directions is clearly  

more general that former ones; in particular it is clear that implies a  

.flatness condition, and also has the property that it does not refer to any  

field equation.  

2.3 DISCUSSION OF GEFAF SPACETIMFS  

Since the definition of GeFAF spacetimes involves metric conditions  

along with curvature conditions, it seems that a direct way of obtaining  

information is to introduce a tetrad, if naturally available, in order to  

study everything with respect to it. The use of null tetrads for the study of  

gravitational radiation has proved to be quite useful over the years. Here we  

will use the G.H.P. notation s  for the spin coefficients.  

Using these technic one can prove for example that future null infinity  

is a null hypersurface. Also that the components 'I' 4  and Y''  of the curvature  

tensor (in the above notation) behave like radiation field, although one has  

not mentioned any field equations yell  

1.9 is  pnn1w41LL'd 'le i  plus'.  
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In what follows we give the explicit asymptotic behavior of the  

spacetime implied by the definition of asymptotic flatness. We make use . of  
the fact that the conformal factor A can be taken as the inverse of a radial  

coordinate that measures affiine distance along outward null geodesics; that  
is:  

n=r ;  

and we also take the physical asymptotic behavior described by:  

fir)=  

For completeness we write down next all the quantities that can be defined in  

our formalism.  
In the framework we are considering, the most basic object is the te-

trad. Each vector of the tetrad can be expressed in terms of the coordinate'  
system (x°= u, x1 = r, x2, x3) by the equations  

 

MI = ( 
' e 	a 

^ 	}  

8x- 

i = 2,3  

n` = (L+UL+X- 8t  )` • 

ex  
where ma  is a complex vector, and it is satisfied that  

[` ra =  

a  

m`rn =-1  
a  

and all other contractions give zero.  

The torsion free metric conditions on the connection provide 'equations  
that relate the spin coefficients, as defined by G.H.P., and the tetrad  
components. These equations can be used to express the spin coefficients in  
terms of the tetrad components as described in ref. 121.  

The definition of asymptotic flatness impose conditions on the behavior  

of the metric and the curvature tensor explicitly. Using these conditions and  

after a long calculation one can obtain the leading behavior of the diffc  

rent fields.  
The spin coefficients with spin-boost weight have the following  

asymptotic behavior  
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o-o 
p = - r + O a Q + OW)  

r  

a = ^ +O +O(r♦) 
r  

e a° (W° + 2  a°  a ^) 
t _ °r 2 _  ^ 	r3 	° 	+ 004)  

KaO  

(w + a°  Q + az   ^) 
p' a 2; 	̂ 	2 	°  	+ 00)

r  

^ (ã a e - ^) 
a. 3-  a +  o o 	_ 	+ 0(r3) 

r 2 
 

K' = 00) .  

The spin coefficients p and a express also the expansion, shear an twist  

of the congruence of null geodesics generated by the vector field r.  
The leading behavior of the curvature components is given by  
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W4  
ã 

— 	Q + 00'2) '2)  r 

8
a 

CI
o 

r 2  

W2 
Y 

W' 
+ 0(r - 4)  

02  2 =  

02` = •  

+ O(r2)  

+ O(r'3)  

o  

A,4111'02 a = + 0(6  

 

_  W 4 + O(r ' s)  
r 

001 =  + 00:  3)  

W,  0 

^re  = o  ^ s 
r  

+. 0(r4)  

W o  
— 	° W 	 + O( r ") 

 o 	r s  

where the cir's are the components of the Weyl tensor, and A and the dg's are  
the components of the Ricci tensor.  

One often deals with the case of Einstein vacuum field equation, that is  
the case of zero Ricci tensor. The behavior of the Weyl tensor in this case  

is usually called peeling behavior.  
In analogy with the case of Maxwell field in Minkowski spacetime one  

associates the component yr 4  to the notion of radiation. So W
4 

= 0 'means  

absence of radiation. In fact, neglecting divergent asymptotic behaviór of  

the Weyl tensor, one can actually prove that W4 = 0 implies that all the  

other components are constant in time. This reinforce the interpretation of  

W4 as the gravitational radiation content of the spacetime.  

It is also observed that W3  refer to radiation content, since when there  

is no radiation W3 = O.  

We will later refer to the physical meaning usually attached to the  

components '2, , i  and yro  
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3 ASYMPTOTIC SYMMETRIES  

3.1 THE BMS GROUP  
The asymptotic structure of an asymptotically flat spacetime singles out  

a preferred set of coordinate systems and tetrads at null infinity. This is  
analogous to the case of Minkowski space in which the metric gives preference  
to the orthogonal Cartesian coordinates along with their associated tetrads.  

A set of coordinates at future null infinity are said to be of Bondi  
type if the restriction of the conformal metric to the boundary of the  
spacetime is given by the metric of the unit sphere; that is:  

g = - dS2= -  4 d d  
.  

^ 	 { 1 + i;b2  

where we have used stereographic coordinates.  
• Transformations among these coordinates system form a group; the so  

called BMS"4  group.  
The following is a representation of the Lie algebra of the BMS group in  

terms of the generators acting on ?:  

R. 	 B= = 	

-

{-- 1)
uá-fi e 	

Za 

l 	e 	 (l+g) 	 ac  

R^= - (t2 ^+ 

R-. 114  

a-1 
a^  

B  =  2C  ua  r 2 ^- 

 

: (1+40 au 	
a%  

B' a B'  

pe. — Yen 8u '  

where Yb.  are the spherical harmonics, and i as usual is any non-negative  
integer, while I m l 5 I. In Minkowski space one can chose the Bondi frame so  
that the generators Ri  Re  and R' coincide with the Killing rotations, the  
generators B=  B' and B.  coincide with the boosts symmetries, and the  
generators p1 m  with ^ r  5 1 coincide with the generator of translations. The 

r  
rest of the infinite family of generators p1 	with 12  > 1 do not have a  

Minkowskian analog and are associated to the notion of the so called  
supertranslations.  

The appearance of the supertranslations constitutes the main difference  

09  



between the asymptotic symmetries of an isolated system and the symmetries of  

Minkowski space; and because of this it is difficult in general to extend the  

physical concepts of flat space to the boundary 9` of an asymptotically flat  

spacetime.  

3.2 PHYSICAL QUANTITIES AT FUTURE NULL INFINITY  

One of the main reasons for introducing the notion of isolated systems  

is that one would like to have access to physical concepts, like total  

momentum or total angular momentum of the system, in order tó simplify • the  

description of the system.  

Therefore having defined the notion of asymptotically flat spacetime, we  

would like now to know what is the appropriate notion of total momentum at  

null infinity.  

Let us recall that in flat spacetime the total momentum is given as an  

integral over a spacelike hypersurface, where the integrand contains_ the  

translational Killing vectors as argument We also know that this integral is  

equivalent to an integral on the boundary of the hypersurface, that is on a,  

2-dimensional surface.  

To each generator of Bondi transformations one can associate an integral  

on a section of 3% Following the approach of Geroch and Winicour 7, as  

described by Walker', we define de components of the supermomentum with  

respect to a section u^onstant of scri, by the equation  

Pi,n(u) - 	1  J Y(v:+Q°  °+ 820 	dSZ .  
^dn p  

Only the Ph.  with r 5 1 have an invariant meaning since only the four genera-

tor of translation generate an invariant subgroup of the BMS group. it is  

because of this reason that the Bondi momentum, defined by:  

wo,Pt ,PZ,P3) = (Pao. 	(P„ -  P á , 1), - tf6 (1'„+ P 1 . 1 ).17;- 1.1 ) ' 	P ro?  

is a physically meaningful object.  

The Bondi mass is given by Poo; from which it can be seen that when we  

take a frame for which the spacelike components of the Boridi momentum are  

zero, the Bondi mass gives the total energy content of the spacetime.  

The fact that translations form a normal subgroup of the BMS group,  

permits to relate the Bondi momentum defined on two different 'sections of  
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scri. In fact one can express a flux law. 	 . 

Since there is no Poincaré subgroup of the BMS group, it is not simple 

to extend the definition of total angular momentum to asymptotically flat 

spacetimes. In fact, there are several inequivalent definitions of angular 

momentum at null infinity. The usual problem with these definitions is that 

they depend 'too much on the section in which they are calculated; and so it 

is very difficult to relate the corresponding angular momentum values which 

belong to two different cuts. A further difficulty in standard approaches is 

the supertranslation ambiguity, since even if one had succeeded in relating a 

definition for two different cuts, one is still left with the supertransla-

tion gauge freedom. The only definition of angular momentum which is free of 

supertranslation ambiguities is the one introduced in reference 191. In order 

to get rid of the supertranslation gauge dependence, a unique Bondi system 

was defined by imposing some conditions in the limit of the retarded time u 

going to -03. This kind of construction has advantages 9  and disadvantages. -  One 

natural criticism is that we think of an astrophysical observer as residing 

at future null infinity, which we assume has complete information on the 

local properties of the spacetime. This observer, using the local informa-

tion, should be able to make a physical description of the system. If we were 

forced to define a Universal center of mass system by using the properties of 

the spacetime at the retarded time u = then, this would imply going 

against the idea of local information description. 

Since the definition of angular momentum at future null infinity is a 

difficult task, one can imagine that the definition of multipole moments will 

be even worse. As usual the difficulty has to do with the supertranslation 

problem, since one does not know in general what to do with it. In S G  Janis 

and Newman10  have argued on a interpretation of data at null infinity and 

multipole moment structure of the sources. In relation to this, a personal 

interpretation is that: the leading behavior of v2  is associated with the 

monopole structure which in turn has to do with the mass aspect of the sour-

ces, the leading behavior of v i  is associated with the dipole structure which 

in turn has to do with the angular momentum aspect of the sources, and the 

leading behavior of W°  is associated with the higher multipole structure 

which in first order would describe the quadrupole aspect of the sources. For 

the cases of static and stationary spacetimes Geroch" and Hansen 12  have 

introduced a definition of multipole moments; however their construction is 

done at spacelike infinity. In other words, there is still lacking a systema- 

11 



tic study of multipole moments at future null infinity. 

4. SUPERCENTER  OF MASS SYSTEM  

4.1 "NICE" SECTIONS OF FUTURE NULL INFINITY 

The fact that the group of symmetries of null infinity, of an 

asymptotically flat spacetime, is not the Poincaré group but the • infinite 

dimensional BMS group, has been a difficulty in the physical understanding of 

the geometric asymptotic fields. 

Over the years a number of trials have been made in order to restrict 

this infinite dimensional freedom to a more convenient one. Some of 'these 

efforts included conditions of a global character, as has been mentioned, in 

which a unique Bondi system was singled out by imposing conditions in the 

limit for the retarded time u going to +co, or 

Let us recall that in Minkowski space, every point singles out a Lorentz 

group, which leaves that point intact (those are the Lorentz rotations around 

that point). Analogously, in a general future asymptotically flat spacetime, 

any section S of f singles out a set of fix generators of the BMS group that 

leave S intact. For a general space, S will not be the intersection of the 

future null cone of a point with e. 
Is there any invariant way we can fix a family of sections at future 

null infinity? 

We present here a choice of retarded time which is local in character, 

in contrast to the previous ones, and which has a clear geometrical meaning. 

We define rs  a section S to be nice if the G-W supermomentum Phi .  satis- 

fies 

P
tro

=O 	for 	r*0. 	 (4.1) 

Let us study next this definition in the simple case of a stationary 

isolated system. 

4.2 THE CASE OF STATIONARY ASYMPTOTICALLY FLAT SPACETIMES 

When there is no radiation content in the spacetime, we can prove n  that 

it is possible to find a section S that satisfies 

P (g)=0 	for 	r*0; 
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which is our condition of nice section.  
If we now make a translation from L, we will still get a nice section.  

In other words, there is a 4-parameter family of nice sections in stationary  
isolated systems.  

In order to determine a unique set of sections, we select a family of  

them that follows the system, as we now explain. Using the construction of  
reference [9], we can define an asymptotic section for the retarded time  

by the requirement that the angular momentum coincides with . the  
intrinsic angular momentum. Then, if we allow only for translations that are  

parallel to the Bondi momentum, we will get a unique set of sections on y+  

which, in this particular case, agrees with the set of sections given ,  by  
u = constant of the Center of Mass Bondi system9.  

The question arises: can we carry out this construction in the presence  

of radiation?  

4.3 THE CASE OF "NICE" SECTIONS IN RADIATING  
ISOLATED SYSTEMS  

It was pointed out in ref. [9] that in any asymptotically flat spacetime  
admitting the notion of angular momentum, one could single out a Center of  

Mass Bondi system, which in particular contains an asymptotic sphere in the  

limit u ' -•• which satisfy the property of nice spheres. As was mentioned in  
the previous section, when there is no radiation content, we can '  obtain a  
unique set of nice sections by performing timelike translations which are  

parallel to the Bondi momentum. Since we know that physically reasonable  

astronomical systems will radiate gravitational energy very slowly, we expect  

to be able to find a consecutive section from the original one, which will  

still be nice even in the general radiating case.  
More concretely in ref.[13] it was shown that if the time derivative of  

wEv^+r^°^°+ ao ^°  

is less than one; that is  

i < 1  
then given an initial nice section S, there exists  a local family of nice  
sections around S.  

At this point two questions remain open: a) 
 

is the condition W < 1  
physically reasonable?, and b) can  we find an original nice section S in '  a  
non-trivial radiating spacetime?  

U 	-010. 
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Question a) was answered in ref.(131. It turns out to be a reasonable 

condition; since even studies on systems including collapsing black holes 

have 

W < 104  . 

In the next subsection we refer to question b). 

4.4 RESULTS ON "NICE" SECTIONS IN THE 
ROBINSON-TRAUTMAN METRICS 

A very important example of radiative spacetimes is the one of Robinson-

Trautman metrics" (R-T). These are spacetimes which are solutions of the 

vacuum Einstein equation, and which contain a congruence of null geodesics, 

with vanishing shear and twist, but diverging. 

We will specialize our study to those (R-T) spacetimes whose null con-

gruence reaches future null infinity and has no angular singularities. 

From the assumption that the twist is zero, it can be deduced that the 

congruence is hypersurface-orthogonal; that is, by hypothesis, there exists a 

family of , null hypersurfaces which contain shear-free null geodesics. This 

fact allows us to introduce a coordinate system as follows. Let u be a para-

meter which labels these null hypersurfaces with u =const. We can associate an 

affinc parameter r for the null geodesics of the congruence. 

To complete the coordinate ssrstem we introduce a pair of complex 

stereographic coordinates and C  for the 2-surfaces S  .by 

u=const., r=const., which are topologically 2-spheres. The pair (C.C) labels 

the geodesics in the hypersurface u=const. 

With this choice of coordinates, the Robinson-Trautman line element 

takes the form: 

`1'°(u) 	 x 
ds2  (-2 H r + K + 2  xr 	du2+2dud r-  rZ  dC dC 

where P is a function of u, Ç  and Ç, and the functions H and K are related to 

P through: 

H = P/P 
Ka A liiP 

where (•) stands for o/eu, and 0 is the 2-dimensional Laplacian for the 2-

surfaces S with line element 
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de= 1- dÇd . 
P  

The function gio is the coefficient of the leading term in an expansion in  

powers of (1/r) of Pz, which represents a component of the Weyl tensor in the  

spin coefficient formalism.  

The vacuum condition becomes an equation for P as follows,  

-2 'II +6^H= 2 a.K ;  

which is called the Robinson-Trautman equation.  

An immediate solution to this equation is V = constant, which when V = I  

characterizes the Schwarzschild metric. In several works 15.1637.18  it has  

been indicated that the R-T metrics of the spherical type tend asymptotically  

to the Schwarzschild form. More concretely, in ref.[16) it was established  

that the Schwarzschild solution is asymptotically stable in the Lyapunov  

sense.  

This means that when the retarded time u tends to • the R-T spaces cease  

to radiate, since they tend to the Schwarzschild spacetime which is static.  

Then this suggests that probably in this asymptotic regime, one can find nice  

sections (which we know exists in stationary spacetimes).  

In fact in the Appendix it is proved that in the R-T spaces one can find  

nice sections in the asymptotic region of 9+  for u 	00 .  

In this way we answer question b) of section 4.3, on the existence of  

nice section for non-trivial radiating spacetimes.  

5 FINAL COMMENTS  

Whether one is interested in asymptotically flat spacetimes because one  

wants to tackle problems of celestial relativistic mechanics, or the quanti-

zation of the gravitational degrees of freedom, one is always faced with the  

gauge problem at null infinity. We have here presented, by a clear geometric  

and physical construction, a way of fixing this gauge problem.  
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APPENDIX  

The Robinson-Trautman equation  

-2V2 +6`IiH 	, AK ;  

can be simplified by noting that the function 'P can be made constant by  

redefining u without involving other coordinates; more concretely, by a  

transformation of the form u' f(u).  

It is convenient to make use of the GHP notation, where the differen-

tial operators edth and edth bar are defined; and which in our case, for a  

function f of spin weight s, become  

S f =  r/f Ply 
B s^ r ^P  

and  

8J = ✓I Pr..e{P"1} 

 a^ 

respectively. Furthermore, we define the function V(u,C,Ç) and P 0  by  

Po 
• (1 + ) 

. and  

P - VPo  .  

With this conventions, the Robinson-Trautman equation can be put in the  

following form:  

- 	=V, n?V-Vs nV 	, 	 ( 1)  

where  

µ =-3`Ii>0  

and if and are defined with respect to the unit sphere; that is  

•  
Originally the edth operator is deckled by 8. whleh however we am going  to  

rase to reprnem the edth aperawr for the wilt whets. since it will appear  

hequenely: For this reason we here denote the original aide operator by 6..  
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^ _  ✓Z  Pr4 ^a.p. 
o e5' ^  

and  

if= 4P' P-.4.Pp) . 
 

at  
The natural coordinate system adapted to the R-T family of spacetimcs,  

which we have already used in the Last section to express the line element of  

the Robinson-Trautman metrics, does not coincide with a Bondi system;  

instead, it belongs to a more general class of coordinate systems that we  

could call NU (Newman-Unti) type.  
The induced conformal metric on scri in terms of a NU system will be  

ds =-2dudw- 1 ^ d^ , p2 

 one has taken w = lh and P = P(u,Ç,C) is smooth and positive. Among NU  

coordinates there exists the freedom in the choice of the coordinate u at 
 

future null infinity, given by  

u*  = G(u.C,C) ;  

where one should also change accordingly the conformal factor l`2 = e l  and the  
radial affinc coordinate r by  

* 
r  =G.r  r  

and  

s2*=0s2 ,  

for some smooth function G such that G is also smooth and positive. In this  

way one obtains another coordinate system (u *,r*4 4) in a neighborhood of  
future null infinity which is also of the NU type; for which  

.p* = al  P .  

A Bondi coordinate system can be characterized in these terms by those  

which have the property that  

P= ú=(1 ♦ 	.  
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It follows that a coordinate system (u,r,C,Z), adapted to the  

Robinson-Trautman metrics, is related to a Bondi coordinate system  

(ua,r5,La,La) by a transformation for which  

G -. V  

More explicitly the relating transformation has the asymptotic form  

ua  = rV(u', C, 0 du' + u(^,^ + o(lh)  
uo  

r5  = V -1  r + o(1)  

ca = ^ • 

where uó(C,C) is an arbitrary smooth function. Note that u a  and u have the  

same origin, that is they define the same section u = ú = 0, if one chooses  

uó(t,C) E O and uo  = O.  

In ref. (19] it was shown that in the asymptotic future one can  

expressed the function V by  

V = 1+ E 8¢m(u)  YbA,0 
 

• • 

• 1 <m<1  

where the 8's have the following asymptotic behavior  

(j— u 
81m(u) = exp 	} qm(u) ,  • 

in which the aim 
 are polynomials of order s, with s < n.  

Therefore one can write the transformation from RT coordinates to Bondi  

coordinates in terms of this expansion  

us  _ 	(1 + E Sem(u') Yini(i;,o)) du' +  uóg•6  
uo  

= u - uo 	 m(u) + 
lE 	

S^' du')  YIns 	^) (^,^) + uó(^, 	;  
tio 
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and carrying out the integration, one obtains  

6 n u 
ua= u - u•  +  	exp ^ µ 	) po01(u)) Y -  

( 6 nu^ 
lE exp µ 	o pn"(u0)) Y1.  + uBo(t 	(4.*)  

where again pp=(u) is a polynomial of degree a < n.  
It is observed in the last expression that the departure of the RT coor-  

dinate system from a Bondi coordinate system is given in terms of an asympto-
tic expansion of the form  

00  

A = E 	e' (u) • 
4:1  

-r<m<t  
where the e•=(u) have similar behavior as the en(u); in particular they are  • 
governed by the exponential exp(-6nu/tt). We can then carry out a sum, up to  
certain order n=N to make an approximation of this expression with error of  
order N+1. All the discussion on the asymptotic behavior of' the Sn  of ref.  
[ 19] are applicable to this expansion also.  

The first order calculation  
Let us assume that the section u 5  = 0 coming from the above  

transformation does not coincide with a nice section; then we can try to  
reach one of them by a further Bondi transformation  

ã= K(ú  -  

+b  
• 

 

cta + d  

Then the supermomentum in the new section ú = 0, with respect to the new  
Bondi system, is given by  

P {ú= 0) =- l 	P (^,^)9^^ü= 0) d32  rM 	^ J 	
rm  
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where we are using the definition  

w Ew2 +QQ+a2Q ,  

in order to simplify the expression.  

If we set uó = 0, then the section u8 = 0 coincide with the section  

u = uo  of the original RT coordinate system. Then, since the RT metrics tends  

in the asymptotic future to the Schwarzschild space, for which the sections  

u = constant are nice, we expect that if we take u o  very big the section  

ua  = O will be very close to a nice section. More 'concretely we expect y to  

be small, in some appropriate measure, and K to be almost the identity.  

We can also express the supermomentum in the new section ! with respect  

to the original Bondi system, giving  

1t^^a^) =  - 	

^ 

1 	t'=' 	Yt,,(^•^) [110(0=y)[110(0=y)- 823. 21] dS2; 
,lãã 	

Nu=1')  

where the matrix K 

 
no. is the transformation matrix of the generators of  

supertranslations, that is  

Ptm — ne, 	veal '  

and where the generators are given by  

Pho  = ;AZ) 	•  

The quantity TB  can be expressed by  

ú=tt 
te(1167) =  I 
	

gia  d(Ua,)  + IF /to  

where Tot is the limit of 'P a  for uB  . 	and • denotes now 8/8ua.  

Calculating 'P 8  in terms of the Bondi quantities, it is obtained  

`B =ÕBÕ ;  
and irB  can in turn be expressed in terms of the function V characterizing the  

RT metrics as follows  
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. aB = v- ! iv  

- (1 - 51  + ...) (6281  + 82112  + ...)  

- BSc + ... 

Therefore the first order of the asymptotic behavior of à is given by  

(-6 
 

613 	exp µ ) .21(2,.(a)
_ 
) + o(n=2) ;  

where the A2 ,  are constants determining the space; and so the first order of  

the asymptotic expansion of 1PB  is  

12 
= 3 exp ^ µ u) Em^m . A^m  A^ °P1 

-2 2m ^
Y^ . +  ..*  

c
12  u)  

= 3 exp µ 	km 	Yui  +  ... 

for O S L 5 4 y -L S M S L. The coefficients B' are given by:  

B = 5 [47[(21+1)] t''n)  E (-1)m'  Ar A7` 	<22mm' I LM>  

where the sum is over all values of -2 < m and m' < 2 such that m + m' = M.  

Explicit calculation of B 1113 and B3m 
show that they are zero.  

Working up to second order in the calculation of the supermomentum, we  

can replace dú by du, since they differ by first order terms. In fact one  

has the relation  

duB = (I  + E ópm(u) Yini(C+C) } )  du .  

Let us define the quantity  

m = exp  
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and assume that the function y is 0(w); then we can express V I  evaluated at  

the new section by  

12 
4s(us=1^1 = 

te fey.... (-µ u) 
du 3 B=m 

Y^  

(-12  
- '41.11+exp  µ 12 µ1 I 	Bzm  

(
1 2 

= 	+ exp  µ 
uo) 

Bem  Ç] + 0(w3)  

Let us define  

12 u 
 

Z B exp
(-12 

 Bzm  Y^^  

and let us express y by  

7 = yr + ya  

where 	contains only spherical harmonics with 1 = 0, 1 and ; is expressed  
in terms of spherical harmonics with 1 Z 2. Then if ; satisfies  

one has  

4111(113=y,í•) - 	ç,ç) = 41, + C + o(d)  

where C is a constant term of order co t.  
Therefore, for l * 0 the expression  

S(u8=Y)  

vanishes up to order ma.  
A Lorentz transformation of order 033  induces a transformation of the  

PP116111=74•0 - 828110;0) Y hn(t.0 ds x  
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form 

K _= 1 + 0(0)3) ; 

which does not alter the present result. 
We conclude then that it is possible to determine a nice section in 

order 0(0)2) by finding yn  from the above condition and choosing some Y i 
 (which should be 0(0))). 

It is important to note that in this order of approximation ru  is 
independent form the proper translation part Y. This is so because an 0(t)) 

7i  induces variation . in yn of 0(re3). 
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1. Introduction  

It is known since many years. mainly through direct inspection of Feyuman graphs 

[1], that the Landau-gauge [2,3] exihibits remarletable finiteness properties. 

Recently [4], a general renormalization scheme independent proof of these finiteness 

properties has been done by means of  a functional differential equation which holds to 

all orders of perturbation theory. 

This equation ;  which represents the integrated equation of motion of the ghost field, can 

be imposed ( among the class of linear ue•normalizable covariant gauges ) only in the 

Landau-gauge and turns ont to be very powerful for studying the quantum properties of 

a large class of models as, for instance. the Yang-Mills theories and the recently proposed 

topological field theories in three and four space-time dimensions [4,5]. 

In these notes, which are close related to a work ]4) done in collaboration with A. Blasi and 

O. Pipet, I will limit myself to discuss in details the example of the non-abelian gauge 

theories in four space-time dimensions. 

We will sec that, thanks to the ghost-equation, the model turns 'nit to be described only 

by two independent parameters which can be associated with the renormalization of the 

gauge coupling constant and of the gauge field-amplitude: in other wards the ghost field c 

is not renormalized. 

A second important consequence of the ghost-equation is related to the proof of the 

finiteness of the gauge-invariant composit operator (Ire 3 ), whose importance is due to its 

relation with the U(1) axial anomaly [1]. indeed, as I. is well known ( see for instance [G] ), 

the anomalies in a gauge theory can be characterized by means of a set of descent equations 

whose solutions are given by gauge invariant polynomials in the .ghost-fields. It is not 

strange, then. that the finiteness of (ire') plays a crucial role for the non-renonnalization 

theorem of the U(1) axial anomaly. 
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The work is organized as follows: in section 2. we establish the classical ghost-equation  

and the nom-linear algebraic constraints which will he the starting !mint for the quantum  

analysis. In section 3. we discuses the quantum extension of the ghost-equation and we  

show the non-reruorniolimtioun of the ghost field r. Finally, in section 4. we present the  

proof of the finiteness of the composite operates (frt.' 1.  

2. The ghost-equation  

Let us start with a p urely massless gauge theory quantized in the Landau-gauge:  

S = 492  J d.r  (F,„F°e") + ¡ de r (VOA" 4'r_°& -(Dar)") ,  

where h, c.c are respectively the Lagrangian multiplier, the ghost, the antigltost and  

(Da,e)* = (Oura + fa8r  A +  rl  

is the covariant derivative with fa t"-  the structure constant of a compact. semisimple gauge  

soup G. The action (2.1) is invariant under the nilpuactent DRS transformations  (7): 

AA;  = _ (Da, c  r  

raBrrA + ,, 
Sca — J 

 2 
 

5C4 =^e 	, aÌla=ü  

32 = 
 

(2.2)  

To write clown the Slayton,  identity corresponding to the s-invariance we couple [7] the  

non-linear transformations of (2.2) to external sources ft, L:  

s, = J  d o r (_cr"(Dp er -1- la
feh2 	,s 	

(2.3) 
2  

(2.1)  
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Then, the complete action  

— .S - I. .y , 	 (2.4)  

ulle•^'r t o the classical  SIrlVlle+V identify  

.1 
^ 	

^^^' AŶ  	01 dY, 	.  i= { ^: ) 	.11.e ^ 
	

!- 	 = I li' 
h^ 	

tì 

	

\ hSt°+^ h!1 '̂ 	eili"  ^e .er 	h^rl 

Le•t us introduce, for further née. the linen izeil nilpotent operatnr  t;w• 

¡

he° ^ 

A^^ 	1i 	hr. 	e5 	6!.;D 	hr e4 	eS ^ 

^y-
l' .r 	

•2"e' A.•{^  I  6:14,^ 6Q.10̂' ! 	1.° 	1.  i?I:° 61.,"
I- l,° 

^S   

=,  !t 

The  elinu.nsie uts and the ghost. numbers  of  the fields  :utd the  sources are  ( se![:  table I ):  

A I)  r ï:  

dint  1 2  0 '3 4 
^ ^r 0  0 l — 1 —•?  

'ra+óle I- Dimensions inn I Calor,  nuneleces. 

The Lxnelltn-gauge. ht:in, linear in the  [.:et;r:erlgian-multiplier, allows us to impose 181 the  

equation  of  motion of the  lrflerltl:  

A!; - 	_ ,?:1"  
,"1)  

Ct1111n711t.irlF, (2.7) with the  SIiICne,\ identity  O , F) e:ter e111t:Iills the 'wind constraint.  I$I: 

G"'(:rl^ -- ( -^ 	1- 011
A 
 ^ !: ^...0 

hï•a 1.e:^ 	/.;!) .1,1 ff  

Which is iii /thrll[y 1111t thr NMI' ¡MI of motion  fur the mlti};he1sL tirlel i'(:r).  

The petit in  (2.•I) is le fie+ i11Yi1r • i;f lit  e111'le • 1•  the  rIL.1el 4C111m• tr:tllKfill•rn:Itlelns:  

(2.8)  

z Ij 	
(2.9)  

e•eQ ^ 

(2.5)  

(2-6)  

(2.7)  
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where  

Hreg ^ \ + Jd1 .rf4P  ^ 
 

ef- .•i,, , r, i•, re. L.1  

i. e..  all the fields belong to the adjeeiut relore•seutatioss of the gauge group  y .  

Let us look now at the equation of nu,tiim of the ghadt field e:  

[

br 

 

(2.10)  

= 	2-n 	a 	a6r 6 ; 	nór 6 	rear 	6  

	

bra 
— —() (. — VS2 —  f I, e } ^ 	12 ":r l t, 	((/' P ^ .4 rp 	(2.11)    

Integrating on space-tittse• HMI using the gauge condition (2.7) we get. the ghost functional  

equation:  

	

c]° 	 (2.12)  

where  

and  

^ _ 	
( 
	

+ ÏrtrF 1 ^ ) 
bra 	 1  

(1° 

 
(2.13)  

= J f1Ij.flibr  (Sl
ht'.4; — Lie) 	 (2.14)  

The ghost.-e.quatiim (2.12) is peculiar of the Landau gauge and, as we will see in the next  

sections, imposes strong constraints on Ow struct ure•of the Slavnor--itn•nriant rouiiterterms.  

The breaking v°, being linear in the quantum fields At, and r is a classical breaking and  

allows us to try the quantum extension of the ghost-equation.  

The Slavnov identity (2.5). the ga uge riuuelit.i in (2.7) noel the ghost equation (2.12) form  

a non-linear algebra whose relevant part lakes the form:  

tg  



8.,136 )  p 

4r B(1 ) -I  t; i*  Cd"  

(ix:;;;-)^  

y a r 

	

- 1"} - 	117.,y 7  

	

0.4") 	á"(.r) , 
 

67 	.  ^3:{ 
 

13, 610 ( .0  

(¡ 	a 
how l6 / _ 

b° 0r1 + 071 CO'  ' il.) 
talc ( t453.:

M' 
 oAR) 

 

`7.1%,ç, = -f° 	 (2.15)  

where Y  is a generic functional with even ghost. number. It is interesting to note that the  

rigid gauge invariance is a consequence of the Slnvnov identity and of the ghost-equation.  

3. Stability and Renormalization  

To promote the previous classical equations to the quantum level, let us begin by showing  

that the ghost-equation (2.12) holds to all orders of perturbation the ny. The lereee)f  

based by assuming the existence of a quantum vertex functional  

I' = r -1  (1(1v) 	 13.1)  

which obeys:  

it the Slnvnov identity IT]:  

13.2)  

= t) 



ü) the gange-roudition (2.7)  181:  

Al'  
bb" 

-= A : t" 

ill) the rigid gauge- invariance 181: 
 

71,,,1 1' = tt 	 (3.4)  

Let us write. now, a broken ghost-equation:  

^
.° f, _  ad -I ^. ^ FA, 
 (3.5)  

where r" represents the breaking indwell by the radiative corrections. According to Ow  

Quantum Action Principle 191  the lowest-order nnnvanishiug contribution to the breaking  

of order h to least - is a local integrated field functional of dimensions 4 mid ghost number  

— 1.  

The neost general expression for c°  rern.l.: 

= ' rl-T (11e4órr•1bp 4i
o +  •r °AeL°Cr  + mom 

 (ale rb ) 	'1•  ,II brdr  Fret 
 ^ 

 `"°rC°ilr) 
	(3.6 )  

where ere° b¡, T°br, R°b', A nbe:d ,e lm"  are arbitrary coefficients. From the Imes-linear algebra  

(2.15) it follows that the breaking 	must satisfy the consistency conditions:  

(3.3)  

(3.7)  

Ne _° _ ^
I ^^

A..Y,, 
9 .r  

^ ° h ;b=°  _ t} •F  
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from which it follows that:  

111
ubr  = r abr ` nab': 	 = tebr. =  0 	 (3.8)  

Equation (3.S) lir•.we:5 the  ghotit-e:elnnt,iou (2.12) at the order  c,e ►uside:reel, hence  to all orders  

by induction.  

For what concerns the viability [4], let tut pertiu•b the classical action E by an integrated  

local functional E  of dimensions 4 and zero ghost number and let us impose that the  

perturbed action  

(E + r}^) 	 (3.9)  

satisfies, to the order r, the same equations of E, i. e.:  

8 (E + fE) --  0+ 0( f)  

á^E +fE} 
 OA' 	0(f)  — 	+ 

(3.10)  

(3.11)  

(3.12)  

(3.13)  

(3.14)  

Fib°  

g°( r)  ^E + f^}  = A + 0(f)  

-0-6 (r) (E+rÊ) - 	+06)  

To the first order in a one gets:  

13zlt = 

tì1,° 

g°(x)S.:= 0  

0  

The ca n  ditions (3.12) and (3.13) imply that. E  is 1e-inelepem  dent, nnel that the field E mid  

the source S!" enter only through the combination  

^^,, = 3?°'' - f-  ï.1''r'  1'  
(3.15)  

3]. 



C9  
 492  

 A. e. ; . 1 ) .  

From the e•onditi' tt (3.11) one has•  

J 'x  1 
^Fi;„1'N") I- [ì; . ! ill 	 (,41"..1:)

( -^
r Le' (,41"..1:) 	(3.16) 

4 

where  

^ _ r 	f 4JI $ (bD4ii) 	 (3.17)  

e^ 
di 

 

and  

e 	ti_̀': 	ri 	n!' r; 	(1F n 
a^. = ¡ f 	.r.. — , 	— -^ 	-- 	(3.18)   

hn, 61°n 	%! al P 6A: 11 Lp  isfA 	6a° 11lí°  

is the restriction of the linearized operator 	to b•independ ent fotIe.tioiiA1s obeying to  

equation (2.8).  

As it. is well known (81. the expression (3.16) shows that. the most. general local solution  

of the Slavnov identity (2.5) compatible with the gt u tge-condition (2.7) contains three  

arbitrary parameters (9 . G. (,t  which. in the parameterization of the classical action (2.4),  

can he identified with a renormalizzation of the coupling constant g  ( given by (9  ) , a 

renormalizatiott of the gauge field :1 ( givens by (.t ) and a renortnalization of the ghost  

field c ( given by (. ).  

Finally, from the ghost condition (3.14).11 follies~  tint 

(3.19 )  
which means that the ghost Hell l e ii; not tennimalizeiI.  
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4. Non-reiiorinaliz:ition of (fri l l 

To study the  MIS invariant  e-emilNeiite• e)sn•reel.)r (ice'  ) we couple it to  an  invariant  rxterual  

field 1)  esf dimension  4 nnel  ghost  i)elnlhe•1 -:1. i. r•. ese seelrl in t lse classical  equation  (2.4)  

the term  

¡n h+ e , ^e r ,bC c 
SN  = f ̂ ' x ( I ) Az 1  (4.1)  

It is not difficult to see tliiit the secIiesll  

re+ = S + S,  -i- Sp 	 (4.2) 
 

. satisfies:  

i) the Slavnov identity  

ii) the gauge-condition  

iii) the modified ghost-equation  

B(S p ) = 0 	 (4.3)  

(4.4)  

Jiti .i.  j ^^^' 	abr-h^1 ^:p 	ll^:n __ n 
\\\ Áe-" { ï + Alf + f ' fLa 	̂ 	

(4.5)  

The possible invariant eoslnte'rle•ruHs allosne•d by the Slavnov identity (4.3) and by the  

gauge-condition (4.41 an- the SHIM` lis I N•fore• see exl)r. 13.16) ) with in addition one local  

re1)1nte'i•te•i'il! elf the fe)r11)  

¡ 

jJi  

+1 
.^ +

%'l ` j 	) ^ 	.r ) 
\ 	ri  

(4.6)  
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where  n  is  an  arbitrary parameter. How.  v•r. Irrrnrrvretiou uf the  uu ►elilie•el ghntit•e quation 

(4.5) implies  that 

(4.1) 

'This means that the external held p iti mil relit nnrel•r•reel err, in other words, the  rourlxx3itr. 

field (ire' I is finite. 
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A PRESENÇA DA CONSTANTE GD5lI0LÀGICA HA TEORIA DE BRANS-DICKE E A 
SOLUÇÃO GERAL PARA 0 VAZIO. 

C.Romero e A.Barros 
Departamento  de Fisica / t/F1'b 

58059  J Pe :s• a  Pb BRASIL • 

1. Introdução. 
A teoria da gravltnçlin ae  lir: , ns-Dickc, surgida em 1961, 

desfrutou de grande popularidade rios aros sessenta, ocasião em que 
foi considerada unia séria alternativa A Relatividade Geral 
.Iref.11. Tendo como principal caracteristica a presença de um 
campo escalar • na lagrangiana de ação acoplado não-minlmalmcnte A 
geometria, a teoria de Brans-Dicke pertence A classe das teorias 
da gravitação com G variável Iref.21. sendo C a constante 
gravi tacional Newtoniana. i ,b} ra r ln ia c +Teçam de confirmação 
experimental, esta classe de teorias vem apresentando recentemente 
grande interesse teórico, especialmente em conexão com a questão 
cosmológica. 

As equações de campo da teoria de Brans-Dicke 
c/constante cosmoló ica provim da lagrangiana total 

L= 	(+ +!o's. 	a.A4)) 4. 
onde w é um parãmetro 	 ser determinado a posteriori 
.e  L.  é a lagrangiana da matéria. Dados observacionais impõem o 
limite inferior w>500 e se fizermos  w—,  a e • = const. as 
equações de campo se red em As ec ua !õe s ie Einstein. 

Em 1968,Dlcke Eref.31 obteve uma solução cosmológica, a 
partir desta teoria, que representava um modelo de universo 
espacialmente homogõneo e, isotr6plco. com  seção espacial 
euclidiana, e que evoluía a partir de uma singularidade inicial. 
Curiosamente, esta solução era a mesma que havia sido proposta em 
1933 por -  Dirac (ref.4) através de argumentos heuristicos que 
partiam da hipótese de G ser variável. A generaalzação do modelo 
de Dicke foi posteriormente obtida por Nariai (1988)lref.5]. 

A inclusão da constante cosmolOgica na teoria original 
deu origem a diversos trabalhos na literatura, em particular, 
citamos os de Uehara e Kim (1982). Lorenz-Petzold (1984), os quais 
consideraram um fluido perfeito como fonte da curvatura 

•[refs.6,71. 
Por outro lado, solucões para o vazio,de matéria foram 

obtidas por vários autores, destacando-se o trabalho de O'Hanlon 
e Tupper (1972) Iref.81, as quais encontraram a solução geral para 
no caso de geometria do tipo Friedman-Robertson-Walker com k=o, 
demostrando também a não-existencia de soluções para w c-9/8. Os 
resultados de O'Hanlon e Tupper foram reobtides num contexto bem 
mais geral por Rome ro, Oliveira e Hello Neto (1989) (ref.91, os 
quais aplicando métodos da teoria de sistemas dinãmicos, também 
investigaram exaustivamente as propriedades de modelos isotrópicos 
com homogeneidade espacial e k=0 para fluido perfeito com equacão 
de estado p = Ap na teoria de Brans-Dicke. 

Em 1983, Cer•ver ó e E tévez propuseram uma teoria na qual 
o termo cosmológico aparece modificado comparando-se com a 
la,:ran¡;lana usual e encontraram soluções para o vazio de matéria 
Irei. 101. 

Mantendo a ingr•angiana original da teoria de Brans-Dicku 
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e incluindo o termo cosmolágico A da maneira usual, - Romero e Sarros  
(1981) (ref.111 abordaram o problema do vazio e obtiveram a solução  
para modelos isotrbpicos éspaclalmente homogéneos com seçao  

euclidiana.  
Neste trabalho, mostramos come as propriedades destas  

soluções podem ser estudadas através dos chamados diagramas de  

fase definidos pelas equações de campo. As expredsões analiticas  
das soluções estio contidas na ref.11.  

II.Representação das soluções através dos diagramas de fase.  
Partindo-se da métrica ds e dt u - ell#)-mexi ♦  xa(dB i.k,.tsdrb)  

isto 6, tipo FRW com ka0, as equações de campo para o vazio de  
matéria e constante cosmolõgica A na teoria de drans-Dicke são  

dadas por: dcl  

Rio a -2At14„1)/(awt3)+ 
Fz

+iw 41r 	,;,f• •  

A+ a 2A#/l.1wt3) 	 0.b)  
Definindo {p p X40 , as equacães acima podem ser postas  

na seguinte forma:  
6s-e%- 4-(40f:)ll i t sq(w•:1 /(Jwt3), 	OA)  
Be -et- *e+ tin(wtoip+iis) < 	 (a b) 

-`- lie *:n/law+a), 	 • 	(tc 
'onde 6 = 3h/R descreve a expanse° do modelo. C?mo na teori a  de  
Brans-Dicke o campo escalar $ é identificado q G ,.1p .á 0/4! é, na  
verdade, uma variável aspociada a varieçáo no tempo da constante  
gravitacional Newtoniana G. Estas equações conduzem a uma relação  

algébrica entre as variáveis 9 e *:  
e + el -;-s= A  

que funciona como ume espécie de vinculo do sistema dinâmico  
definido ,por 2b e 2c.  

Os diagramas que•se seguem representam as soluções das  
equações•de campo expressas nas variáveis 6.e O. Podemos, assim  
ter  uma visão da evolução dos modelos com relação à variação  
desses dois paréietros, conforme o valor da constante de  
acoplamento w.  

   

   

   

A  o •6 e  

 

     

vet.  a  
w c -3/z  

Fea  ^. c. 

w=  ^/t  

Or) 	lho presente trabalho estalos considerando AbO. para o  
coso Ato ror ref.21.  
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e  

re .4; 
Y^j<wc -4  

F;ct. 4d.  

-3/24.w ; -4/3  
. ^ 

F lea . 4%  
o  

RI. 4f  
lam -ti  

^ 

Pá . 4 	-^  

W -4tm  

'Comentemos brevemente alguns desses diagramas. Em primeiro lugar,  
com exceção do caso em que -3,2 s x s , verificamos em todos  
os diagramas a presença, dos pontos de equflibrlo A e E, os quais  
correspondema a soluções (0,0)°(80  ,^ )° conet., descrevendo,  
portanto, modelos cosmológicos do tipo de Sitter.  Esses  pontos de  
equilibrio realizam uma rotação no plano de fase O à medida que w  
varia no intervalo (-m,.w) (ver figuras la-li). Quando-w =-t,  
vemos que A e B representam duas soluções estáticas (0=0),  
configuração que, corresponde a uma geometria de Minkowski, porém  
com a constante gravitacional G variando no tempo (crescendo num  
caso e decrescendo no outro). Nestes modelos constatamos que 'a  

dinâmica de G•é determinada unicamente pela presença da constante  
cosmolõgica A uma vez que não existem campos de matéria e devido  
ao fato de a geometria ser estática. Estas considerações nos levam  
naturalmente a'indagar a respeito da existência de uma relação  
cósmica entre G e' A, .idéia que jà foi levantada em contextos  
diferentes (ver refs. 12 e 13, por exemplo).. '  

A conjectura formulada por 'Dirac de que G deveria  
decrescer em nosso Universo à medida que este expandisse pode ser  
encontrada nos diagramas de fase como uma propriedade exibida por  
algumas soluções desde, que w m 0. Estas soluções sãb representadas  
pelo ponto A e pelas curvas que téndem a A com 0 > 0.  

Com relação à existência de singularidades, úma  
simples inspeção dos diagramas nos mostra que não existem soluções  

singulares para, w < -3/2.. Por outro lado, quando w >-u3 as únicas  
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soluções nao-singulares são as representadas pelos pontos de 
equllibrio A e B. 	• 

Finalmente, no limite em que p.--1.#0 (ver diagrama) 
obtemos quatro  soluções: os pontos de equilibrio A e B.  e, também, 
as duas curvas que tendem a estes pontos. A é B correspondem 
exatamente ao modelo de de Sitter p/ o vazio na Relatividade Geral 
com G ¢ i/i a  constante. As outras duas soluções, todavia, não 
satisfazem as equações de Einstein p/ o vazio com constante 
cosmolbgica, correspondendo , na verdade, a configurações da 
Relatividade Geral geradas por uma distribüiçao de matéria 
equivalente a um fluido perfeito com equaçao de estado p = p. 
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ON GRAVITATIONAL WAVES. VORTICES AND SIGMA-MODELS 

Patricio S. Letelier 

Departamento de Matematica Aplicada - IMIiCC 
Universidade Estadual de Campinas 

13081 Campinas, S.P.. Brazil 

We find that the 

strings solutions is not 

plane fronted waves and 

the interaction between 

vortex. 

existence of either vortices or cosmic, 

affected by the presence óf gravitational 

that curvature singularities appear due to 

the wave and either the string or the 

The metric associated to a finite number of parallel cosmic 

strings and its generalization for a continuum of parallel cosmic 

strings was found by the author without making reference to Its 

field theory origin! Since cosmic strings are produced by symmetry 

breaking in early stages of the evolution of the Universe a 

c01nsisLent way to define cosmic strings is to consider the 

Einstein equations coupled to the Yang-Mills-Higgs field 

equations! A solution to the previous equations that can be 

interpreted as a finite number of parallel vortex lines, or a 

finite number of parallel cosmic strings was considered by Linet3 

A similár solution was studied by Comtet and Gibbons ,  together 

with solutions to the Einstein equations coupled with a-model type 

of field theories. The existence of the above mentioned solutions, 

as well as the multiple vortex solutions, relays on the fact that 
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in a particular curve spacetime, albeit sufficiently general to 

contain the cosmic strings, the 13ogomol'nyi equations 5  obtained in 

the Bognmol'nyi limit are essentially the same equations that in 

Aiiiikowski spacetlrne 3 ' 4 . 

The purpose of this communication is to study the Einstein 

equations coupled with either an Abelian gauge field interacting 

with a charged scalar field In presence of the usual symmetry 

breaking potential or a nonlinear Q.-model type of field equations 

for the metric 

ds2'. Ildu 2+Zdudv + 2Adudx +213dudy - e
-4V (dx 2+ dy2 ), 	(11 

where II, A and B, are functions of u, x, and y; V is a function of 

x, and y only. In particular, we shall be interested in the 

solutions that can be interpreted as cosmic strings. In Refs. 3 

and 4 the existence of cosmic strings solutions were studied for 

the special case of a spacetime (1) with II=A=B=O. We shall 

consider the case in which the functions A, B, and 11 arc 

restricted by 

A - 13 = 0, 	A + B = 0, 	11 + H 	O. 	(2) 
.Y 	.x 	 ,x 	.Y 	 ,xx 	.YY 

When V =0 the metric (l) with the restrictions (2) represents a 

plane fronted wave (' with a constant wave vector O. The metric (I) 

is a particular case of the general metric that admits a null 

vector with zero covariant derivative? 

The Einstein tensor for the metric (1) with the restrictions 

(21 can be cast as 

Glrv
'-2e4Y(V

.xx+ 
 V. 

 YY )(ipk o+ I
V

kp ),  (3) 
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where k=(II/2)a L  +SÚ+A SÚ 	u  +136', 	1 =S 	lt  

	

co=e: Sú, 	u and 	n c
f Z 
á' 

II 
 

is and orthonormal vicrbcin.  

The Lagrangean for the U(1) gauge field that we shall  

consider Is the the covariant generalization of the  

Giuzgurg-Landau model,  

L=-(l/4)I41tf  jcv+(1/2)(81c " -leA 	(d^^)(8le  +ieAN..) -f1(I.I 2- 712 )2 , 	(4)  

where Fib,= O A- a ^Ali ;  e, A, and y are three coupling constants.  

Assuming that Ali= (0,0,A 1 ), and that A i s(Ax ,Ay), and coagp i +iwi  are  

functions of x 1= (x,y) only, we get  

L  =-(1/4)) 7
Jm

FIJFinn-  (
1/2 )7 tJD ^ iPnDJI;^ a(1^1 2-  712 )2 1 	 (5)  

where 7 1J= eov 61J, and D t'IbE 8 19c  CC
lib

A1vb, with cty -c 21=I.  and  

C = C =0.  
11 	22  

When the coupling constant are related by e 2=8a and the fields by  

F1 = e  71
1J(I l I 2-  712 )12, DJ^pe= 

lIJkCsb?

kl D l 
Pb, (6)  

where Jk= a-wc, the Lagrangean (5) is a total divergence and  

In consequence the solutions. of the first order equations (6)  

(I3ugoenul'nyi equations) are solutions of the second order  

Euler-Lagrange field equations derived from (5). Furthermore, by  

direct substitution one can verify that T 11= 0. In this case we  

can cast the EMT associated to (5) as e  

'l ipar=-L(  Ipkv+ I^k
l1 ),  (7)  

with 	-L . =1I/4)eina1Ja l a
.1( -iei 2+ 	*I2lni.i 2). 	Defining 	the  

orthonormal vectors 7/20' = kN+ 111  V2z1'= 01- i . .we can put (7) In  
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the form of the EMT that represents a cloud of strings, 

= p(lNty-zpzv), (8) 

with p=-L. When -U0. p represents the density of the cloud. For 

multiple vortex solutions p is a distribution with support on 

straight lhms. From (3). and (7) we have that the Einstein 

equations reduce to the Laplace equation and can be explicitly 

integrated. Moreover, one can show for the field equations (6) the 

existence of solutions for the boundary conditions that define one 

or several vortICe s
x, 4.9 
 

Nuw we shall consider a a-model with target metric on a 

Kehler manifold. Let 04(x') a map from S into a 2n-dimensional 

Kabier manifold M with metric G AD( and complex structure Ja ) 	i.), 

A=1,? 	n,. The Lagrangean for this 2-dimensional model is 

L=-(1/2)p2Gaa  8010" e l OB  7t1 . 	 (9) 

The quantity +• is another coupling constant. When the fields are 

related b 0#
A 
 a  JA i, 0 Oc, the Lagrangean is a topological 

invariant and in consequence the Euler-Lagrange equations 

associated to (9) are identically satisfied. Again, one can show 

by direct substit u Lion s  that Ttl-Q. Thus, when the field are 

holomorphic the uir for the u-model (9) can be cast as (7), i.e., 

as a cloud or cosmic strings. 

Since in the interaction of cosmic strings with plane fronted 

gravitational waves the spacetlme can develop nontrivial curvature 

singularities' °  we have that in the cosmic string limit the vortex 
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and the liolomorfic o'-mode( solutions will present the same 

singular behavior. In other words we have proved that the 

singularities studied In Rcf.10 have a physical origin. 
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Abstract  

0 problema da cori.gtante coaroaiGgica ,s examinado em uma  roQini;lugia  
dc  volume minima. Ncxsl.a cosmologia a constante cueulokígica é o quadrado  
rla curvatura extriniirca da cspaSo-lerupo.  

O 

 

aparecimento da constante cc>snwkigica enr refati ►+idade geral 6 unia ► :on-  
se(Chri:i da geometria rri'tlialiniana adotada para a dcscriç:ìcn do c,^;it>'.1i;r)-tempo e  

rla estrutura das equações de Einstein. De  fato, o tensor mais geral, construido  
► :orir :i miarira , ►  ;:u:i,i derivadas atr~ urdern 2 e  satisfazendo  a comb*  (i'1, = I) é  
o tensor  de Einstein  roni a r.onsLalil.c! A (jri que g,i;k = I)):  

a;, = R, ; + Z  Rgi, + Ago . 	 ( I)  

Isto retiull,:i da integral dr. ação  

A- j(N + Aj —gela, 

limb.  ci  ¡Prim inn A r± dinámii:o e assume o papel da dansidarle de energia  elo  
v:im i.  As estimativas atuais  da astrofísica sugerem o v,ilor A 	I(r' 7Cn,V'  

r011-WkI lulPllit!ri1:,.  o li!r111u em A  pixie taw  rlcs]irw7:ilflo em  ccnntildl► r•iiv.les rl:í•rr1+:713.  

 outro lado. At! levariiicIS eiil i•ccuta a taxiria qudntica de  minims  eni m,I,al;o2i  
curvos, este tenon de  vácuo comi  uma  r.ana tan le de proporcionalidade A o , sofre  
mum cVrri4;iÌo b  r1..tiurlt:ilit4 das fluLu:iu; >es qIlilritic•i4S do cangai,  resultaml ► )  Ciii lllii 

r:ili)r +:fc!t ivo para  :r constante ec ►snobígic•a  

kJ/  = An •F fiel  

mail  14111AI.{1i.Nc:!'.11I'I'NE'I'  
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'lonmaiido o exemplo do campo escalar obtem-se Ill  6A rs U M' W'. Assinm, dove-
s. proceder criva regularização do campo de modo que A o  compense o 6A para  
comparar  Am  com u valor observado.  Como  isto deverei ser 'repetido a cada  
interação e corno o universo se expande continuamente, o processo de regularizaçào  
nunca cessa, persistindo mesmo nos dias atuais. Asesimp problema da constante  

rosmológica podo ser resumido como sendo um problema de "sintonia fina" em  
teoria de campo, relativamente ao valor observado de A [2I. A nrera substituição  
de A por muna fruição estalar como sugerido em [:t[ e mitres, não resolveria  o 
problema pois de qualquer forma feriamos unia constante A cio (l), a nmenes5 que  
se altere a genrnetria de modo quer9 ;  f ;e # 0.  

Nesta unta, exploramos a possibilidade de que A possa ser interpretada corno  

uni campo escalar ile natureza geométrica (já que a mesma está no lado esquerdo  
das  Nu:Niles de  Einstein), seni contudo modificar a geometria riernanniana. Para  
implementar isto ,  considere o espaço-tempo Gramo uma hipersuperlicie de um  
espaço plane, U-dimensional  M.  As coordenadas de imersão :X' satisfazem as  

equações'  

9, ¡  = :` ^.^ ^^ra ^  NAXi010v —  O. QAB = NÁtYis 	 (2) 
 

onde rVA  sio vetores urtogona6m a,t, espaço-tempo e yAB = t1 . As  c.ouJicbes de  
integrahilidadsm de  (2) são as equações de Gauss-C:ndazzi-ltie.e-i para sirbvarie:daetes.  
Para as nossas considerações é suficiente  tomar a equação de Cáutss  

A, kr =  2g  Kith Alf I li B 	
(3)  

quo relaciona a curvatura ricmanniaua coin us coeficientes da  segunda forma fun-
damental  1iiiA, definieleas por  

lt miA =  A riN^7u^• 	 ('I) 

Por ceutraçãc+ tensorial ern (3) obtemos  

Rif  — — ldgii  j1imA K ;e.^A — 1!A  k; ;,e — 72.(10 — 119 fJ;i 	 - (5)  

onde denotamos as c,uvaturas extriseca e média respectivamente  por  
hs =  gAB 

 it' 
w iA l^ ^ -  l^m iA¡► rain e  H• =  yA r'11A pro , "A  =  y"k'riA.  

Assumindo agora que g,i  satisfaz arm equações de Einstein para um  dado tensor de  
energia-umcsmemto '1; 1  

R, , -- ^ ̂ ' !1 = '1, ; — Ayii  (6)  

' Os indices !Minus pequenos variam de I 	e os indices latinos enaisiscedus variant dr. 5 à  D.  
7udos eis fndice gregos tixriann de I  à I). 
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e comparando esta equação com com (5), resulta  

Kara Aii,^ "  — 
 11.4 h„ — (hY — N ' )g,; 7; ;  — Ag,. 	 ( 7 )  

Estas equaçcies dizem que a segunda forma fundamental Kim  deve ajnr;lar-se com  
a furt o,  dada  e a constante cosmolcigica. Note que (7) c unia equação algébrica e'in  

Cujo traço é  
(1O  — H') = 4A  T 	 (8 )  

Para determinar a geometria associada ã constante cosinológic.a, considere o raso  
elU 

 
vácuo T'c ,  = (l„ obte:ndo dc (8)  

h,,,, ,,k," —h°g;,=—Ay;, e h2 —Ir' _ 4A (9)  

Vem os que A caia associado á curvatura extrinse c K e a curvatura média 112 , as  
quais devem se ajustar de forma a compensar o pequeno valor observado de A.  

thu caso particularmente interessante é aquele uni que a espaço-tempo pos-
sui volume míuimnl4l, caracterizado por H = 0), de  forma que o espaço-tempo  
comporta-se  como uma membrana de 4 dimensões imersa em AM0. Neste caso e  
obtemos de (9) A = h'/4, permitindo descrever a constante cosn;ológica exclusi-
vamente cni termos da curvatura extriuseca K 2 . Como esta curvaturas extrinseca  
não é acessivel ao observador riemanniano classic°, interpretamos este resultado  

afirmando que a adoção da geometria rieneanniana é correta ao uivei clássico' da  

teoria. Pear out ro  lado cm teoria quántica, A comporta-se coroo um campo emalar  
devidamente inserido na geometria, o qual deve ser sintonizado.  
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TOPOLOGICAL EFFECTS I.)Ur TO A COSMIC STRING  

Y . D.  lle•ze+rra and  I. li. dos Santos  
Departamento flee FI91es,  

Iluive•Ixietneire Pelletal da Paraffin  
mono  .loiu. I'+wwur ,  1'I.,  Brazil.  

'li.pelogirnl el.dr.•Ie of spnrelime can be characterized by a apaceLlme /nettle with mill IIir.nnuun-

('Ierisiolfel rstrvnt.ure traitor everywhere except on the defects, that is, by Came t}Ire of curvature. slugs•  
Imitirse. Decent n1.lrrnpts to marry them grand mine.' Outwits or pellicle phyniean with general srlaLividtie  
infidels of the early evulatiun of the universe have predicted the existence of much tnpniogirnl defects. One  
exennquie of these lopologicni ilrfeels are the cosmic st.rieegs' which appear naturally + •eel;e theories with  
spnurnne•9nis symmetry hrenkimg.  

Çee Bete ntrinir nre expected to be created during the phase transitions. Sonic may still ex ist annd May 
 esc+u hr observable; uthema may have canalised bong ago, get have served as tint needs of Lhe galaxies'.'.  

The line Hemel,' of the sparetime described by an infinite, straight and static cyli, ulrirnily symmetric  
commie ei.rine. Iy'iug slang the r-nxis, in Rings by  

(I?  -- 	 -- et'p'e.', 
Z

— rlt2  (I)  

in a cylindrical ruurelhudr system (f,p,y+,t) with p > O  and 0 [ yr 2n. the hvprmamrfnce e,7 = O  
mid to = 2a being identified. 'rile pnrnmu•Li•r it Li related to the liurar m uss d•.usity is of the Stn big  
by rr t,  --'i:. 'Preis ,,metric: describes the spacetirlte which is locally Oat (for p r 0 ) but has conelike  
Angularity at p w ü with the angle deficit Rap. 'rhea, the apecetiuse around an infinite straight and static  

cleawir tat big is locally lint b oa of cumuli nut globally lint, IL doe n nut differ from Mfakuwskl nlou•nthue. 1nr,rilIy, 
it de..s dilfrr glul n .11y. 'I•luere Is hu Newtonian grnvitnliu uel potential wound the string, however we have  
some very interesting gravitational effects wemxrclnt.ed with Lite awn-trivial t'ptdrrgy of the apart-like sections  
stoma! the commie taxing. Aiming these effects, a cosmic string can meth as n gravitational lead aid can  
induces n repulsive bare on an electric charge at resL 4 . Others clfecta include pair production by a high  
energy photon when it is placed in Lhe apaceLiane mu,..aI a cosmic string s  and a gravitatlu oal munlugue9  of 
Ilse elee•s.trnunpnedie Almenu nv-fi,lrso effect'.  

in this paper we study some elfc' to of the global features of the npncetine of a straight cosmic string  
u•se gunoLmm I•+arli•:hvs .  To do this we race the Kleine'C.ordua and Dlriw equations In cambial formes.  

l'l ms consider n senhar cinnabar' purl i ris imbedded In a clnairnl hm-kgrouud gravitational field. Its  
helenvier i• described by the curarinnt Klein Cowden equatinm  

, ^=^ f ^. ( J-^f fro.) •i- rn' i ^i = II  

wide at Is Lbe mass of the 1uirlicle mad li = e= I units are dessert.  

The apncrtirnr currenpumding to a commie raring hi time independent, so the time depcmde are mf the  
Wise G o n:tiom tint. solves ICe1(2)  y 6e mquunt.ed na e  Car and one Is led to n ntatimmary maiden, at fixed  
energy IS. IIM••rrnve.er, rotational Invariance std invariane along the a axis of the metric, allow an to separate  
for y mud t deprnelrn ees. ht view of these we chorine the solutions of Fq(2), ft(f,p,'p, t) in the farm  

J•(t,p.'p,--m • cep( -MI I  tlrF f -  nk:)IrG.)  

` 1,1'e•  wish lo  .m •kremcle •.Igr f 'nnee • Ihn Norlamml d,m I 1. •s• •nvolvlmrnla Gi ••n l . 11i e •o  e'Ei•eeerhali e•' • (e%NI'•I) For 
 

I nml,i.d linnnrinl sm1•pe.I..  

(2)  

(1) 
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where R,1 nud Ir are rsnretnnts.  

la the apnret.ime corresponding Lo a cosmic string, the Klein-Cordon equation IE'4  (2)1 takes the form  

{P8.o)   + [1S —  (1ee ♦ rrr3)1p2  —  ^ } i(p) = 0 	 (4)  

where we have used the mwnt* given by Eq(3).  

Repletion (4) in n I1rsr:rrl dllTereutini equation with the general sulutiou given by  

lrrb (p) — Grb JI°I op)  •t-  (41) Ni„I(Ap) 	 (b)  

where A' = 	— (ks •i. nav), a►  _ t/er, C and G'i are normaiiaatlou constants, and .11,i(Ap) and  
NI,,I(Ap) are Reese! fnuctions of the first and second kind, respectively.  

We assume that the nrniar quantum particle Is restricted to move In a region bounded by the cylindrical  
nurfnecr p = a and p = b , where b> a. The boundary conditions  

R(a) = It(b) =  0 

determine the energy levels of the particle. Tide condition yields the following equation for the energy  

npccLrurn of the particle  

.I1„1(Aer)NI„1(Ab) — Ji„I(Jlb}Ni rl(Aa) = p 	 (7)  

In order to obtain the spectrum expliciLy we will consider a situation in which Aa » 1 and Ab » 1.  

Then using Ilmekel'a asymptotic exparu+lon when a Is fixed, we get  

E = J eel + kv i- 
o9a2 
	 (8)  

Rum Eq.(8) we me that the energy spectrum depends on the factoi• a (an well as the wave function)  
relative to the Minkoweki case. But the epacetime is locally flat; the Riernann curvature tensor vanishes  
everywhere outside Lhe string. So, the fact that this spacetirne is locally flat but not globally (it is conical  
with deficit angle 2ao) deforms the energy specLnun respect to a.  

Now let is moulder the Dirac equation in a curved spacetlrne, whirl is taken to be  

L i^(x) 	— 11(z) 4(z), 01(x) = mlb(z) 	 (9)  

where 'Mx) are, the generalized Dirac matrices and are given in Lewis of the atnnrinrci lint apacetime  
enemies 7(°J  by the relation  

111 (x) = 44(x) 764  

where  ir)  are t•ierheirei defined  by  the relations  

di  ern r 	se 
t°I ("1

ni(b1 	9,ur 
 

The product I+'1,, that appears in the Dirac equation can be written ea' 

r. _.(01 (A61(e) 4. il5 fi(4(Z'))  

where 	= i-)(6)4 1)421 .1(31  and A1•) and 1101 are given by  

(I O)  

(12)  
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A(.}  e 2 ^^al rr + et, ) ! ;P4  

^w r>a• 	1ã .14= ãa(eltrlirll^le ^  c•sn 

• 	(la)  

(14).  

+rh.•n^ •(•)(rlot,9  i+ 'he  r..euphel„ly nullxyinnuel.rir: ,  ruurl.lrunhlr unil. Ie•nelnr ,  nrltl the  couueut .h:e„dla I1/0rii  

Few Ike nook +•urn:wpm+liuu In  it  r.wen ic  string  we  shell use  thefuilowiuR Rcl  fir  vir.rh.:iuR:  

4.1r 	 1 9)  = lú , e.{, )  ^ comp 
 ^11 

- 

 ntl 
airep  ^1 

ailup Rl)  •!• 
t n 

COMP 149
^) _  

wli)^ 11 yie41•, the  I•rvqN•rl1.n rl•wt•etilllte Welt  (tr = 1). Ileing Kgn: 1 1 1)(1 3)  end  (14) and Lk  lebutiye act of  
i•iorhrins we  (!,••I,  

end 	!_ - á(I  
(:hn'+init lhe meants  

s -l• ue 	u, (p)  
tf' - 	 !:xp (-- igl •}• i(r)  

i f is • ^ nene ey(p)r.'r  
( 17)  

1)h fill 14111110.11111111  lua'nuee 
(I? -- rre) 	 4(1,1- 	14, (t I' i)] 	iy I• t,e te, 

=U 	(IS)  

+ ^) ^1• J•(t •1- 1)I 	–(ï$•F• 11e) 	 ifrs —1,1 INi l –(Ili, 	r 	•r  
K•`ll.•rld I1.d1111..1111 t•f tie! RI D11%4! e!e1lilltl.rllR 11M  given  by 

• u;(p) -  ( lif)  .111.1(I 91( Ap) 4• 617  NI„1(I•I}I(*)  ( 1 9)  

wlePre i ea 1,?, ay = !!ri – 1+is and v = 4,1  – I , G^¡ and CV  nrc  normalization  canatnula  nnd 
Ji,•, l ,.  qi(Air) nnil Ni„ (I . 1H( 4') ale  neesRe:1 n n ,cll.iuR of  the  first and seeped kind, respectively.  

Now,  le:l. 1eR rnullnelr. 1.11e  nun nein,.. 1f sti is n ulns•iv.■, 11ek1, yY' cnu be written R^  

JN ^  2m 	 ^' 4111  ^ ' - AO * ',n  1^ ^(^^,^^ 1• 

(W)  

, 	 I) 
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or, writing h: conlpouerria, in this care, we have  

=V•P•1- P.eawcu..  

j(p)  _ —8r 1)p)  ♦ (V x  M)64+ JipIcaawcllw  

 1—a } 
j(r) = —8r^r) + (V x M)14 -f jfigIconverthe* ;71  (L-17.  a ! Mr 

	 (2 1)  

and  

j(a) Q-8r11 a) -I• (V x  M)(1)  1•j(.)aaewcuw 

where the convective imrfa am derived fro:::  ylleareA lh , the polarisntiorr densities are given by  

and  

and the emnpanents of M are given by  

and  

(22) 

^(p) — 4mV[1r1+113)1 16  

i 	1 
M(r)  = 4rnV[113):ryip)] sk  

= 
i  -  - ¡¡ 	j  M(a) 	4rn ^l'Rr).'>^)^.  

(23)  

The vector M lies the rrnesnlng of a magnetization current density if we regard to an external etettro-
'mgietk  field. 

Note the dependence of jr, thought the enm)Inne:it j( r), on the parameter a. Then, the current  

differs from the Minkowaki apacetime trine by a term containing a dependence on a. Sp, the fart that the  

aíresAmnfe corresponding to a cosmic string is locally flat but not globally la also coded into the probability  
current. ';'here la a pity:deal effect on the current relative to Minkewakl apacetime which comes out from the  

topological features of the sIfItcEirue surrounding a cosmic string.  
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SOME COSMOLOGICAL CONSEQUENCES OF A A-TERM 

VARYING AS BH2+aR °(fl, a and n constants) 

J. A. S. Lima and J. M. F. Maia 

Departamento .de Fisica Teórica e Experimental 

59072 CP1641 Natal, RN - BRASIL 

ABSTRACT - A phenomenological decay law for the cosmological A-term is 
proposed and its influence on the standard universe model is examined. As a 
general feature, singular and nonsingular solutions are present and the age 
universe problem can be solved. It is also shown that kinematic expressions 
such as the luminosity distance and angular diamater versus red-shift 
relation are significantly modified. 

1. INTRODUCTION 

In the framework of the quantum field theories, the cosmological 

A-term present In Einstein's equations can be Interpreted as the vacuum 

energy density. On the other hand, the cosmological estimatives of such a 

term (A/SaG s 10 97GeV4 ) is smaller than the limits derived from gauge 

theories by at least forty orders of magnitude. Such a puzzle is the 

essence of the so-called cosmological constant problem'. 

Some physical mechanisms have been proposed to explain the current 

small value of the cosmological constant. Recently, several' authors have 

argued that the vacuum energy density. coupled with the other fields, Is a 

time dependent quantity 2-°  In this way the A-term is small today because 

the universe evolves. From a phenomenological point of view, the problem 

reduces to determine the dependence of A on the scale factor R and its 

first derivatives, taking into account the cosmological data. 

In this article we examine some consequences of an effective A-term 

varying as 

A = 3SH2+3aR ° , (1) 

where a, (3 and n are constants, R is the universal scale function, H=R/R Is 

the Hubble parameter with the factor 3 being introduced by mathematical 

convenience. 

2. THE MODELS 

We start writing the Einstein's equations for the FRW line element 

with a comoving perfect fluid plus a A-term as source of curvature (a dot 

means time derivative) 
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• a  
8rtGp+A=3Rz +3 Ra ,  

z 
8/tGp-A = -2^ -

Ra
- Rz .  

By considering the "7-law" equation of state p=(7-1)p,  and the A-term  

defined in eq.(1), one obtains the following differential equation for the  

scale factor  

n 
RR + eiìa+ Ok - 3a--^ = 0,  

the first integral of which is given by  

	

z 	-^ i

+ 

 3a7R °   Ak 	 (A a O. n-2  = AR 	 ), 

	

2A I 
R 	 +Z_n 	 2

I  

where  

A-  37(LZ) 	-2,  A = 3!j , 	 and A is a 7-dependent constant.  

From eqs. (I)-(3) one obtains for p and pv, the matter and vacuum  

energy densities, the following expressions:  

p 	
-?d -z 37(1- 

 13)+n-24 1-2 a  	A -(1 -j3)A 
83G = II-  ^)AR ^ + 

	

26 +2-n 	Rn  + ^  A 	• z  .  

8nGpv 	-2A -2 387+2A +2-n a _ ¡36k _ 	 ^ 3 • ̂ AR 	+ 	26 1
+2-n R°  0 Ra 

. 	 7 _  

1  

For a=8=0, the dynamic equation and the energy density of the standard  

FRW models are recovered. Universes with A constant can also be described  

putting p=n=0. Further, recent models with variable A are simple  

particularizations of eqs. (4)-(7), namely: Ozer and Taha 2(f1=0, a=k=1 and  

n-2), Freese et al 3  (a=k=0, (3=p1p+pv), Gasperini4W=0, 9/5<n<2), Chen and  

Wus  ()3=O, n=2), Carvalho et al °  (n=2). It is easy to see that singular and  

nonsingular solutions are present .  In our equations. If we put MO the  

singularity can be avoided for generic choices of the constants ail and n.  

This happens, for Instance, in the Ozer and Taha model. Such solutions are,  

in fact, compatible with the weak and dominant energy conditions.  

Conversely, taking A>0 singular solutions are obtained as In the Chen and  

Wu model. It is worth mentioning that the several phenomenological laws  

(2)  

(3)  

(4)  

(5)  
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analysed by the mentioned authors are 
 grounded in different arguments which  

will not be critically discussed here.  Formally, the behaviour assumed in  

eq.(1) is the simplest generalization  of the above considered particular  

cases.  

3. SOME PHYSICAL RESULTS  

(I) Universe Age  

Defining the present time quantities go= - R[R/i 2 I t=t° and  

H4  11/RI teto 
one obtains from egs.(4)-(5) the following expression  

for the universe age  

-3 	dx to= Ho ^f ,  

where x=R/Ro  and the function f(x) Is defined by  

2q 
f(x)=1- 1 3 + 	

mo t-3S + 
(1 -30)x  

+  (1  - 2q° ) r(n-2)(1-x -1)-(1-3$)(1-x2 -n) 	
(9) IT 	 3-30-n  

In general, the above integral cannot be exactly solved in terms of  

elementary functions. However, some interesting particular cases emerge  

from eqs. (8) and (9). If n=2, the expression derived in ref. (7) Is  

recovered. Moreover, if n-2=1-35 then, t o=2Ho'/(3-33) showing that ages  

greater than Hot  can be obtained from eq.(8). The same result holds for n=2  

and k=O (see ref. (7)).  

(ii) Matter Creation  

For models with variable A the energy conservation law (T µv  = 0)  ;V  
takes the following form  

P + 3 (p+  Ps)  =-8rtG'  (10)  

Thus, if ivo energy is transfered from decaying vacuum to the material  

component. In the present matter dominated - phase, the matter creation rate  

can be written as  

1 d 	3 	rrn i  ó 	( ó-  E.  
ó  dt(p°R  1 =  ° ^ H  °°L^ ( ) + ^ 

Oo 	
ô 

]. 
 

where 00=po/per  is the present value of the density parameter. For n=2,  

this expression reduces to the case studied by Carvalho et ai l'. The factor  

3poHo  is exactly the creation rate of the steady state universe.  

(8)  
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(12)  

(13)  

(ill) Luminosity Distance (d i. ) and Angular Diameter Distance (d A)  

The kinematical relation distances must be confronted with the  

observational data in order to put limits on the free parameters of the  

model. Using the canonical procedure to compute the luminosity and diameter,  

angular distances'', analytical expressions are obtained In the following  

cases:  

a) k=0 and n--2=I-3a  

211- ` 	 ¡ 	- 1-3R 
o dL I -^ (!+z) I1 -- (1+z)  

b) n=2, k=O,ti  

R (1+z) 
d^= ^ sln 1^

12c1 

1-3p
— 2 	(sin-la  i  sin kaz )  

where  

	 ( i_ 	 111lvz
¡ Iiz

a
t 	1WJJ 	

aa= (L 	1-313 

	

} 	(14) 
(1+z) 	 o 	 ll 	o

f 
For both cases dA=dL (1+z)-2, so that the distance relations are  

modified by the presence of the S  parameter. As one should expect, if 1340  

the results of the FRW universes are recovered:  

4. CONCLUSION  

We investigate some physical consequences of a decaying vacuum energy  

density. It was implicitly assumed that the vacumm couples only with the  

dominant component in each phase. Note also from eq. (5) that the  

recollapse conditions are strongly modified. In fact, models with k>0 may  

expand forever regardless the value of the parameters p  and n.  

Alternatively, universes with ks0 may recollapse in a finite time Interval.  

Finally, we call atention that the Landau-Lifshits fluctuation theory was  

applied by Pavón9  to study the physical consistency of the several  

phenomenological laws for the A-term. Such a paper was recently generalized  

in the spirit of the present article by Salim and Waga l°.  
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New I3aryc>,Ilic Force fin. Um  Ylllivr:l•:,,:  

Msíriu I!;veraklo de Souza,  
Departamento ele Mica -ME I', lJneVe:r::le1:111e: 	 ela!  ;ia•el^,l.e7, 

Compute lJuiversitsú•io, 49000 Araraju, Sergipe, I{r:lv.il  

It has been established, beyond ally doubt, that the llsi v4rlu.: is 1111.114%H1n :111 e•xpaue1iem.  

Recent data of several investigators show that galaxies: form gigantic slrue:terl•:s in space. De  

!,apparent et al. 1(also, other papers by the same: within-1i) have show,, th:at they fors bubbles  
which contain huge voids of many meguparsecs of diameter. Ilruadheu•si et al. 2  probed deeper  
regions of the universe and showed that there are (bubble) walls up Lis a dpi:.Luuce of ;about 2.5  
billion light-years from our galaxy. Even more disLurbi,,g is the eappare•1sl 1•el;lel:.riLy of the was  
with a period of about 130h - 'Mpc. Recent datas  show, however, that the bubble: walls are not se,  

regularly spaced and, therefore, the medicos farmed by them is rather a liquid than a solid. We  
may call this medium the 'galactic liquid'.  

At the other end of the distance scale, in the serene region, iL appears now, that the quark is  
not elementary after all. This can be implied just Guns their number, which, now, stands sat 18.  
Theorists in particle physics have already begun making eeaxlels :eddrensi.:g this: ru..ip'asilAniestsi .  

In the past, science has utilized specific classificuLiuns of matter which hare: revealed hidden  
!sows and symmetries. Two of the most known dassificaLiuns are the Periodic Tall: or the IcIe . ,ieuLs  
and Gell-Mann's classification of particles(which paved the way towards the quark model).  

Let us attempt to achieve a general classification of mutter, including all kiosk or matter, and  
by doing so we may find the links between the elementary particles and the large bodies of the  
universe. This classification, although empirical, is surprisingly consistent.  

It is well known that the different kinds of matter of nature appeared at different. epochs of  
the universal expansion, and that, they are imprints of the different sizes of the universe along the  
expansion. 'raking a closer look at the different kinds of matter we may classify I.hcns as belonging  
to two general states. One state is characterized by a single entity with angular momentum, and  

we may call it, the 'whirling' state. The angular momentum may be either the intrinsic :angular  
momentum, spin, or the orbital angular momentum. The other state is characterized by collective  
interactions and may be called the 'soup' state. In the whirling states we fine) the fundamental  
matters that make Lhe soups. The different kinds of fundamental matter are the building blocks of  
everything, stepwise. In what follows we will not talk s how! Llse: weak force sil,ra it /loos not form  
any stable matter. Later on we will include it. in the disi.usuioe1. The whirligig slate is rimmed by  
only one kind of fundamental force. In the soup slate: one always finds Lou Lype s or fundamental  
forces, i.e., this state is a link between two whirling slates. Due to the interactions among the  
bodies (belonging Lo a particular whirling stale) one experts other kinds of fore's: in the soup state.  
In this fashion we can form a chain from the quarks to Lhe galactic superaLrue_I .ure.•s. 

The kinds of matter belonging to Lhe whirling Mates are the nucleons, the atom, the s;:al.:sies,  

etc. The 'et cetera' will become clearer later on in this article. hi the soup slate oat: finds the quarks,  
the nuclei, the gases, liquids and solids, and the galactic liquid. I.e:L ,,s, for ex.oelple, ex; aüaiIII the  
sequence nucleon-nucleus-atom. A  nurle!un is nsacle e,nL sal quails mud heb l liar.:Lher by  u.sua.s of 
the strong force. The atone is made out of Lhe ,,,,elenu anal the Glee:Lron(we will tali :about the  

electron later), and is held together by nu:aus of Lhe .•lec do magnetise force. ' ( 'her uuclrua, which  is 
in the middle of the sequence, is held LugeLhe•r by the also,,! fence :cusp by the saes 1 .1uu1:,I;nrLie fine.  
In other words, we may say LhaL Lhe nucleus is a link brl weep' Lb.: arcing and tbs. rle•.-1 ronl:al;,,.:l.ir•  

forces. Let us, now, torn Lo Lhe sequence :ato n e - (ga:e,ligonl,:oli.l) galaxy. 'I'h.• I;., 1, s li.lui. l:::on l  
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solids form the link between the electromagnetic force and the gravitational force because they 
form big clumps of matter, which are all, part of the biggest individual clumps, the galaxies. In 
the same fashion as with nuclear matter, one expects other kinds of forces in Llec woes, liquids and 
solids due to collective interactions. We arrive again at a single fundamental force that holds a 
galaxy together, which is the gravitational force. There is alwayu the same putle:rn: one guies frou r 
one fundamental force which exists in a single enLity(nucieou, atom, galaxy) Lu Lw': fundamental 
forces which coexist in a medium. The iuLerau:tiuns in the medium form a new entity in which the 
action of another fundamental force appears. 

By placing all kinds of matter together in a table in the order of the maim ran/ expansion we 
can construct the two tables below, one fur the elates and another for the fundamental forces. 

In order to make the atom we need the electron besides the nucleus. Therefore, just the 
clumping of nucleons is not enough in this case. Let us just borrow the electron fur now. 

In order to keep the same pattern, which should be related Lu an underlying eayrnuetry, the tables 
reveal that there should be another force, other than Lhe strong force, holding the quarks together, 
and that this force alone should hold together the prequa.rku. Let us name iL the superstrong force. 
Also, for the galactic liquid, there must be another fundamental force at play. From the enormous 
distances involved(and thus, the very slow transmission of this force at the present epoch) we expect 
it to be a very weak force. Let us call it the superweak force. 

Summing up all fundamental forces forming the single entities we arrive at live forces. The 
electron, apparently, belongs to a separate class. Adding the weak force to the other live we obtain 
as forces. Placing all five forces at the corners of an hexagoaa(IFig.1) in the order in which they 
appeared in Table 2(the order of the espanaion), and adding the weak force to the missing corner 
we obtain very interesting relationships among the forces. For example, we lied that the electro-
magnetic and the weak forces are coupled(as they should be); the superstrong force is coupled to 
the gravitational force; and, the strong force is coupled to the superweak force. These relation-
ships indicate that in the Planck era there are three forces, not one: 1) The electroweak force; 
2) The superstrong-gravitational force; 3) The strong-superweak force. This would explain the 
unexplained °threenessee" of the standard model(in particle physics), as discussed by dal•itrachl 1 . If 
the °threanea>e are related to the number of forces 'in the beginning of the universe', there the 
number of quark generations should be 31 where 1 is an integer larger or equal to one. Therefore, 
three would be the minimum number of generations. 

The ultimate superstructure formed out of the galactic liquid is the universe, of course. There 
should exist only one universe otherwise there would still exist another fundamental force involved 
in the interaction among universes. 

Let us now consider the 'soups' and let us focus our uttcnlie n r in the forces whine former neutral 
ordinary matter(gases, liquids and solids) and in the nuclear force. There is one type of force which 
is cornrnom to both cases. It is known that the nuclear force can be represented in terns of the 
Seyler-Blanchard interactions.° which is a type of Van der Weals equation of state. The Van der 
Weals interaction is also very common in ordinary matter and is described by several kinds of 
equations depending on the nature of the dipoles. 

In order to have the galactic liquid it is also rrecesaur•y to have ar Hurt of Vrur ¡lei Weak inks action. 
Therefore, we need another force with a repulsive character(aL present). 

As we saw above, the superweak force is coupled to the strong forceuuiI Lho:y uruaL have 
been unified 'in the beginning of the universe'. Let us now try to find a iNmssib le ur.ethen nitical 
expression for this force. There have been reports of a Hill forre inferred from the reau r.dyais of 
the Eõtvds experiment and from the urine-gravity data( Fischbach 1987). The dis ,rpauriec suggest 
the existence of a composition dependent intermediate-range forre. 
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The potential energy of such hypothetical force  is usually reproiente:d by a Ynkawa potential  
which, when added to the standard Newtonian potential energy, becomes'  

V(r) - 
	

Ci ^^eslr 
 (1 1 ne:xp( r/A)),  (I ) 

where a is the new coupling in unite of gravity and A is its range. 'I'Iselepeu deuro 4111 rorupem;itiom  
can be made explicit by writing a -- q;g1s with  

4i 

 

= eoaO(N i Z);/►y -I sine(N Z);/p;, 	 (2)  

where the new effective charge has been written as a linear combination of the baryon number and  
nuclear isospin per atomic mass unit, and f is the coupling constant in terms e;i G.  

Until now the results confirming the existence of such a force have been inawclusive ° , although  
they do not rule it out because its coupling constant(s) may be sn uffler than previously thought. 

 It is worth noting that the ezperiments performed until now did not involve very large maasea(i.e.,  

a large number of baryons.)  
The superweak force proposed in thia paper, although being a long range force, has the same  

character as the one of the proposed fifth force does. Since it should be unified with the strong force  
at short distances, it may be connected with baryon number or isospin. From the above expression  
for the fifth force potential we may express the potential of the superweak force hi terms of the  
baryon numbers and isospins of two bodies i and j as  

V (r, N, Z) = (A8(N + Z);(N d• Z)1 + AI(N - Z),(N -- Z)i+  

+AIB((N + Z)r(N - Z)1 + (N + Z)f(N - Z)j)) g=ex? 
	

(3)  

where As and AI are the force coupling constants of the baryon number and isospin terms, respec-
tively, and A!5 represents the mixing coupling of isospin and baryon number, and g is the strong  
force charge. Let us assume that the constants A5, AI and Ala are positive. Taking into account  
the homogeneity of the universe we may disregard the distinction between i and ? and the formula  

becomes simplified somewhat,  

V(r,N,Z) = (A8(N+Z) r +AI(N-Z)2 -i 2Ain(N•I-Z)(N-2))g 2 -°x" t r rIA- . (4)  

The superweak force is given by minus the derivative of the above potential with respect Lo  

r, which is a function of time(along the expansion). Taking into account conservation of baryon  
number we have  

F(r, N(r), B) = -9dd(r) (A1(2N(r) •lj) -f A ut l1)g'
exp (r r/A) 

 

1 	1  
I -i r V (r, N(r) , l!)  (5)  

where B is the baryon number of any of the two portions. The n u mber of baryons of these two  
portions has to be extremely large, otherwise we would already have dearly identified thin force on  
Earth.  

With the above expression for the superweak forre we will be able to explain the exp. ueuion of  
the universe itself and its cyclic behavior.  
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At some time in the 'beginning' of the universe N was equal to Z. 1.el• nu name it t 	O.  
For t > 0, N decreases(from 11/2) with respect to Z via the weak interaction. Therefore, the  
asymmetry begins and the repulsive part of the superweak force increases. Asymmetry here means  

the asymmetry in the number of neutrons with respect to the number of protons. het us call it  
nucleonic asymmetry. During the next epoch, the lepton era, the nucleonic asymmetry increased  

and the repulsion outpaced gravity easily, for, during this cru N decreased elranticuly. AL the end  
of the lepton era the neutrons made up only 13% of all baryons, Lhe remaining 117% being protons.  

Therefore, at the end of this era the repulsion attained its maximum value. After this point the  
repulsion decreased due to the combined effect of the dependence of the superweak force with r  
and to the halt in the production of protons. As the universe ages the stars heroine white dwarfs,  
neutron stars and black holes(not observed yet). During the, aging process the yore density of a star  
increases and the high electron Fermi energy drives electron capture unto nuclei and free protons.  
This last process, called neutronisation9, happens via the weak interaction. The most significant  
neutronisation reactions are electron capture by nuclei and electron capture by free protons.  

Of course, neutronization takes place in the stars of all galaxies, and thus, the number of  
neutrons increases relative to the number of protons es the universe ages. For example, a white  
dwarf in the slow cooling stage(for T< 107 K) reaches a steady proton to neutron density of about  
1/8, and takes about 109  years to cool off completely. At a later Lime one expects that Lhe neutrons  
will decay via the weak interaction and the number of protons will increase again(with respect to  
the number of neutrons). Therefore, we expect to have N and Z as a function of time as shown  
in Fig.2. The end of the lepton era is represented by I = t,,, and t, is the time when N and Z  
become equal again. According to the arguments above, there is a time which hi the inverse of Lhe  
end of the lepton era, with much more neutrons than protons. Let us name it t = t,,. in this way,  

the attractive terms of the equation of the superweak force above become more dominant than  
the repulsive term(s) and the force closes the universe. It will be shown that this force drives the  
expansion and contraction of the universe and behaves overall as a spring-like force. In Fig.3 Hf, - t  
is the present age of the universe(H, is the Hubble constant). The two turning points, where the  
force changes sign are t = 0 and t = Tr, and Tu is the maximum age of the universe including  
expansion and contraction.  

From the arguments presented above, the superweak force should be zero at t O and at t =  
Moreover, around t = Ts, this force must be a restoring force. Let us expand the potential around 

 t = Tt(r = rT) and find the condition for a minimum(in the potential). Up to third order in r -  rT  
the potential is given by  

(8)= 	(AB t 2A,B(2r1T -- 1) •t- A,(2rii •- 1) 1) -I 
- 

 (4(12.A,u  

+4aTA,(2rg7 - 1)) (r -- rT) -}- T̂  (46., A,,, 1 4a' = A, -I- 4bT A,(2r11 . 1)) (r - rr) =  

1—  (4c7'AID + 4CTAr(2rf - 1) 1- Sarin. 1I) (r rT) 3 	 (6)  
rr 

where ar, bT and cr are the first., second and third derivatives of t¡(r) with resl na: L Lo r. The linear  
term in r •• rr should be zero so that we have a nsininnnn nt r . r,.. This leads Lo the condition 

 tqT = (l -- A,B/A,). Using this condition and the condition F? 	O, at t = II and , 	71 we  
obtain ABA, = Ant7  and 2 = — 41:-. (AD/A0 1 /2   where r,, is the elistunee between the two bodies  

in consideration at t = O.  
Taking into account that An A, - A,,, 2 , ►r,' hecouuuu Ire - - _ (I V411 ) fruoe which we obtain  

AB < Ag.  
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Considering that An Al = A18 2 , the expressions for the potential and for t1e.: force he:ds1i1s  

V(r) 

( 8)r 
_  (VAD 1 ✓41(2q(r) I))z 	

(7)  r  

and  

F(r) _ 	4 rirt(r) ( A, (2rl(r) 1)  1 
 ✓A,A1)  I 

 I V (r)r 	 (8) 
{B8) 	f  

The potential around r = rT, up to third 	 . ird order in r rj become .

Ai (Bg}Z — 	(a7.z(r - rz•) 2  1 8a r •b2.(r r7•) 3) . 	 (9)  

One can easily notice that V = 0 at r _ r7•. Let us analyze in some detail the print r , rT(or  
1= )).  

The expression for the force around 1= Ti up to Ord order in r - rr, is given by  

F(r^ 
	= 	

2aT= 
(r 

 ^). 	
(10) Al  (Bg)' 	FT  

Loom this expression we obtain  

dF  
= 

2A1(a1^Bg)z  
 rTIPr 	
(I1) 

 

which shows that v . can not be zero.  
Now, let us show that the contraction begins at t = !.(when q = 1/2). At t = L. we have  

clq ,
e=1. =02) 

and  

F. 	4 All Arri.  A8  
r, 	V. 	rc= • 

Since F. a 0, we can not have r), > 0, for, in that case v, would have to be positive, and so we  

would just leave the question of the contraction to a later time, but the shape of q(1) would not  

allow it to happen. We can have a contraction at 1 = 1. if we have rj. = 0, because in this case we  

must also have u, = O. Let us show that we have a mlaxiiriuni for q{t„) and a minimum for rt(1y),  

and by doing so we justify the shape of the curve shown in rig.(2). Taking the derivative of the 
force as expressed by Eq.(5), and considering that it must he zero, and 2 - 0 al, 1 = 11,  and at 

 I  = t,, we obtain  

dY rt 	Q 1 'lit  
(14)  

at these two Limes, where Q = (A u/AI)h/ . AL 1 t,, 2r1 1 > O, and therefore, 1 0, and Lines  
q(1) has a maximum at. I = 	AL I -- 11„ we may rearrange the above expre soiun as  

dxq 	 rlrt+)  
drl 
	

rt.  

(13)  

(15)  
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which means that H is positive.  
If we include the gravitational force, we add an extra negative term to Il which snakes the  

expansion to slow down more.  
In the range t„ < I < Tu +It., taking into account special relativity and gravity and considering  

that the two bodies are identical, we obtain  

ear. 	
•I 11=1I 	̂ 	 I 	 19 

(el — H2  R2r°2)3/2 
 (f11í 	} . 	 ( )  

11 292  L(r¡) 	11292 I.(t1) 	Grad  
tn r,r„ 2 I[2  II 	nl+,r°2 1i2 	r°2 112.  

where we have used the relation q('1) 	s(I • fie). Because tlr, < qT, the +;::cr n+rl del iv:ativee is  
positive, and so at l = IL, q(l) has a minimum. This is consistent with the rpodiL:aLive shape of ti  
shown in Fig.2.  

We can also show that around l _ 0 the superweak force is given by :ll+ expieIx:iuu  i(1lnhi•:ci 
to the strong force. By expanding Lhe potential around r r °  up Lr+ first order in r r,,, and  
calculating F, we have  

I F'(r::dr°)I  
	14 • 
	 ( 16)  

This is, of course, the expression for the strong force at. l -= 0. '1hcreforc, the strong force end the  
superweak force are unified al t = 0. 'Phis result is consistent with  irig.l. 

We represent in Fig.4 the potential of the superweak forcu according Lo our nchi:ulatiwiu end  
considerations. According to this figure the universe spends must. of its Lime at Lim bottom or the  
potential, where it is more stable.  

Expressing the expansion rate as )4 á i°  = f (I) .- 11(1) where 11(t) is llubldn's constant, and  

making L(q) = A8 + Á1(2q — 1) 2  + 2(A¡As) 1 /2(2q - 1) we obtain(disregardisig gravity)  

• = B=9'IL(q)t  .I.  R22'L(I1)  —  11 2 	 (17)  
mpr°3HR3  mpr  3 Ra  

where R(t) = r(t)/r,,, r°  = r(0) and mp  is the mass of the proton. In the range between l = IL and  

t = 11 , q > 0,9 < 1/2, and therefore Lis negative. H-1  is the time of expansion between 1L and I.  

ILI/H and L may have the same order of magnitude for times close to Tr . Let us consider t as being  
Lhe present epoch of the universe. If the expansion is slowing down we must have II < 0, L > O  in  
this range. Solving the cubic equation in H for H < 0, we obtain  

1/3  
— B6ysLs I - R+^:  )  

27mpar°g Rs  4mp^r°sR

ILIe 

 

-- -- 	i/a 
_ raa^el.3 	s+9,li l^ 

27rnp^r„9RD -I 
 4rrlp2r°eliie  

H(l) >  B'Q'ILI  

2mpr°and  

B29214 
 

— 2mpr0eRs  ( 1 s)  

We can calculate how 11 (t) depends on Lima aroe uHI ! 0 if we ¡nuke some a: HiuupLiuos on the  
relative proportions of neutrons to protons prevailing unwed 1 = -  O. The noncan• real-Limo which  
must be considered in determining the proton-neutron ratio are the following:  

n 	p I -  e 	I ug, I u ' I tic  •' 1, I r. , i ++ I e  i •'  p  I 1o,. 	 (2(1)  
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By considering that the temperature is not very high so that r:i óc2cek! , Alphor et al."' have  
shown(in another context) that, among the react'  uleove, free: neutron ¡ferny is the  ,Inueiu:wt  
reaction. Taking this into account and considering the condition that we focus! at I - 0(le - 0),  

we have  
-  

l!(t) = 2^ 
y
1 p!  t  

As 11(10  
(21)  

where I is given in seconds.  
We can explain the (flat)rotational curve of galaxies, to vernal s r in Lhe following way: We  

expect that, since the time of its formation, a galaxy experieiicm au overall repnlniu", which must  
be stronger between its bulge and its outskirts. Since the gravitational force is responsible for  
holding all the galaxy's stars together, the repulsion must cause a small effect, only observable  
over a long time. This repulsion is consistent, for example, with the outward motion of Iwo large  

expanding arms of hydrogen gaa which have been observed close Lo the center of the Milky Way".  
This phenomenom is not particular to our galaxy, and similar outbursts are happening in many  
other galaxies. Let us take a look at Fig.(3). Galaxy formation happened at a Lime I = If > tL.  
From to up to the present epoch, a galaxy is subjected to the repulsive force shown as the lirst  
bump in Fig.(3).  

Because of the repulsion the tangential velocities of the stars of a gulaxy(uiet of Lhe bulge)  
are kept constant due to the positive work performed by the repulsion on a particular star. This  
work is done against the gravitational potential and the star gains gravitational energy and moves  

outward. Therefore, the star's tangential velocity doca not change.  
Let us consider a star in an orbit(1) at a distance R I . The total energy, E, of the system (inner  

galactic region) -atar, is  

E = K 1 + + 	 (22)  

where K,  is its kinetic energy, U, is its gravitational energy, and Vl  is its superweak potential  
energy. The inner galactic region includes the bulge of the galaxy and the stars up to Lhe radius  
R1. In the orbit with radius R3, the energy E, is given by  

E = K2 + U2 + V3. 	 (23)  

Because the gain in gravitational energy, Us — U1, was obtained at the expense of the superweak  

potential energy released, VI — Vs, the kinetic energy remains the same, i.e., K2 = K1. There-
fore, es = el. Since the star moves outwards and keeps the same tangential velocity its angular  

momentum increases. The increase is given by  

AL = mv(R2  - Hi) 	 (24)  

where m is the mass of Lhe star, v is its tangential velocity, !t i  is its original orbital rallies and  
Rs ie its 6nal(at a particular time) orbital radius. Because to remains constant its :angular velocity  
decreases with respect to the central part of the galaxy.  

Because of conservation of angular n"ainentie n i the galactic bulge must decrease its angular  
momentum by the same amount, AL. If we consider that the angular velocity nI' the bulge does  
not diminish(which is mute plausible than otherwisu), them its mass must diininieih ,  i.e., the central  
hub sheds more matter outwards. This fact has been elan : , ved in many gsdrexiv:J. 'Thor, ieretter i s 
shed outwards because of repulsion and because of angular nenneiuIneu ruuse•rvatiGm.  'I'h^•re•I^,uu, eia 
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the galaxy ages, ha nucleus diminishes in size. Tin: oppasil.e hu;tlle:ns Lu 1.1u::er u 1:1 wll ic:ll Ii:eliflle  

bigger and bigger. Thia helps us understanding the lorrnnLi un nI uru l:; in I;ni:t::i1,::  
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GAUGE E INTEGRABILIDADE EM EQUACÕES LINEARES E NÃO LINEARES  

Manoelito Martins de Souza  
Universidade Federal do Espirito Santo  

Departamento de Fisica e Química  
29069 - vitória - ES  

Usamos simetrias permutacionais para introduzir um  
critério algoritmico de decisão sobre a integrabilidade  

(solvabilidade) de um sistema de equações. Comparamos as  

estruturas de gauge das equações de Maxwell e das  

equações de Einstein, tomadas como exemplos de sistemas  

lineares e não lineares, respectivamente. Somente para  
equações lineares podemos fixar o gauge sem perda de  

completa generalidade (em contradição à literatura  

corrente), isto porque só para estas equações a condição  

de gauge coincide com a condição de integrabilidade.  

A) SIMETRIAS PERMUTACIONAIS EM SISTEMA DE EOUACÕES  

1) A ação de operadores de Permutação (pao, a,3=1 a n}, em  
sistemas de equações, ã =(FA(x2 ,..,Y(x) a,...)=0, A = 1 a L},  

pa^FA (xa ,..,Y(x)a ,...]=FB(x^,..,Y(x)$ , ...]com FA , FBs ã  
divide o sistema em classes invariantes de equivalência, [FA ].  

Obs. Para resolver um sistema de equações no formalismo das  

simetrias de permutação, trabalhamos com as .classes de  
equivalência, [FA]  e não com as equações, FA ( ) DO.  

2) Qualquer equação pode ser escrita como uma equação de  
autovalor nulo de um polinómio de operadores de permutação,  

FA(xa,..,Y(x) a,...]=0 	̂pl (a)RA(a) = 0, onde  
01 (a): polinomial de operadores envolvendo a (pai, paz , etc)  

FA(a):  núcleo ou autofunção de 01 (a)  

Exemplos:01 (a)  ¡A (a)  
V2° =  p 	> (1  +  PxY+ PXZ) (.1xx -P/3)  =  0  
V.B =  p 	>  (1  + PxY+  Pxz )  (Bx'x-P/3)=  0 
a 0 =  p  —>  (1  + PxY+ PXZ-Pxt) ((h xx-P/2 )  =  
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BASE DE EXPANSÃO DOS FA (a) 	
- 

1) FUNCÕES DE ARGUMENTOS ORDENADOS. (FAO), são conjuntos "de:  

funções, f lapw... I, ardatreciniaa  e  gatinicact,  que  se distinguem 

entre si'pall ordem de seus argumentos e por um fator global. 

EX. 	Se fla$7...1, = xa+xpcosx)  então 	flpar...•! , x19+xacosx7 

 Em um conjunto de FAO só uma é totalmente arbitrária. As outras 

são determinadas, a partir da primeira, a menos de um fator 

global. 

2) FA(xa 	)=0 *0(a)FA (a)=0 	FA(a) = 011(a) flap...I onde 0
11 (a) 

é outro polinomial em pap, pam, etc., tal que OI(a) 0
II
(a) 

flap...I = O. Observações: 	• 

a) flaS...I sendo genérico e arbitrário • 011 (a) flap...I mostra 

a existéncia de propriedades algébricas e topológicas comuns a 

todas as possíveis soluções de uma categoria inteira de equações, 

á qual pertence FA (xa  )=0 

b) PA(a) = O (a) flap...! é uma equação, em geral, muito mais 

simples que F1(x, )=0 Exemplos: 

Se FA (xa ...)=(1+Pap) PA(a) • PA(a) =(1-Pap) flap! é uma solução. 

Se FA(xa...)=(1+Pap +Pa7 ) FA(a), entáo 
v 

 

A 	(2-Pap-Pai)fla(137)I 

é uma de suas infinitas classes de soluções possíveis: . • 

B) CRITÉRIO DE INTEGRABILIDADE (OEFINICOES) 

1) Um sistema de equações, a, representa um PROBLEMA BEM COLOCADO 

se o no  de equações independente for igual aos de incógnitas. 

2) EOUACÃO PRESUMIVELMENTE INTEGRÁVEL, EPI: a que envolve ou pode 

ser colocada em uma forma que envolve não mais que uma 

incógnita. 

3) SISTEMA de equações PRESUMIVELMENTE INTEGRÁVEL, SPI: o que 

tem,ou que pode ser colocado em uma forma que tem pelo menos uma 

EPI, e que as demais se tornam EPI com a integração- das 

primeiras. Em caso contrário o sistema não é integrável. 

4) Um sistema não integrável pode se tornar um SPI com o 

acréscimo de outras equações, vínculos ou condições adicionais. 

Estas seriam, 	então, suas CONDICOES DE INTEGRABILIDADE. 
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EXEMPLOS (aparentemente em contradição) 

a) OxB=O. São 3 equações, (B=B, i,j = 1,2,3), cada uma com 

duas incógnitas. E SPI, pois pode ser escrito como 

(1-Pii )Bi,j=O • Bi,j= flijl+fljil=fI(ii)I4B i,i
=#, i

, • B= VO. 

b) O.B=0. Uma eq. com  3 incógnitas. Nas e EPI pois • 

(1+PxY+Pxz )Bx , x=0. B = VXA é apenas uma de suas (infinitas) 

classes de possíveis soluções. 	 . 

Só é um PROBLEMA BEM COLOCADO porcausa de suas simetrias . 

permutacionais (B i=PijBj ). 

c)Condição de curvatura nula • Au , v- Av , µ  + [Av,Aµ] = 0, ou 

(1-Pµv)DAv=O, com Dµ= 8 +  A.  • DAv=f1(µv)I * A - N

- 1

8µN. 

(N, matriz invertivel). 

C) EOUACOES DE MAXWELL (em espaço plano) 

1) Abordagem usual 

Fµv ,v = -Jµ  com Fµv=Av , µ- Aµ , v: 4 incógnitas e 3 eqs. já que 

Jµ , µ  =O. A 4a  eq. é suprida pela condição de gauge , Aµ ,µ=O • 

oAµ  . As soluções físicas são soluções simultâneas de Aµ , µ=0 

e de oAµ=Jµ . 

2) Usando as simetrias permutacionais. 

(l+Pyz+Pyt )(AX;Y -AY; x  - JX/3) = 0 implica em 

(AX;Y 	JX/3) = 011 (y)f lxyztl . 
Esta eq. é claramente não integravel, pois envolve 2 incógnitas, 
AX  e AY. Precisamos de mais uma eq. relacionando AX  e AY, dada 
pela cond. de gauge (1+Pyz+Pyt )(AY, y  -AX, x/3) = 0, que resolve o 

problema. 

3) Diferenças (sutis) desta abordagem 

a)São 4 eqs, mas consideramos apenas uma (FXµ , µ=-JU), 
representando a classe de equivalëncia. 

b) O fato que as 4 eqs. não são independentes não é utilizado. A 
não integrabilidade está presente no fato que elas envolvem 2 

incógnitas. 

c) A condição de gauge é também a condição de integrabilidade jA 

que a adoção da condição de gauge não restringe o universo das 

possíveis soluções. Não se perde generalidade com a escolha do 

gauge. Esta afirmativa não pode ser generalizada, como se faz na 
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literatura, para sistemas não lineares.  

d) Outra abordagem equivalente seria checar quais soluções da  

condição de gauge, (l+Pxy±PKz+Pxt)Ax,X 0 Ax, x= 0111 (x)flxyztl  
satisfazem a DAU=341 .  

D) AS EQUACDES DE EINSTEIN (Gm, = TUv  )  
1) Notação: a, s, y e asempre representam DIFERENTES  índices ou  

componentes. Não vale a convenção de Einstein.  

2) Escolhemos , sem perda de generalidade, coordenadas que  

diagonalizam  

ds2 IQ  =  
onde a, s,  

cs , C7 , cos 
 

Einstein em  

o tensor métrico em um ponto genérico Q.  

caea (dxa ) 2+ c
0
es (d0) 2+ c7el (dx7 ) 2+ cae6 (dx6 ) 2 ,  

e asão'funções genéricas de todas coordenadas, e'ca ,  

= 11. Portanto, estamos considerando as eqs. de  

sua mais completa generalidade, inclusive quanto à  

assinatura da métrica. Nenhuma hipótese é feita sobre T Uy , a não  

ser da mais completa generalidade, o que corresponde a um tensor  

totalmente simétrico sob permutações.  

3) As eqs. se  dividem em duas classes invariantes:  

laa>: eves((Pay+Pas )(1+Pas )gss((ass)+2g°cq(sagas,s- gas,as) + 
 

+4g7Tgaa(r7aarTss-rTas)] + 8/3 gaaTaay  a  0  

las>: (1+Pa0
)80(7

010+1/2TaTs  -asya  -Tas)+g77[2a0ga7,7-2a7r0037+ , 
 

+7rT 
r7^ -2r7as , 7 

+ 2gaa (r
ayyraas -rararsT^ ) ] 1 = o  

onde  a
0 
 =8a/80, aa=8a/8xa  , etc. , (ass) = 2a00+as (a-0) 0 .  

2raPU=gaP , 11+gau , p-gpp , a . 	87=1+P7õ1  es=l+ps7+POa ' 
 

CONDICDES DE INTEGRABILIDADE  

Cada eq. envolve todas as 10 incógnitas de um modo tal que para  

torna-las integráveis, sem quebrar a simetria, precisaríamos de  

10 condições de gauge. Como só dispomos de 4, só nos resta a  

redução simétrica do no  de incógnitas, o que implica em gar°. A  

métrica é globalmente diagonalizável. As eqs. se  reduzem a  
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loa>: e0e
7
((P

a7
+P

a0
)(1+P

010 )(g
" (a00 )+1/ 24377a

7
0
7
]+8 / 3  gaaTaa)=O 

Ainda não integráveis. 

Para laa> não há possibilidade de simplificação através de 

eventual condição de gauge, porque cada um des seus termos 

envolve mais de uma incognita. 

lap> poderia, em principio, admitir uma condição de gauge do tipo 

e7 (1+Paw )papya+2Tao-F(7)}=0, 

onde F(y) é uma dada função de y e de suas derivadas. Mas para 

não quebrar a simetria precisaríamos de 6 condições iguais a  seta- 

 (uma para cada Ian>). Como só podemos ter 4 temos que reduzir o no 

 de incógnitas. a única possibilidade é a=0=y=6=0, ou seja a 

métrica tem que ser conforme:  "KILUCLES TOTALMENTE SIMÉTRICAS 

DAS EOUACOES DE EINSTEIN SRO CONFORMALMENTE PLANAS". B como 

consequência: "SOLUCÕES DE VÁCUO TOTALMENTE SIMÉTRICAS SAO 

PLANAS". 

E) LIBERDADE DE GAUGE E GENERALIDADE 

Para as eqs. de Einstein, diferentemente do caso das eqs. de 

Maxwell, a condição de gauge não é igual ã condição de 

integrabilidade, e isto implica em possível perda• de generalidade 

com a adoção da condição de gauge. Por exemplo, se tivessemos 

imposto o gauge gff 
P  Q

=O (cond. harmônica) só poderíamos ter 

soluções planas, porque a cond. de integrabilidade não é afetada 
pelo gauge, e este, para uma métrica conforme implicaria em #, 11=0 
para todos os pontos da variedade. 

Conclusão: 

Liberdade de gauge não é garantia de máxima generalidade.. Ao se 
adotar um gauge para sistemas não lineares deve-se atentar para 

possiveis exclusões no universo de soluções. 
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FORMALISMO PARA SISTEMAS DE ESTATÍSTICAS GENERALIZADAS 

Manoelito Martins de  Souza  
Universidade Federal do Espírito Santo 
Departamento de Fisica e Química 

29069 - Vitória  - ES 

Sob permutações de indices um sistema de equações se 

particiona em classes de equivalência. Qualquer equação 

pode ser escrita como uma equação de autovalor nulo de uma 

função polinomial de operadores de permutação. Este 

operador polinomial define uma categoria de equações que 

tem em comum uma mesma álgebra e uma mesma topologia, 
definidas sobre uma base apropriada de expansão de suas 
autofunções. Esta álgebra e esta topologia classificam o 

sistema de equações de acordo com ' a estatística de suas 

soluções, isto é, o comportamento' delas sobre permutações. 

Incluídas nestas classes se encontram as estatísticas de 
Bose-Einstein, Fermi-Dirac e de sistemas exóticos 
,(anyons). 

A) SIMETRIAS PERMUTACIONAIS EM SISTEMA DE EOUACOES 

1) A ação de operadores de Permutação (Pao, a,s=1 a n), em 

sistemas de equações, ã =(FA(xa,..,Y(x) a,...]=0, A = 1 a L), 

pasFA(xa,..,Y(x)a,...]=FB(xs,..,Y(x) s,...]com FA  , FBE ã 

divide o sistema em classes invariantes de equivalência, [F A ]. 

Obs. Para resolver um sistema de equações no formalismos das 

simetrias de permutação, trabalhamos com as classes. de 

equivalência, [ FA] e não com as equações, FA ( ) =0. 

2) Qualquer equação é uma equação de autovalor nulo ,de um 

polinômio de operadores de permutação. 

FA(xa,..,Y(x) a,...]=0 --#QI(a)FA [a) = 0, onde 

0(a): polinomial de operadores envolvendo a (pao , pay , etc) 

024 (a): núcleo ou autofunção de 0(a) 

Exemplos: 	 01(a) 

O20 = p 	> (1 + Pxy+ Pxa) (0. xx  -P/ 3 ) = 0 

Q.B = p 	> (1 + Pxy+ Pxr ) (11x,x-p/3)a  0 

e 
4$ = p 	> (1 + Pxy+ Pxr-Pxt) (m,xx P/2 ) = o 
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B) BASE DE EXPANSÃO DOS  PA(e) 

1) FUNCÕES DE ARGUMENTOS ORDENADOS. (FAO), são conjuntos de 

fungóes, f las7r... I , an&Univiaa  e  geaéM.caa, que se distinguem 

entre si pela ordem de seus argumentos e por um fator global. 

Ex. 	Se fIeBT...l, = xa+x1cosx7  então fIRa7..•! - 0+xacosx7  

2) Kn  = (Ki j I3 K;;;  Ki  jK j ial, i, je(1,n)EZ+), onde Ki   é um fator 

associado ao par de posições dos índices (i,j) no argumento de 

flala2 ...anl, quaisquer que sejam os indices. Kn  define a 

estatística (comportamento sob permutações) das FAO (e as divide 

em classes): 

pa a  fl...ai ...aj ...1= Kii fl...aj ...ai ...1 

Observaçoes:i) Isto garante 
Pis=1, 

 sem nenhuma restrição sobre Kn 

ii) Os sistemas usuais de estatísticas de FD e de BE pertencem às 

classes de FAO com Kij=t1, 	i, j E [l,n] 

iii) Em um conjunto de FAO só uma é totalmente arbitrária. As 

outras são determinadas,a partir daprimeira, a menos de um fator 

global. 

C) REDES DE FAOs 

1) Definimos redes de FAOs associando cada fla la2 ...an la um 

vértice ou ponto, e a cada par de pontos, associamoos uma aresta 

ou direção, representando um operador pap . Cada vértice é ligado 

a n(n-1)/2 novos vértices por n(n-1)/2 arestas. 

n _ 1 	> 1 ponto: flal 

n = 2 	-> 1 dublete: fie2e2 I 	
ala2 	

K12f1a2a2  

n a 3:rede ' de dimensão n-1, de extensão e multiplicidade 

infinitas, construidas de hexagonos e quadrados Esta rede é uma 

representação da algebra dos 
Pap 

 sobre as FAOs Para um K 
abeliano, ela é definida por: 

(Geometria algeb.) 

Pa lajPajakPaiaj  ° PajakpaiajPajak para 0<i<j<ksn HEXÁGONO 

Pa a Pa a = Pa a i 
P. 	para i,j,k,m, distintos 	QUADRADO -i -j k m 	-k -m 	1 

Obs. Esta álgebra contem o grupo das tranças (braid group) que só 

admite geradores da forma  p 	. aiai+l  
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2) Qualquer restrição a  Kr/  gera deformações desta álgebra e desta 
topologia, porque implica 4em identificação de vértices. Esta 

restrição pode ser motivada por argumentos físicos/matemáticos ou 

pode  provir do conjunto de equações que descreve o sistema 

D)  EXPANDINDO  FA  ( a ) 

FA(xa 	)=0 *O1 (a)FA(a)=0 . FA(a) 0  O11 (a) flas...I onde O11 (a) é 
 • 

outro polinomial em 
puo,pa7, 

 etc., tal que 

01(a) 011 (a) f140...1 = O.  

Obs.: sendo flaa...I genérico e arbitrário, O11 (a) flo0...I 

denota a existência de propriedades algébricas e topológicas 

comuns a todas as possíveis soluções de uma categoria  inteira  de 

equações, à qual pertence FA(xa  )=0. 

Exemplos: 

Para n=2, se FA (xa ...)=(1+Pap) FA(a) * FA(a) = flapl - K12f IOa I 

Cada valor atribuido a K 12  define uma classe de simetria distinta 

(estatística). Não há restrição a K 12 . 

Para n=3, se FA (xa ...)=(1+Pap+Pa7 ) FA(a) , suas soluções requerem 

K12K23=K13' 	e são da forma 

= a{-K12f1a07)I + fl ( t3a71 I) + 

+ b {-K13fla(07)I + fI(07)aI); 

v. 
	= a {K12  fla[70]I + f I [Sa71 I) + 

+ b {K*3fla[0]I + fl[137]al), 

correspondendo a K13=±K12K23'  respectivamente. a e b são 

constantes arbitrárias, e os parêntesis (colchetes) indicam a 

simetria (anti-simetria) dos indices envolvidos. 

Observe que enquanto não há restrição sobre sistemas 

bidimensionais, para sistemas tridimensionais a restrição é 

forte. Sistemas formados por componentes idênticas (K12=K13=X23 ) 

só podem ter estatísticas de BE ou FD (K ij=±1). Topologicamente: 

a multiplicidade da variedade das FAO se reduz a 1. 
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ALGUNS EXEMPLOS DE REALIZAOOES (Para n=3, b=0, K13=tK12K23 )  

1) Classe (ill), ou seja  K12=K13^K23  1  *  v 

• FA(x,  "')(111) 
_ (1+Pyz)(1-Pxy)flxyz1  

Para V2$ = 0 • •xx (1+Pyz)(1-Pxy)flxyzl  

flxyzl= x2 /r3  gera 	0 = 1/r,  

flxyzl = [mxx3  + x2 (ym__ + zmz )]/r7  gera 0 = m.r/r3 , etc. 	Todas 

as soluçóes de multipolo estão presentes nesta classe.  

2) Classe (-1-1-1)(K12=K13=K23=-1) 
 

• FA (x,..) 	 = (1-P )(1+P )flxyzI = (-1-1-1) 	yz 	xy  
fl(xz)yI  

Para V.B=0 	*Bx,x=  fI(xy)zl - fI(xz)yI 	• 	fI(xy)zI = - 
Az xy  4  

Bx=Ay,z- Az,y . Observe que PxyAx  = - Ay . pois A pertence à classe  

(-1-1-1), enquanto que PxyBx  = B Nao se pode obter V.B = 0 em  

classe (111), e nem r# = 0 em classe (-1-1-1),. o que é um  

indicativo da relevância da existancia de distintas classes.  

fi(xy)zI  
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Sobre a Equação de Dirac em '1'á•%s Dimensões 

Cisar A. Linhares . 
 Instituto de Estudos Avançados (CTA) 

12234 São José dos Campos, SP 

Juan A. Mignaco 
Centro Brasileiro dc Pesquisas Físicas 

22290 Rio dc Janeiro, RJ 

Em trabalhos anteriores [1], comprovamos a existência de uma ligação bera definida 
entre a equação de Dirac com o grupo SU(2 49), sendo n uni número par de dimensões do 
espaço-tempo. Mostramos que essa ligação é válida para a formulação usual em termos 
de matrizes e, também, conto unta conseqüência lógica do isomorfismo, provado por Graf 
[2], entre matrizes de Dirac e formas diferenciais exteriores, estas dotadas ainda de uni 
produto, dito "de Clifford". Mostra-se (3] que estas' fornias, satisfazendo a álgebra de 
IighIer-Atiyah, mantém invariantes os ideais rnlnirnos à esquerda do espaço das fornias. 

Os físicos teóricos estão mais familiarizados, no entanto, com o emprego das matrizes 
de Dirac. Na última década, por outro lado, hou ve urn interesse crescente pela física num 
espaço-tempo com dimensão três. Em geral, é costume representar as matrizes de Dirac 
correspondentes pelas matrizes de Pauli em representação bidintettsional. Em alguns casos, 

usa-se uma representação por matrizes 4 x 4 em dois blocos idcritiços 2 x 2. 
Entretanto, o presente trabalho mostra que as representações habituais das matrizes de 

Dirac são inconsistentes, nato satisfazem as condições que a álgebra' correta das matrizes y 
deve preencher. A descrição carreta exige matrizes de Dirac de  dimensão  4, com estrutura 
de blocos diagonal não idênticos. Isto decorre do fato de que as formas de lifililer-Atiyalt 
podem ser escritas como corttbinaçães de geradores do grupo SU(2) x SU(2), identificáveis 
unicamente a partir de suas propriedades algébricas. O isoumorlisrito de Graf [2] ou, sim-
plesmente, a transcrição em termos de matrizes destas propriedades algébricas: conduz ao 
resultado. 

Além do mais, a reversão temporal  e a de um único eixo espacial são incompatíveis 
com um formalismo de matrizes 2 x 2. 

"Mabelho apresentado ma  XII EILwntra Nacional de Física de l'articulas e Campos,  Caxambu, MG, 
setembro de 1991. 
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Como é usual, defina-se o produto de Clifford entre duas formas diferenciais exteriores 
como 

de V dr" = dz' A de + ga", 

em que V é o símbolo do produto de Clifford, A denota o produto exterior usual e g"  é o 
tensor métrico do espaço-tempo, com  µ,v = 0, l,2. 

Podemos construir os seguintes quat ro  produtos Independentes: 

dz°  A dx', dx°  A dz2, dz' A dx2, dx°  A dr' A dal. 

Designando genericamente por dzle os diferenciais elementares e seus produtos, definimos 
o comutador "de  Clifford" entre qualquer par destes objetos como 

(drK ,dxUly  = dx r` V dz .  — dzL  v dz h . 

Aplicando esta dcfiidção, ternos os seguintes comutadores não nulos: 

jdz°,deb, = 2dz°  A de (3 = 1,2) 

(da°, da° A dz'jv  = 2dz' (a = 1,2) 

[dx', dx'jv  = 2dx' A dx' 

[dz', dz °  A dx'j v  = 2dz°  (s = 1,2) 
[dz',dx' A dz'Jv = —2dz 2 

 [drs , da°  A dr&Jv  = 2dz° 
 (dxr , dx' A dr']v  = 2dz' 

[dx°  A dz',dz°  A dz7Jv = —2dx' A dz2  
[dx°  A dx', dx' A d&IJv  = —2dr°  A dz2  
[dr°  A dz2 , dz' A deJv = 2dz°  A dz' . 

A forma de volurne.comuta com todos us outros. 
Consideremos couro exemplo ilustrativo: 

X, = 2dz°, Xr = 2idr', Xx = 2 dx°  A dz', 

para os quais ternos 
(ak, Xe(v = «kemXm• 

Tenros também que os duais de llodge (4J dos X, acima, 

1 ¡ = 2 i dz' A dx2, >f 2 = — -dz°  A dz , V3 = z idx= , 
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satisfazem  

(Yk, YIlV = =ckrm  X m 

(X k, Yc)v = tcktm Yin  •  

Definimos, então,  

e temos, portanto,  

. Wk = (Xk+Yk), 	= 2(X4 —Y4).  

( 

 

wt, wt iv  = ¡cum 	we—iv  = 0,  
ou seja, estes objetos constituem geradores de unta álgebra SU(2) x SU(2). Para os  X5,  
podemos  escolher vontade qualquer par de 1- ou 2-formas e seu produto exterior. É  

válida a seguinte propriedade:  

*tiv, = ±1Wk , *111 =  

sendo * o operador de dualidade de llodge.  
Se representados por matrizes, os geradores da álgebra SU(2).x SU(2) são escritos da  

seguinte maneira:  

Wk = 0^ O ) ' w_ =0 
v  )

. 
Com isto e atais o isomiorlismo de Graf 7 11  •-+ dz"V, podemos reconstruir as matrizes 7  
de Dirac. Algumas "imagens", com X1 «+ 7°, X3 4.4  7 1 , X3 w  13 , sio exemplificadas a  
seguir:  
Dirac-Pauli:  

°= ^ a3 7 	0  
O _-^ °' ^ 	 ^} a3 , 7 	0 

 at  ,  73  = 	a3 	0 -;  0 —02  

Kramers-Weyl:  

7°  _ 
 03 	0 1 7 1 = - ^ at 0 1 	?. _ ^  ^ 07 0 

0 —03 J , 	- = o  of J , y —  , 0 oa  

Note-se a diferença de sinais dos blocos. Isto é devido ao fato de que, independentemente  
da imagem,  

-707173 _ I 
	0  

0 —I '  
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onde 1 6 a matriz identidade 2 x 2. Assim, as representações corretas das matrizes 7 são  
matrizes 4 x 4, diagonais em blocos 2 x 2, as quais diferem das utilizadas usualmente para  

a representação 4 x 4 de espinores ein três dimensões.  
Cada bloco de SU(2) Identifica uma quiralidada. Assim, os 	correspondem aos  

estados em que a rotação do spin 6 dextrógira e os Wk aos de rotação levógira.  

Para terminar, temos as expressões das matrizes 'responsáveis pelas transformações  

correspondentes à inversão de um eixo coordenado e à reversão temporal [5]:  
Dirac-Pauli :  

0 Plrl = ^

a'  

Kramers-Weyl:  

_  

P^r) - 	s 	oz  

#a' 
0

^ , 

faz ^ 

0 , 

1, 	O IzI=  

, 	_ ¡ 0 llzl - 	̂t 
 

±z 
0, 

far 

7, 

' 

= 	0 
^ fvr 

?•` 	
0  

^ fI 

0l 1 
0 1  

I 
0  ) 

 

Hagen (6] argumentou que a caracterização correta das invariáncias por transformações  
discretas em três dimensões é crucial para a interpretação em termos de "anyons" das  

teorias invariantes de gauge tipo Chern-Simons em interação coin espinores.  

A operação de conjugação de carga não mistura os blocos de SU(2). A operação  
composta CP0)7' dá,  cm  geral, unia matriz diagonal em blocos, mas cada bloco 6 não  
diagonal. Há unia consistência entre o eixo que é invertido e a matriz que aparece no  

resultado de  CP T.  
Todas as operações representadas pela ação de uma matriz 7"  podem per igualmente  

descritas por matrizes isomorfas à forma dual de dx".  

Referências  

[1] C.A. Linhares e  J.A. Mignaco, Phys. Lett. 15311 (1985) 82; "New symmetries for  

the Dirac equation", in J.J. Ciarnbiagi Featschri/[, H. Falomir el ai. (ads.), World  
Scientific, Cingapura, 1990, p. 281.  

[2] W. Graf, Ann. Inst. Henri Poincaré A29 (1978) 55.  

[3] P. Becher e  II. Joas, Zeits. für Phys. 15 (1982) 343.  

[4] T. Eguchi, P.U. Gilkey e A.J. Hanson, Phys. Rep. 60 (1980) 213.  

[5] C.A. Linhares e  J.A. Mignaco, "On the Dirac equation in three dimensions", enviado  
para publicação, contém por extenso os tópicos aqui resumidos.  

[6] C.R. Hagen, "Parity conservation in Chern-Simons theories and the anyon interpreta-
tion", Preprint University of Rochester UR-1212 (1991).  

78  



A RELAÇAO ENTRE A EQUAÇAO DE DIRAC E AS ALGEBRAS DE GRUPOS 

UNITÁRIOS PARA QUALQUER DIMENSAO DO ESPAÇO-TEMPO 

Cesar A. Linhares (*) 
Inst. de Estudos Avançados, CTA 
São José dos Campos 

Juan A. Mignaco 
Centro  Brasileiro de Pesquisas Físicas (CBPF/CNPq) 
Rio de Janeiro, RJ 

Damos a demonstração geral para dimensões pares e impares que o 

anel de Dirac Formado pelas matrizes de Dirac e os seus produtos 

desenvolve a algebra de comutação do grupo SU(2D/2 ) para as di- 

D-1 	D-1 

mensões pares e do grupo SU12 2  ) x SU(2 2  ) para as dimensões 

ímpares. Discutimos as eventuais conségtléncias físicas destes 

resultados. 

(*) Em licença no Centro Brasileiro de Pesquisas Físicas, 
Rio de Janeiro, RJ 
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BUBBLES IN TIlE EARLY UNIVERSE' 

RUDNEI O. RAMOS and G.C. MARQUES 
Instituto de Física, Universidade de São Paulo 
C.P. 20516, 01498 São Paulo, SP, Brazil 

A IISTRACT We analyse bubble formation as a result of thermal fluctua-
tions. Bubbles appear whenever there is phase coexistence in the Universe. 
We have shown how the droplet model of phase transition allows us to 
determine the radius of the most favorable bubbles and their density 
contrast. In the case of the SU(5) model we got Zel'dovich spectrum with 
the proper order of magnitude as well as other Interesting consequences to 
cosmology. 

INTRODUCTION  

Spontaneous symmetry breakdown seems to play an essential role in for-
mulating theories of the fundamental interactions. Grand Unified theories 
are based on the idea that at very short distances the fundamental inter-
actions can be described by a theory based on a larger than the standard 
SU(3) x SU(2) x U(1) gauge group G whose symmetry is spontaneously 
broken at large distances. 

If at zero temperature the symmetry is spontaneously broken, then there 
will be symmetry restoration at high temperatures. The system will then 
exhibits two phases. Since the Universe started at very high temperatures (in 
the symmetric phase) one then expects that during the course of its evolution 
the Universe went through a series of cosmological phase transitions. 

The understanding of the dynamics of phase transitions might be relevant in 
the solution of cosmological problems such as the flatness, horizon, cosmological 
constant and the large scale structure of the Universe. 

In the context of the large scale structure of the Universe cosmological phase 
transition might play an important role, since the appearance of inhomogeneities 
(defects) in the system is a common feature of theories whose symmetries are 
spontaneously broken. In fact, there are suggestions that topological defects 
such as strings and domain walls generates the required contrast density for 
giving rise to the observed structures in the Universe. 

The formation of bubbles (or droplets) is a feature of systems that exhibits 
phase coexistence along the phase transition. The approach that we have used 
(the droplet picture of phase transition (Langer 1967, Gunton, San Miguel and 
Sahni 1983, Marques and Ramos 1991) has been developed for dealing with 
bubble formation in phase transitions that are very familiar to physicists. One 
of our motivations for dealing with this problem, and its role in cosmology, is 

'Work partially supported by FAPESP and CNPq. 
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the similarity of the observed geometrical structures and the ones formed along 
some phase transitions. 

FIELD THEORETICAL DESCRIPTION OF CONDENSATION AND  
COSMOLOGICAL APPLICATIONS  

We will show how the evaluation of the partition function for a collection of 
noninteracting droplets may lead to the thermodynamic properties of a condens-
ing system and the derivation of macroscopic features of a two phase system. 
This is so called condensation problem (Langer 1967). 

The droplet model pictures the system as a "dilute gas" of small droplets 
of radius R. The number of bubbles of size R might be approximated by a 
simple Boltzman factor, that is • 

N(R) ^' exp(—f9AF(11(R)) 	 ( 1) 

where AF(')(R) is the energy cost for introducing a single bubble in the system. 
The cost in energy for introducing an interface in the system can be defined 

as (Marques and Ramos 1991) 

AF(I) = F(08) — F(eh) = —pr' In [&bia] 
  . 
	• 	(2) 

For spherical bubbles of radius R, AF is a function far R, and one can write 
F E AF(R). 

Only bubbles whose size R is above a critical value R e, are stable and 
they survive in the system. This critical value is given by the condition 

dAFi'l(R) I 	= o . 
dR R _ 

Bubbles with radius smaller than RR  are unstable and disappear again. 
These bubbles are assumed to be macroscopic objects. 

The value R = R c, determined by (3) corresponds to the limit beyond 
which large quantities of the new phase begin to be formed. Bubbles beyond 
the critical range (with R> R,) will inevitably develop into a new phase. 

We will assume that the distribution of bubbles is a dilute one. Under these 
circumstances one can write the partition function Z as 

_

• _ 

	1 'I 	_poFcsl 
Zl01 	exp Zlel  _ e (4) 

where Z(II) now stands for the partition function at the vacuum field configu-
ration, ¢„ , and Z( 1 ) at the bubble field configuration 09 . 

(3) 
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In the high temperature limit and considering spherical bubbles one can find  

a general form to F which is given by (Marques and Ramos 1991)  

-T 
-4^r/3R: Ar+ 4r R2  ó(0) 

 3!3 (1)3 [ 	2 	 -  

F = 	
fT 

x exp 
[4r/3 R3 A (T) — 4r R2  o(T)l

J  
(5)  

T  

AI' in (5) is the energy difference between the two vacua (Carvalho and Marques  

1986) (cosmological constant), a(T) is the surface tension and R is the bubble  
radius.  

Let one takes the vacua as a degenerate one, i.e., nr In (5) Is equal zero.  

In this case, (5) becomes  

F   	Z„t  4r R3  a(0 
3/7  

—4a R3  o(T) 
[ 	 21.T J  

ex 
p  [ 	 (6) 

 

The critical radius of the bubble can be obtained by minimizing the free  

energy (6) and one obtains  

4(T) = 8ra(T) ' 	 (7)  

From this expression for R , (T), one can see that for T = 	the bubble  
radius becomes infinite.  

Within the dilute gas approximation the average number of bubbles is  

(Gross, Pisarski and Yaffe 1981)  
Z(i)  N(T) _  

With (9) and (7) one finds for the bubble density the expression  

• _ (1 +317) 3  	a(p)s/s 
PLu1,We — 4 
	(; )3/2 

T) } 
 

where one uses the expression (7) for Rev in (6).  
The contrast density associated to bubbles is defined as  

aP = 	Pbubblea  

P 	Pelem. part. + PbuLWes  

where Pekin. pan. is the energy density associated to the elementary partidas  
and IL can be written in terms of the number of degrees of freedom fermionic  

(NF) and bosonic (NB) as  

Pe lem. part. = 30 (NB + $ NF) T' • 

(8)  

(9)  

(10)  
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From the expressions above one can see that all one need to know is the 
form of a(T), the surface tension, to determine all the quantities of interest. 

One can write a(T), in the one loop order and in the high temperature 
approximation, in the general form given by (Marques and Ramos 1991) 

!•s 
a(T) = a(0) 1 — T2 

where a(0) and 71 depends on the parameters (masses and coupling constants) 
of the model. 

From (9) and (11) one can write the contrast density (10), by taking a(T) 
given by (12), as 

óp 	 1 
p 

Furthermore, taking T < n, one obtains the simple result 

áp  	1  
p — 1 + 25/2 (NB + 7/8 NF) 

	 (14) 

which is completely general and leading to a contrast density depending only 
upon the number of particles in the model. 

In the minimal SU(5) model, N$+7/8 Np = 160, 75, so that for T T./3 
one gets 	

áp 	0.10-4  . 	 (15) 

This result is compatible with the bounds imposed by the anisotropy of the 
background radiation (ôp/p satisfy Zel'dovich's condition) (Zel'dovich 1972; 
Harrison 1970). 

Let us analyze if the length of fluctuations is larger than the Jeans length. 
The lenght of 0uctuations that we propose here is essentially the distance b-
tween two bubbles. Unfortunately we are not able to compute this distance, 
by using thermodynamical arguments, for the range of temperatures covering 
the critical temperature (10 15  CeV) until recombination (1 eV). We can do 
this however, for temperature close to the critical one. For this range of tem-
peratures, one has that if the average number of bubbles is given by (9) with 
R = R, . This density will be given by ré = N(T, R,)/V where N(T) is 
given by (8). 

If one assume further that the bubbles are uniformly distributed over the 
space the (average) distance between two bubbles (theirs centers) will be given 
by 

(1 6) 

(12) 

1 + a2 /30  (N8 + 7/8 Np) 
(1  + d  3a) L Ile (1 p2,) 

	2  . (13) 
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For T _ T./3 	1013  GoV) one gets the SU(5) model  
del  N 8.2 x 10-3  GoV" 	10-28  cm . 	 (17)  

In order to estimate the lenght of fluctuation in the recombination era, one  

just makes the hypothesis that the distances between bubbles (AB) expands  
conformally, that is, the ratio between this distance and the horizon distance is  

constant. Consequently at any time one has  

dcuT  
AB(T) - 

du(0 ^ tcuT) 
 dH(0,t) . 	 ` 	(18)  

So that during the recombination (1 = tR) one has, by using (17)  

dauT  
AB(T _ 1 eV) =

du(0,2  x 10 .-37  a) 
dtt(0, tR) 	1.2 x 1071  cm 	(19)  

Since the Jeans length at recombination is  

Aj(tli) _ 2.9 x 1013 cm 	 (20)  

it follows from (19) that A 8  > Aj.  
The mass associated to the distance (20) is  

Mbubb. = 
9 p

,(Ae)3 
.r 1010  M0 

which fits very well in the galactical mass spectrum and is probably consistent  
with all of them if the dynamics of the bubbles below T. ' is considered.  

A legitimate conclusion would be that the number of aglutination centers is  
roughly the number of great structures observed in the Universo today. Ìn fact,  
one can estimate the number of aglutination centers. This number is roughly  
given by  

bubo. 	r d!!(O , PIT) a 

. (21)  

^rjl.ome. - 
IL  

1.9 x 108. 	 (22)  

The greatest known strucures are the superdusters of galaxies that consist  

of groups with an average of 10 3  galaxies, that have densites dose to critical  

pa  N 10-28 g cm-3  and spread over dimensions from 50 to 100 Mpcs (from 1.5 to  
3.0 x 1026  cm). The number of these structures (sub-clusters) may be estimated  
by the ratio  

g-131-2.1.,lt{ 	 } 

 J s E _ 7.10 - 0.108 	 (23) ,,a  
because t'  A. 1010  years and d11(0,1p) = 3tp  _ 2.7 x 1018  cm.  

We see that the results from (22) and (23) are quite dose to each other.  

34  



CONÇI,USIONS  

Bubbles might appear in cosmological phase transitions for theories with 
uondegenerate or degenerate vacua. In both cases one can predict phase co-
existence in the Universe and the appearance of bubbles as a result of thermal 
fluctuations. The basic ingredient for making relevant predictous to cosmology 
is the cost in energy to introduce such an object in the system. 

As an application to cosmology we have analysed the GUT phase transition 
in the minimal SU(5) model. In this application we have assumed that these 
bubbles survive until the recombination era. This is a dynamical problem that 
one has to solve in order to be sure that these objects act as seeds' for structure 

formation. 
Our simple estimates based only upon the interbubble distance indicates. 

that one might get a surprinsigly good picture for the formation of structures 
in the Universe from the analysis of bubble formation in the early Universe. 
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Abstract 

VVe consider a gauge model based on a Sí1(3)® U(1) symmetry in 

which the lepton number is violated explicitly by charged scalar and 

gauge bosons, including a vector field with double electric charge. 

This model also produces (Mo. with massless neutrinos. 

Here we are concerned with a gauge model based on a SUr,(3) ®U, (1) 

symmetry. The model is anomaly free if we have equal number of triplets 

mid antitriplcts, counting the color of SU(3),, and furthermore requiring 
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the su111 of all fermion charges to vanish. The auaouan ly cancellati ■ n occurs 

for the three generations together and not generation by grne•ratioae. The 

price we niust pay is the introduction of exotic quarks, with electric charge 

5/3 and —4/3. [11 

We: start, by choosing the following triplet representations for the left-

handed fields of the first family, (3,0) : (v i , e, c`)¡, for the leptons, and 

(11., d, J e  )i, : (3, for the queu•ks. and the right fields in singlets. Notice 

that we have not introduced right-handed neutrinos. The numbers U, 2/3 

and 2/3, --1/3 and 5/3 are UN( 1) charges. The other two lepton gowra.tions 

also belong to triplet representations, and the second and third quarks 

generations belong to antitriplets. 

In order to generate fermion masses, we introduce the following 

Higgs triplets, 11 : (t!° , í1i , í1s )T  , (3 , 0), p : (p+, p° ,  p++)TT, (3, 1) and 

, eir,(3, -1 ) and the sextet (6,0) I 

1 (1) 

These Higgs unaltiplets will procluce the following hierarchical symmetry 

breaking 

SUl.( 3) 0 UN( 1 ) s i* .SUf.(2) tiro)  <--T Ur.rn{l)r. 	 (2) 

The Yukawa interactions with the leptons is 

2Cau = EIvi►.v1.r4 + !¡-lr.j!¡+  + 

I We thanks R. Fool. for calling our attention to this i ooiibilty. 
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lrrl r̀.Hs + (P¡RlL +4 11,011 .21-  

+ (Knit  + t ►rvrL)hi + 	 ( 3) 
 

As (e?) = 0 the neutrinos remains massless. For the first and second 

quark generations we have Yukawa interactions like G„(dran•7 °  + d,.un7ti, 

Gd(RLdue +J1dnp°. 

Here we will not write explicitly the physical gauge bosons, but only to 

mention that there are consistent with the usual relation between the mass 

of the lighter neutral gauge boson naz and that of the lighter charged one 

iv : nea/rnry = 1/c eti ,  where cw is the cosine of the Weinberg angle 

As the sextet does not couple to quarks it is not able to produce ( SBA)°,. 

by itself. Notwhithstanding, by considering the most generál potential in-

volving the e) triplet and the H sextet, it is possible to verify that the 

physical charged scalar are linear combination either of qt¡ -h; or qz -la¡ 

both degenerates in mass. [2] This degeneration will .  be  broken when we 

allow the coupling with the other two triplets, p and x; with q. With the 

sextet they will only coupled through the tcnn (1/2)p;x1H'i. 

It is very well known that the observation of neutrinoless double beta 

decay, (fl )0,,, will imply a new physics beyond the standard model. Usu-

ally, two kinds of mechanisms for this decay were assumed to be indepen-

dent: massive Majorana neutrinos and right-handed currents [3]. In both 

cases, the bosons exchanged in diagrmns producing the decay are vector 

ones. Even for those models in which there are contributions of the scalars 

exchange, they are negligible 141. 

Then, the Ynkawa interactions with the scalars K g  with leptons and 
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^1i with quarks in, allow all the couplings appearing in Fig. 1, for example,  

with the physical scalar e¢¡. We can estimate a lower bound on the mass of  

0 1 , by assuming that its contribution to (/1/1)0„ is less than the amplitude  

clue to massive Mnjorae ne neutrinos and vector Bosons 1.1' -  exchange. We  

obtain > 3 GeV.  

We can see that (/ifi)o„ proceeds in this model only as a Higgs bosons  

effect, with massless neutrinos at trey. level. There are not contributions to  

(0)o„ from trilinear Higgs interactions because the charged leptons couple  

only to the t¡-like triplets, and those triplets do not contain doubly charged  

scalars. In models in which these contributions exist, they arc negligible [4]  
unless a neighboring mass scale (N 10 1GeV) exist 15].  
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Fig.l Scalar contribution to the (Ma,,, C,,,. are Yukawa couplings anti ala  

mixing parameters.  
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Abstract. As an attempt to explain discrepancies between experimental results and theoretical 
calculations on the ratios between longitudinal and transversal polarizations of the T` meson in 
the semileptonic 0+ decay, we evaluate the simplest hadronic corrections to the form factors. We 
show that the influence of these corrections is too small to account for the existing discrepancies. 

1. Introduction and general method 
Semileptonic decays of charmed and beautiful hadrons are a most important source of 

information on fundamental parameters in the Higgs-sector of the standard model of weak 

interactions. However, these parameters, which are elements of the Cabibbo-Kobayashi-

Maskawa matrix, have to be extracted from the hadron decays taking into account the 

strong QCD-interaction confining the quarks inside hadrons. The main source of un-

certainty in the results that can be thus obtained comes from the treatment given to 

non-perturbative QCD. 

Quark model calculations 1-5  give in general a reasonably adequate description of non-

perturbative effects despite the rather crude way of achieving chiral symmetry breaking 

through non-zero constituent quark masses. However, in the case of the semileptonic decays 

of charmed mesons into vector mesons D+ w r 0e+v there is a rather poor agreement 

between quark model calculations and experimental resultse -g, concerning both total rates 

and polarizations. A detailed study of this decay in the framework of QCD-sutn rules 10,11 

 shows better agreement with the data, except for the ratio of the longitudinal to the 

transversal polarizations of the rineson. The central experimental value for this ratio is 

about twice as large as the theoretical result. 

It was already pointed out 10 . 11  that within the sum rule approach a large ratio for the 

longitudinal over the transversal polarization cannot be obtained and that therefore, in 

rase of confirmation of the present experimental value, one has to look beyond.the simple 
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quark levels for sources of the disagreement. The clarification of this question is of great  

importance, not only for our understanding of the mesons systems consisting of a charmed  

and a light quark, but also in view of the determination of the weak matrix elements  

involving bottom quarks.  

It. was suggested in ref. 10 that hadronic corrections might influence the semilep-

tonic decays and be the source for the discrepancy between theory and experiment. In  

fig. 1 we show the dominant diagram providing such a correction. In the present work its  

contribution is evaluated and compared to'the simple quark results of ref. 11.  

ir  
a--  ■••  

D+  PD.  .PA PK•  ro 
 

-D* 
	

R  
PD' 	PK  

Fig. 1. Dominant hadronie contribution to the semileptonic decay D+ í°'e+y, whose contributions to  
Form [actors are calculated in the present work.  

The calculation of the diagram of fig. 1 must take into account that hadrons are not  

elementary particles with pointlike couplings, and therefore internal contributions of high  

virtuality must be supressed. This is done in our calculation in the following way. We  

represent the hadronic contributions to the different form factors by double dispersion  

integrals  

F(t) =  ^

Srn da 	funs 	du  
Jst 9 —  rnD  Ju l  mX PFF(S,uit)  ( 1 )  

where the index FF specifies each of the form factors. The quantities si and ui are the  

kinematical thresholds. The double spectral function can be obtained from diagram (1) by  

using the Cutcosky rules, putting the internal lines on mass shell, so that only on-mass-

shell vertex functions occur in the determination of the double spectral function. The  

internal contributions with high virtuality are then suppressed through cut-offs a m  and u m  

in the s and u-integrations.  
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The cutoffs s in  and u m  are determined by the hadronic excitation energies, since above  

them the single diagram (1) is no longer representative. We have thus parametrized s,n  

and (1,n  as  

ne = (MD  ♦ r]) t  ; 11 in  = (MK.  + A)2  

where A is conservatively varied in the range 0.6 < A < 2 GeV.  

With a cutoff value y,,, the above mentioned non-Landau singularities occur only for  

t ti 4m2D./s,,,.  

The point ml is always outside the integration interval of s, but mi-. is not always  

outside that of u. We therefore take into acocunt the finite width of the h' meson, through  

the replacement  

1 u  - mj^. -  imK-Ch.  

u  — mX. ♦ éB ^  (u— mK.)2 t(mK•l;'K•)2  
=(3)  

where rh. is the full width of the h'-meson. The imaginary part of the hadronic correc-

tions obtained in this way can be viewed as a consequence of a final state interaction.  

2. Results  

In the table we display the effect on measured quantities due to the hadronic cor-

rections, for cutoff values (in GeV 2  units) given by (9,,,; u m) = (6.0; 1.7), (8.2; 3.6) and  

(15.0; 8.35). The results of ref. 11 have to be multiplied by the entries of that table in or-

der to include the effects of hadronic corrections. We observe that for the case (6.0; 1.7) the  

effects are completely negligible, and that even for the extreme large cutoff sin  = 15 GeV2  

the effect of the hadmnic corrections on the longitudinal to transversal polarization ratio  

is smaller than 20%. The main influence is on the decay rate, which is increased by 77%.  

The effect of the imaginary part is always completely negligible.  

( 2)  
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Table. Multiplicative factors representing the influence of the hadronic corrections on the polar-
ization ratios and on the total decay rate. As hi the table, a,,, and u,,, represent the cutoff values 
in units of GeV. 

RLT: Ratio of the longitudinal over transversal ratio including hadronic corrections, divided by 
the corresponding uncorrected quantity; 

Analogous ratio for the relation between positive and negative helicities; 

Rug : Ratio between the total semileptonic decay rates including and not including hadronic cor-
rections. 

(am; um) RLT R+l- Rea 

(6;1.7) 1.01 1.01 1.02 

(8.2;3.6) 1.04 1.10 1.15 

(15;8.35) 1.19 1.49 1.77 

Summarizing we remark that hadronic corrections cannot explain the existing discrep-

ancy between the central value of the experimental results for the D —• 7 °s e+v decay 

and the theoretical result obtained from sum rules for the ratio of the longitudinal to 

the transversal polarization. However, it can be remarked that the corrections obtained 

slightly move the polarization ratios towards a better agreement with experiment. 
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ESTUDO DA DItiTR1131.110() LATERAL DA  CASCATA 
 NIIC:I.EnNIC:A INDUZIDA POR  UM t1Nl(:O  NUCLEON  

NA ATM ()SFERA 

J. 1lellancli, 1ì.J.:1!. (;t)volau, C. l)obrigkeit, 
C.C.S. Costa e I..M. Moulins. 

Dept... Raios C+Ssenicos e Cronologia. WOW - UN'ICAMI'. 

Em recente artigo 1 , estudamos o comportamento da cascata nuclenrtica 

induzida por unt tinico nucleon, que interage com a atmosfera numa pr o-
fundidade 1„ (vem2 ) com energia F.„ (arbitrariamente escolhida  corno  sendo 
F;, - 104  TA/  ), usando as soluções da equação de difusão tridimensional, ob-
t idas pel t)  método de ordenação de operadores exponenciais de Feynman '. x . 
Apresentamos aqui somente a discussão de alguns aspectos importantes do 
comportamento lateral da cascata: dependência con s  a energia; com a altura 

de interação. com  a dispersão lateral e cont a quantidade média de  matéria 
atravessada pela cascata. 

A análise da solução é feita com base nas seguintes variáveis: a) E e 1, 
energia e profundidade de detecção; b) a distância r nu plano perpendicular 
à direção da cascata com relação au seu centro; c) T = (1 — 1„)/AN, altura 

em que ocorre a interação com relação ao detetor, em unidades de livre 
caminho médio de interação nucleónico; d) Tr = 1/AN. nível observacional 

ern unidades de AN - nos cálculos usamos 7 r = 6, 75, nível de observação 
de Chacalt.aya, Bolivia (540g/cm 2); e) parâmetro de dispersão lateral a = 
Er/p II 11, sendo pT  o montentu transversal transferido na colisão, suposto 
aqui constante e igual an seu valor médio e H ., urn fator de escala, definido 
pela modela isotérmico para a densidade atmosférica. 

A componente lateral Fn  , cm função de a, está representada na  Figura I 
(multiplicada pela quant idade 74./1!),  indicando que para cada valor de 
7' existe um alcance máximo cio desenvolvimento lateral, determinado por 
n,,,,, r , calculado curo sendo 

u,,,,, r  • 	- lu (l 	T/T¡). 

O comport ainento de  Ph ens louçãts da energia Ii' , para diferentes alturas 
de• interação. indica que para eventos iuiriados nas proximidades do ponto 
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de medida (T pequeno), o fluxo upreseutal 1111 espectro troais ric e)  ern energias 

"altas" (y 103'1'W) e mais pobre era energias "baixas" (. 1(1 27'41') do que 

para eventos iniciados muito ucium do putetea de observação, quando rutila o 

ele:senvolvimeute) da cnseat.rc já can bastante avançado. C:oal isto, us c u rvas 

pura diferentes valores de  7' se cearam, cones mostra a Figura na qual 

uwnlernianlos a 	0, I . 

O fluxo lateral cm lonç(a! de 7' demonstra, rumo era de se esperar, uma 

intensidade tanta  major  quanto roais próximo do centr al  é realizada aa medida 

(Figura 3, com E -- 1007'4:1'). Também é de se notar a presença de  uru panto 

de máximo no fluxo a urna  determinada  profundidade. Este resultado é 
a nalog° ao que ocorre uu desenvolvbluett° du cascata eletranraeguFtica, para 

a qual existe um ponto crítico na produção de pares e'iítons 4 . 

Urna característica da componente lateral é a  dependência  cernia profun-

¡lidade do nível de observação T1. Como exelnplu, Mostramos na Figura .1 as 

niodifiraçncs i n troduzidas nas curvas de FN era função de T, para diligentes 

valores de Ti: 6,75 (Chacaltaya, Bolivia); 8,125 (Mt. Fuji, .lapso); 10,625 

(Gran Sassu, Itália) e 12,875 (nivel do mar). Esta dependência introdu-

zida nos cálculos como consequcncia da variação da densidade ntrl u ►sférica 

ao longo do percurso desenvolvido pela cascata. 

Out ror fator importante na análise é a dispersão lateral quadrática rrlislia, 
a >. A sua raiz quadrada está relacionada com a largura alheia da 

distribuição lateral da cascata e apresenta o mesmo comportamento que o 

valor de re  mar , na medida  em  que se varia T (Figura 5). 

A dependência de < o= > com a energia é muito fraca, mesmo para 

diversas ordens de grandeza em E. Este resultado pode ser comparado com 

aquele obi ido por A. Ohsawa e S. Yanrashita t , que resolveram a equação de 

difusão nucleí►nica seguindo uni método de cálculo bem diverso. A Figura 6 

apresentu a variação de < 0 2  > cure) a razão E.. JE , tomando par base o nível 

de observação Ti = 6,00, reunindo reslrlt.aeleeo da Rcf.15I e os deste trabalho, 

para :i diferentes altitudes de interação 7'. A coincidência e: completa e as 

curvas se superpiie. 

Apesar de não existirem da dees experimentais sei para a canral.a nu-

clrbnica, esta análise é importante para o es' lido dal comportamento da cas-

cata hadrônirre (nuclexons -t pium). O rnrohecirueutu da suluçüo da equação 

de difusão para a parte rosei vira da rascara permite resolver de fauna 

completa o sistema de egnaçixrs diferenciais acoplarlas que descreve a ca-&-

catn hadri,uira e , a partir da quail pode-se proceder n análise dos dados 

experiment uis cal radiação eisiuiica. 
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Figura 1. Comportamento de FN  
(pTH„)2  ern função da dispersão late-
ral a, para dive rsos valores de T (com  
E = 100TeV ).  

Figura 2. Comportamento de FN  
(pTH„)2  em função da energia E, para  
diversos valores de T (com a = 0.1 ).  

Figura 3. Comportamento de vh 
-(nrrH„)3  em funçãu da altura de in-

tera0u T, para diversos valores de a  
(curar E = 100Te•V ).  

Figura 4. Comportamento d. Fb •  
(pr!.,) 2  em função de T, para diver-
sus valores do nivel de observação T/  
(ruam E = 100TeV, o = 0.1 ).  
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Figura 6. Variação de t 11=  , em 

função da rasto E,./E para :s  valore,  

de T (usando Tj = 6.00). Os diodes  
da Ref.15} e os deste srab;llllo fornecem  
OP mesmos resultados.  
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SKYRM1ONS NÃO VIBRANTES E VIBR.ANTES * 

• 	V.E. Herscovitz e F.M. Steffens 
Instanto de Visiva, Ilniversidade: Federal  do  Rio Grande  do  Sul 

 C.P. 15051, 91500, Porto Alegre, RS, lir.c;il. 
Abstract  

A instabilidade da solução estütica do modelo e não linear levou Skyrme 
a adicionar uma interação quírtica ao lagrangeauo. A obtenção de suluçïxes 
soliteiniras no  nualelo o não linear continua sob anlílise na literatura, agora 
ao  uivei ga miro, sobretudo com propostas de quantização de grau de li-
berdade de vibração. Comparamos uu presente trabalho os hanliltonianos 
de algumas destas furinnlaçies considerando, também, a interação quártica 
simétrica incluída em uma generalização do  modelo  de Skyrme. 

1 INTRODUÇÃO 

Ao sugerir que os neícleons podem  ser descritos por seilitons topológiros de urna Le-

oria de campos niesôllrcos, Skyrme )  recorre a uma configuração de campo estaiLica, 

da forma "ouriço" 

Uo  = ci"r-(r) , ¡¡o E SU(2) , Uo(r = co ) = I + 

coln I'(ao) = 0 e P(0) = ir para rllímero Lopológico rl = 1. 

Considerando que a solução cléssica do modelo o não linear puro não é estiível 

ao colapso, Skyrme adiciona ao lagrangeano uma interação quártica que assegura 

a estabilidade do sóliton. Omitindo temporariamente o termo cio massa: 

;1 

='I'r- 
I6 (0"I1)(OPUt)+ 320

1(0µU)Ut,(0„U)Utj' 	(2) 

sendo 	= 186 MeV a constante de decaimento  do pion e ci, unl pari+meLrcí 

aelilnensiouxl a ajusLar. 

A solução de  Skyrmc é nnl estado de "simetria máxima" para o qual ulna 

rotação no espaço de irsosliin equivale a uma rotação espacial, e cm  que o ângulo 

qulral ou fumção perlil P(r) e: solução da  equação (de Enler -Lagrange) que mini-

miza a Illas.5a eSLarllrllarlil, elelillil N lO eml pout() estacioniírio ela ação. 

Adkins, Nappi e Islsittcuv, trataram as flutuações cmi torno da solução de 

Skyrlme hierarquicamente elll uma teoria dc;  campus fracamente acoplados, yuall- 

Lüanrlo os  graus dr, liberdade coletivos rotar:iomais, e Ilaijeluk e Srbin•rsiuger'' 

cluiram o mulelo vihracioual do skyrnlion para  estudar a rc,sumãmcia Roper e 

''Irahrdha pnrrirdu u :ul+- 	 por (:N!'+ 4 , Fdi'l-.'Il(iS JINNI'.  

(1 ) 
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1 i 

!  (3 ) 

isóbaros A. Aborda-se, tautliáui, na literatura a situação em que, o lagrangeano  

do rtiexlclo de Skyline c, desde o illicit', elufilltiry)".  

Adeniais,  como predições sobre a inte.•raçeio NN pelo mulch' de Skyrmr  apre -  

sentadas" evidenciam que o 111e'sirio não descreve a interação iil.relt.il'a a elmst:i1111as  

nêlliiin, C proposta a  adição da iliteraçiio quái'til:a sillu'trir:il 7"  

= ^  {7'r(i1,,1 ► i1"fl t )  
8e2  

ao Iagraugcano de Skyrne, o que,  resolve e,ur parte' l,al problema. 011110 em;te  

tcrnio contribui corn si v al negativo n massa estática, os possíveis valores de  
limitados superiormente. Os antore:s desprezam iis derivadas temporais rpuirticax,  

por serem de ordeni (fJ2 IC7 P ciai  Magic) íi massa estática M.  

2 SOLUÇÕES DO MODELO Q NÃO LINEAR  

A existcueia ale soluções estáveis para o modelo a não linear 6 ainda alvo de  

discussão na literatura, face a possibilidade de estabilização quantica do Solrtoiu.  

CarIsou' incorpora, alcei dos de rotação, efeitos de vibração cm u n ia teoria vin- 

culada, onde  o vínculo preserva a simetria quiral no limite de uuiassa zero para o  
pion. Dividindo o conjunto de configurações de campo cm classes de equivalência  

ale campas cure, diferem por escalaliieuuto do sistema de coordenadas, a integral  

funcional 	

/. = J dU  ÃA  I ô (1 — JG[U(it)Jdr)  eislul a-2'14i ll 	
( 4 )  

inclue um campo representativo de cada classe (cm 5), sendo C urna  função local  
positiva da configuração dc campo e A(t) a variável que promove a dilatação  

U(rF,t)—. U(A -213,,1). 	 (5)  

Recorrendo ao lagrangeano do modelo a não linear, ao campo U na fornia"ou-

riço " e adotando como vínculo o termo dc Skyr nie, Carlson determina o ângulo  
quiral F(r) que satisfaz 61L —  pGJ = O.  

A proposição de estabilização das soluções do modelo a não linear por flu-

tuações girâmiticas 1°, corri a introdução de ureia variável coletiva vibracioual adici-
onal R(t) à função perfil do campo U, é contestada lia literato rau,1t,  onde se  

ressalta a iutportãincia 'la presença de urna interação adicional estabilizadora,  

coo) o termo flu Skyt•rne, tnesmo ao nível quiiutico. Wirtudo, para a análise 
'listas sitnaçfxr", são aduladas formulas e-sipecifiras para  o ângulo quiral, que oito  
são, e)bviarrmente, soluções clássicas alas equações de mmroviuiento e que de'p 'ruim  
miei piiriiiirei.mos clã ssicos.  

.lá r u i uuumu L Veirlamul,e allernimt.ivade esta bilizaçào das soluções elo uu)del')  pela  
introdução de m it paránme.iru dr. corte c a pequenas dist•ãucias 13  piara u flux•ional  
de  energia, e :rua posterior  g umaoliztçâu, o p edil P(r) e• determinado.  
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3 HAMILTONIANOS PARA SÚLITONS  
VIBRANTES E NÃO VIBRANTES  

11  =  A(!)e g"11„lA(t)t  A = 
 

e A(1)= uu + ã • r", incorpora-se a restrição nas variáveis a,, de S11(2) via multipli-

cador de l,agrange.  

II. Ao lagraugeat(o do  modelo  o não linear, incorpora-se corto vínculo a in-

teraçãu  composta  dos termos de Skyrtne e quártico simétrico, via multiplicador de  

I sagra nge:.  

Desprezando contribuições das derivadas temporais quárticas do (último termo  

e pmnrovendo a quantização covarianter 4 , após o estabelecimento dos vínculos  

das duas teorias (todos de 24  classe) e a determinação dos parcnteses de I)iracrs,  

obtém-se os Ilamiltonianos quãnticos gerais  

II = — 2^
y

„„f vq„ + V(q)  

sendo y„„(q) o tensor métrico, g = detg„„ o q„  as coordenadas generalizadas.  

Como  casos específicos, para as situações 1 e II acima, citam-se:  

I.1 'Termo quártico simétrico e modo vibracional ausentes: Hamiltoniano de Skyr-

mc ( ; 1.2 Modo vibracional ausente 7.8 ; I.3 Termo quártico simétrico ausenteis; 1.4  

Nenhum termo ausente.  
11.1 Termo quártico simétrico ausente; 1I.2 Nenhum termo ausente.  

Aos hai((rltonianos 1.1 e 1.2 correspondem sólitons não vibrantes e aos de-

mais, sólilo((s vibrantes. De 1.4 obtêm-se diretamente 1.1, 1.2 e 1.3 eliminando o  

parâmetro y c,ou o grau de liberdade vibracional. A forma funcional dos coefici-

cntes, que são funções do Angulo eluirat, uao se altera de uni caso a outro, mas o  

ãugnlo quiral se modifica.  

Os han(iltonianos 11.1 e 11.2, bem  como os das situações 111 10  e IV rs  são  

idênticos na  forma diferindo, contudo, us coeficientes, à semelhança da situação I.  
Na situação III  não existe solução clássica (para o ângulo quiral)i s, sendo esta  

dificuldade: evitada em IV pela i ut.roduçào do parâmetro de corte e..  

A comparação catre  1.1 e 11.1 (1.4 e 11.2) c particularmente interessante  porque  

us  coeficientes dependcntcs elo teruro de Skyrnre (Skyrine' Dais quártico simétrico)  

não remtriliuen( a 11.1 (11.2) embora os tertu's contribuamã função perfil corre:s-

1x,udente.  

Sc, para in 1E =O, ajust.ar(uns a (nassa du ueirleon a 9:18.9 MeV na anhi cicia dc  

mm oth) vibratio nal (I', e r el,IuiIiar.ivets ), obteremos para  ie si oaçiu) 1.3 e, Ville)r- 

(.o'siderr,m -se as duas  situações seguintes:  

I. Ao liagrangrauo que , i'clui os termos do nuxlclo a não linear, de Skyrmc e  

e prártico simétrico, com  quantizirção das variáveis coletivas rutacionais e vibrac-io-  
nal para o  campo  

(7) 
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mN=10:36 MeV e  para 1.4, 1045 McV (y = 0.11). Já para I,=186 MeV, 11.1 

couduzu a mN=1101 WV e  11.2 a 1152 MeV, engnantu o caso 1 germ valorem n nnis 

elevados. 
Considerações mais detalhadas, actin apresentadas cut breve. 
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• 
OS SOLITONS DO MODELO DE SKYRME COM O TERMO DE MASSA DO PÌON' 

Juan A. Mignaco 
Centro Brasileiro de Pesquisas Físicas (CBPF/CNPq) 
Rio de Janeiro - RJ 

Stenio ;quick  
Inst. de Física, UFRJ 
Rio de Jánoiro, R.; 

Damos os desenvolvimentos analíticos na origem e no infinito 

para a solução da equação de Euler-Lagrange do modelo em ques 

tão, e estudamos em •função dos, parâmetros relevãntés as solu-
ções correspondentes a número bariónico inteiro. Mostramos que 

a inclusão do termo de massa muda a topologia, •e o espaço de 

configuração não ë mais uma tri-esfera. 
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laekr lrabtalltu í• unl rehulttu lnaiitu cuenplln ► ido rtt: um metro  tINll11lhra  ^^u^ie• 

aualiasau1,als , enate eeuttus lau>ato,, >a5 sicriuçiae•s do 1lorlclu ele:  Skyline  ua r••Ine•-  

aeeratawiao amigo do 5112) e:0>1111 1,11111 fuuçsw du,l panel Me. 	elu wuJrdu [1. AN  

regras de smut  que ui,le_enul e1  !untie  eia eYjulu;iiu elifr•Ilalrial pima  aa f•u1,e;Wr unr',Alee  

gl11ired ey,tr.•eu:nlnul-se rellno  1.1111'1111 .111M tr• i1r nt•xtls u tteitir+e:. r• iaudr^nr utiureee,x 11 

laeurayllaa Ile  Dore hie P,  nu  palie  quo se  re•f•eic a t•estallilidaely dare  lrrleiçiaLh ri1)1i113n1i  

(wrluçiies regulnre'tl). Ne;,, telafati'LallaelN que a e!vealu4üu dim  eieetuegis 4e  cow ae ala>el:a 1se +1  

UM  putalrilettO espacilicu Q. que lan vulute•s  distintos  01, 6, Or ••• pura sse)lASUr•s  

•  curre•apundentes a rsdlitula5s cunt diferentes neirnceus batiótticu, H = 1 , 1 , :1• •, roi-  

pectivalncnle. É  mostrado rpm  una lealeienelro dimensioned nl11ucc•e eons yealue:eie•1  

tegulaues. na otige:m,e: que jrt,cle se•e tornado como at  incliettsyüu elms corms  ceet-  

renleuledetlterr il$ ditto'  eeellale,Yle'yAlílee elexve;r, reuxslrnneus tanllae:en que ee je>aalalucllea  

suiilueor:iuual de $kyt•nee 1e) leia  um impel peculiar  puis  ele explicita  n ie.>it:s lsili-  

dude  rla bVlusáo sólitute clássico Vitilq que, a este üiti•c!, n[iU tire terna  CUM) ti ti>i lu,  

Ittessinu sabendo que ele  c` tiliilu e 4•bt•ü definido  no bite' valo 11 t; t: < I'ur (Attu  

lado, u quaanlixl>+çiiu du oturlr:tu atiearts duas coordenadas culctivaiss nos levee  aa  uma  

Hxpre;sti>iu para ra energia que é I-tute;iio du putárne:teu de Skye me e qua: taut aua  

mínimo eeatüvel hem  dclinidu para ends wiener() bark-mime iltr:ii a. I)e.alli Illlalae•itla  

lixa-se o  valor do  pni lïlul:t ru e..  

Neste trabalho obtr•retus, tuantlitll, us  Ile>assaa.s  dos  5Clilelolas  caia  termos ele: itait1,e•eus  

especificou  dcpettdeutr;5 du Irtarklliletau 0, do ttte)aricilluiei ategutaar E• da i•ule,laenle  ear• 

de•,raairlae.'1,to do jlíoil (1',) o qual  pode  set  tido Guano um  paalilellr:alu !idea?, pans  

aujuslUr as  previsiytat do  modeler cum  rsaa dados cxperiiucntlets uB Waal  IIUS ciite'AI.rS  

coin o e1Nu beatUr expesliile:utnt 10.1M; (iser ). liaaatuuutxs, minds, um !silica! H -  
2,1 = J = I corn mama  gl u11.tie: dues., tezes o valor  da massa  du  nucleon  !! = I .1 =  
J = I/2 , e  um  elstaelu H = 3,1 = J = 1/2 que é  mais lute quo u pliaue•ieo  1,ri11au 

citlado.  

No modeler de Skye nee,  todos us biirie,ns lurltunt•s;e: cu+lu vez needs  1e:t e:1  riu  

lr•1>ae;üow its  umlauts cunhe+•irlaes dos ulíe•te'le4 leatu, u n nxlidu glue H  twine -um.  

Na'I'ubr-la I >ipet•st:eatlule eS uls varlue es dopaalaìlucteu ^ ceelrrajieandl7ale•ti aaaúlilolts  
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com stamina  H= 1, 'I,3. Nests  uua.ntu tultela datum u cu4n' aiv e I li ) m i n i m ,.  

qutinticu (para cada  valor  do B) 	nuu.ria Chi 	 () % ulid  

= 0.129 Gev é aquala tio traballui de  G.  S.  Adkins, C. lì. \uplii tt L. Witt'  ea 131  

r  foi  colocado para efeito de ccmtpuiatiiiu  

Na 'L'abela 2  damos tc.^t puittcipais cuructetistictars do  sóliton laruiï,uico B = 1 .'  

Na Figura 1 reprc•samtanaus alguuetus eoluçeiea da equaçtìo de  neor•inet.•uto, corm  

função  do  partitttetro p. A óuluçüo regular é aquela  que vai a zero no  i,ilittitu.  

Ns Figura  2 dams alguues 	kilos obtidos attay[s+ das  regias  de soma, MUM  

faução de 0.  

Ns Figura 3 ternos o  espectro  ale unatisa, de acordo  woe a 'l`abcla 1.  
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^ li dl(f) f bII) r - j 

, 
e 

r 

"'Weep) l 
Fi1CeV/e)  

. 

A111:em/c)  

1.00376... 1 11.6 31.01 1/2 7.67 0.129 0493 0.817  

0.166 1.121 1.1711  

1 312 3.13 0.129 0.661 1.222  

, 0.154 0.950 1.762  

1.9650... 
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 .
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 	I 

32.:' 219.3 l 11.16 0.12'J 2.83 	• 1.360  

( 0.166 1.03 2.250  

2.5662... 3 36,1 567.9 ^  1/2 20.02 0.129 7.e00 1.500  

0.166 11.2 2.184  

3/2  11.00 0.129 5.21  2.24  

0.156 7.32 3.21  

Table 1: Il.yuilllur 11- I. 2 anui 3  

Quenulry Atilt'  

; - 0.129  Gal 

T61, Mirk 

j. - 0.179 4'e17 

This Work 

 j. - 0.166  Get.  

E,perunenr  

Allr unpul 0.617 1.16 0.939 any  

Ala input 1.222 1.76 1.232 Gan  

• 5.43'  7.57  7.67 - - -  

t rr a¡¡Y 0.59 /. 0,422 l. 0.7J7 /. 0.72 f  

t ra 41,.l 0.92 /. 0.63 /. 0.13 j. 0.81  I.  

Y.  1.57 0,51 0.61 	. 2.79  

P4 -1.31 -0.11: -u 16 -1.91  

121  1.13 3.25 3.25 1.411  

ye.a 1.11  1 36 1.36 1.76  

0.1 6.76 2.0 2.0 9,1  

lfa u.li l 11.707 0 70: 1; 2'3  

l.Nx I1,9 '1 69 3 69 1A.&  

9.Ku 13.2 5.5:1 5.4.1  211 :1  

YAO 2.3 U.71  0.71 	I 7.3 	1  

¡ 	i¡(liel•1e1 	I 	u.ifl;,: 	¡ 	Il.+9:1 	I 1.121 	 - - - 	.  

I lirlCea' r/i° 11 	-31.93 	1 • - 1:.1:9 	I -6,159  

rabic 2: II17Y1111 IYI the  ;igllnlll I 9f1y11l'.11 1 9a1a114•Ires  

• Obtained Ilti  1111111^ 
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MHSSIis Ilir(.Irfn iiceis num modelo com c,onfinarilClito c 

simetria fltlll'itl # 

Kreiu 
Instituto de:  Mica '1eórica- Universidade Estadual Paulista 

Il.ua Pamplaona, 145 - O110.5 São Paulo/SP 

Resumo 

Nesta comunicação apresentarmos os resultados de um cálculo de 

massas de mésons pesados e núcleons e deltas usando um modelo  de 

 quarks com coofiaamento e simetria quirtl (P.J.A. Bicudo, C. Krein, 

J.I::.L .'1'. Ribeiro e J.E. Villato, aceito para publicação em P lays. 

Rev. D). As massas dos mésons são obtidas resolvendo a equação 

de Salpeter e as massas dos rrúcleous e deltas são obtidas usando urn . 

método variacional para a equação de Salpeter. Os resultados obtidos 

são muito bons. 

"Irab:dho parcialmente livauciado pelo  CNN! (limit)  e 

INIC: (Portugal)  
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A cmttlexliti:ituica quïumtica (QCD) teco sido lx:m sucedida na  mane 
 de d:n.ios experimentais elegi sistemas badlnnicos lt altas energias es grandes 

momenta transferidos. Este sucesso c devido principalmente  a sua  pro-
priedade ele liberdade arssiiL&ira, a qual permite  o autpregu da Lcoiiee 4.11' 

perLnrbaçõess baru Luis processos. Por oiitro  halo,  fenïrme:nos ele: l.ruiXOS lmu-

Jucttta tranfe ridos e baixas emergias, tais colmo o c(inIiumne !ter da cor e a 
quebra diniuniea da simetria q ideal , ulin foram sinala derivados da teoria. 
Estes fcnôulallesS sti(i eminentemente  niÜU-perturbativos, O gm: terrHa difícil 
sell  est.ndo de nt aneiia sistemntica. Cti!culos usando supercomputadores 
(teorias de calibre na rede) tïall se mostrado promissores, m ias aduela so 
encontram num esstngio muito preliminar, e os resultados obtidos até o mo-
men to ninda uno podem ser comparados com a experiência. Portanto, o 
emprego de modelos lenomenolAgieesl, que incorporam algn:nas  das carac-
terísticas I rísiras da QCD, sì u a títtica alternativa disponível no momento 
para o estudo da QCD a baixas energias. Nesta comunicaçiio apresentamos 
o resultado de  um  Cálculo das massas dos mésons pesados e elos nitcleons e 
elas deltas empregando nua modelo que incorpora o cxmftnatnento da cor e 
que realiza a simetria quiral no modo de  Nambu-Golclstone. 

Aqui vamos apenas apre-•sentnr os elementos essenciais do  cálculo, os 
detalhes podefu ser encontrados na publica iiio que deverá aparecer em breve 
na Pltys.  Rev.  D. O modelo .leio está, baseado no seguinte Hamiltoniano1l?1 

H = J(tZIJ1o(X)  + Hi(x)] , 

onde Hp cé a densidade  Halniltoni:nta livre e  Hl corresponde a ulna interae;ïto 
efetiva: 

(1) 

H„ (x) = 1/i t(x) (rn /! — icY - P) 0(x) s 	 (2) 

ilr(x) = 	Jd3tJ l1 (x  — Y) ( (x) ga:fi(x)  ifit(y)  2 >G(Y) • 	( 3) 

As Aa 1s muno as ma .trixes de cor de Cell-Mann. A estrutura espinorial desta 
intera`10 efetivo é do tilx, "Coulombiallet"; mas o formalismo permite o 
emprego de (intros I.iposs ele inIeragles (i ,ssssivelmeute o retarda tento possa 
ser imiciluipo). 

O operador ele: campar lei a formula 
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fFsp 
 o1',c(x) = 	[i1(p)ui.4p) + v,(p)dit 	el" , 	(4)  

onde b and d referem-se respectivrunente tux; opertulorus dc destruição dc  
quarks e antiquarks tee, espaço de Fuck, os fluais carreegutn índices de sabor,  
spin e cor. Uttrte soma sobre indices repetidos está implícito. Os e spinores  
n 

 
and i, , e os operadores do espaço dc Pock, nie> sin OH corespondenteYs  dc 

uiva teoria livre, teas sina  combinações lineares destes. u, e v, são dados  
por  

	

11,( 12) — 	Ç If (p) g(p)ii' Q'̂  1i:  ,  

.(p) = f [1(p) - OW). 4514  

	

f  (p) _ 	1 + sin +P(P) +  

	

9(P) E 	1 — sin iP(p)  

onde u° e v; são os espinorcs livres usuais. A  função cp(p) é chamada de  
inguio quiral. Esta funçia é determinada de modo que a energia cio vácuo  
é minima. As propriedades de Sp(p) foram estudadas com detalhe cm (1,31  

e mais abaixo voltaremos i discussão de algumas destas.  

Em termos  dos  operadores de  Fock e cio ângulo quiral, o Hamiltoniano  

fica sendo dado por  

H = H2 +H4 , 
Hz  = f  d k E(k) [4.c(k)b,+,(k) + dj,c(k)d,+c(k)]  

H4  = Jd3p  d'k rhglV(q) ( fie' 4 34
) :

9^e .̂ (P, P+q)01,4 (k,k — q): .  

Em H4, os  dez diferentes termos (obtidos somando-se sobre os indices j e  

1) são eonubhcmçies dos seguintes vértices e  

e:,c(P, P' ) 9  ill(P')te,(P) bj,'e(P')b/ ,.(P)  

Oe'c(P+P') = — vt(p')v,(p) 4,c( -1))file( -131)  

Ee.jp, p') = rr ;'(P' )v.(p) bj,■c'(p')4c( —p)  

e,'e(P, P') 	4( p41,(1e) di.'c'( — P')bi,r(p) • 	 (6)  

(5)  
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Os termos H, e 1h foram ordenados na ordem  normal.  O ordlaiamerito 
normal do operador energia potencial intrcxluz termos de auto-encrgia, osi 
quais  então  incluídos cm NZ, dando origem ao termo E(k), 

E(k) = A(k)simSp(k) ♦ D(k) ens 1P(k) , 	 (7) 

A(k) = iri -F-  
J  d

3pV(k - p) sin iP(p) , 	 (8) 
9 

D(k) = k 
	
Jdu,4Í.  p)V(k — p)cossp(p) . (9) 

O ordenamento nominal dos ternos dc energia cinética e potencial clã origem, 
alcei de E(k), a num termo  constiuite (indepx!ndentc de operadores de criação 
c destruição), o qual representa a energia cio vácuo. A minimização da 
energia do vácuo com relação a tp(p) nos fornece a equação de gap: 

A(k) cos ep(k) - D(k)sintp(k) = 0 , 	 (10) 

a qual determina <p(p). 
A física do :angulo quiral é que se tp(p) # 0, temos a quebra dinâmica 

da simetria quiral: no limite de massas de corrente iguais a zero, o termo 
de energia dos quarks (E(k)) apresenta um termo de massa, o gerado di-
namicamente. 

Neste trabalho, o potencial confinante empregado foi o seguinte 

V(x) = -K x2  -F- U. 	 (11) 

O termo constante  U, independente das corrdcnadas du espaço, c necessário 
para definir estados assintóticos "in" e "out"  . Ambos K0  e U são posi-
tivos e têm dimensão ele energia. O potencial q - q total pode ser visto 
como o limite, quando U- ,  -foo, de uma sucessão de potenciais cada vez 
mais profundos com V(±oo) = 0 eventualmente. É importante untar que 
U não corresponde a  um  deslocamento universal, como num  formalismo 
cie primeira quantize/An, des massas ln►dren ficas. Este U entra no Hamil-
toniano (3) multiplicado por 11111 produto de quatro operadores de  campo 

 fcrmilinicos cJ, e duas matrizes (le cor. Portanto, U é uni operador e não um 
lilnnern-c. Ainda mais, como serie visto abaixo, li interação efetiva entre os 
quarks no interior dos luúlrons é atrativa, apesar dc V ser positivo. 

É Possível Koval. us  seguintes resultados: 
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a) Quando U-i +oo, a autoenergia dos quarks (antiquarks) tende a mais 
infinito. Isto significa que não existem quarks livres! 
b) A adição de um termo constante ao potencial não modifica a equação 
do gap. 
c) Um potencial "constante" não contribui para amplitudes de aniquilação 
(criação) quark-anti-quark. 
d) A equação dos estados ligados (equação de Salpeter) é invariante sob o 
deslocamento da energia potential por U. 
e) O Hamiltonian confina a cor. 

Passemos agora à discussão dos estados ligados correspondentes aos 
mésons charmosos e núcleons e deltas. Neste trabalho, como estamos 
tratando com potenciais instantâneos (e desprezamos canais de energia neg-
ativa) a equação de Salpeter pode ser escrita como 

H 	=MI1G) , 

onde I ç&) é um auto-estado do Hamiltonian, com massa M. O operador 
que cria um mésou é escrito como 

0n = Jd6p 6(P1 + P2)1l(Pi, P2) Xh/s+ia2 bj,.,e(P1)4 28,2c(P2) 

e o operador de núcleons (e deltas) é escrito como 

(13)' 

= J 
(Ppó(Pi+ P2 +133)101,P2,P3)eetga  XII hhis's+aft 

X bti,„„(pi)b10na(pz)b%na(ps) , 	 (14) 

onde fib, x e E são as funções de onda nas variáveis espaciais, de spin-isoBpin e 
cor, respectivamente. Para os mésons, fatorando a parte•angular da função 
de onda de acordo com 

#(k) = 	M MS  MJ YLM (k)  vL kk) ' 	(15)  
L.M 

obtemos a equação para yL(k) 

( 12) 
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j dk, + M —  E(k) — É(k) — 

 L{k^ 1) _ ̂ ^{k)  4 ̀ ^ (k)  

sin Sp(k) sinip(k) —  1 	2 ¡^  
+ 	k' 	+ k2 l^ (k)  s^ +§2 (k)s31   •  L  

2 92( k 
e(1) 

 [ 3( S+1)+(^'Si)(k' Ss) —  3 s i  •s,] } v(k)= o. 
2 

 A equação para ^ para os bárions é dada por 	

11  

{3E(pi ) — M — ^Á 1-1,p11.2   

3(1 —  sinypi ). 
PI 	.  

+ 4 - 3S(S+1)](1—sinapl )(1— sin (ps) p^P=  tb(P1,Ps,Ps)=0. 
= 	JJ 

• Nas equações acima, os momenta, energias e massas são dadas em unidades  
de (4/3)'/3K0  e sin (pi significa sin rp(p;). L é o momento angular orbital  
total, Si  é o spin do i'ésimo quark, S é o spin tótal e Vp é o Laplacian  

em relação ao momentum relativo (p i  — p2)/2.  
As equações acima se parecem com equações de Schrõdinger com in-

terações spin-spin, spin-órbita e tensorial. Estas interações imp licam em  
diferentes massas para os diferentes hádrons, dependendo dos valores de  

S, L and J.  E importante notar que todas as interações foram derivadas  

de um mesmo termo do potencial e dependem do ângulo quiral ^p ,  o qual  
reflete a estrutura do vácuo.  

A equação dos mésons é resolvida numericamente usando o método de  

Runge-Kutta[1]. Oa resultados obtidos estão mostrados na Tabela I abaixo.  
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T ►lx;la 1: Espectro iucsrnnicrr no  setor do  charm, com (4/3) 1/3Ku = 
290 McV, ul. = 1362 Mel/ e  ui,, = tud  = 0. Os Wares explcrin u:ilt; ►in 
silo da  Ref.  3 

Mésoli J 1'c sLr Cldclll:ulo Experimental 
(MeV) (MeV) 

0-+ 'so 3096 2979 
J/tfr 1 --  3S1 +3  Dl  3097 3097 
a qo 0++ 3 P0 3332 3415 

1 ++ 
3P1 3343 3511 

'Vey 
2 F+ 3  P +3 F2 3365 3556 

vivi 1--  3S1 +3  D 1  3579 3686 
tiv" 1-- 3S1 +3  D 1  3611 3770 
t/v"' 1 --  'Si  +3  D 1  4155 4040 
t/,"" 1 --  3S1 +3  D 1  4209 4159 
t/,"'" 1 --  Si3 	+3  D1 4935 4415 
D 0" 'Su  1998 1869 . 
Dó 0+ 'Po  2216 
D' 1 -  35, 2005 2007 
D1 1+ 3P, + 1  P1  2271 
Dl 1 +  3P1 +1  P1 2499 2424 
Dz 2+ 3P2 +3  Fz 2552 2459 

Tabela 2: Massas dos nlícleons e deltas, para diferentes valores para as 
massas de corrente ra a t11,, a md. O parâmetro do potencial é o mesmo 

 que o usado para o clmrluónio (4/3)'PK0 = 290 MeV. a é o parâmetro 
variaCiemal. 

oil (MeV) MN (MeV) M o  (MeV) aN (fin) er a  (fin) 
0 1378 1612 0.629 0.540 
0.725 1378 1611 0.628 0.539 
7.25 1375 1607 0.622 0.537 
290 1844 2005 0.479 0.435 
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A equação para núcleons e deltas foi resolvida usando o método varia-
cional. As funções variacionais foram tomadas como gaussianas, com 
pariunetro cr. Como teste do método, esupregaunexi este paca o charnainio. 
Obtemos resultados era excelente acordo com os calculados exatamente 
(Tabela I). Na Figura abaixo mostramos  os resultados para as  mamas  do 
sistema N — A, como função de Cr, para o caso de massas dc corrente iguais 
a zero. Os valores numéricos para diferentes valores das massas de corrente 
estão mostrados na Tabela II. Os resultados para as  massas  N — A suo 
razoavelmente bons, considerando-se que não incluímos canais acoplados 
(pious, principalmente). 

Como conclusão, temos  que o presente modulo é capaz dc fornecer re-
sultados muito Dons para o espectro dos mésons pesados e para o sisteuua 
N — A. Os resultados aqui obtidos dependem de um única parâmetro, K0. 
Os desdobramentos dependentes de spin s ilo dependentes do ângulo quiral 
rp(k), o qual é resultado da quebra dinãmica da simetria quiral. O próximo 
passo, é a inclusão dc canais acoplados, bem como o cálculo de outras pro-
priedades dos hádrons (funções de estrutura). Apesar de não-relativístico, o 
presente modelo  certamente  é um avanço em relação aos modelos de quarks 
não-relativísticos do tipo Isgur e Karl(5]. 
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MINI-JETS SEEN IN COSMIC RAY INTERACTION WITH 
CARBON TARGET CHAMBER 

C.E. Navia, F.A.Pinto,H.Portella,H.V.Pinto,R.Ii.Maldonado 

Instituto de Fisi.ca-Universidade Federal Fluminense 
24020 -Niteroi- RJ -Brazil . 

In this work we nee two dl f fererrts procedures by 'mini  
Jets identification in cosmic ray parti.cules interaction 
with carbon target chamber (C-Jets) observed by Brazil . -
Japan Collaboration.This events concerns the overlapping 
energy region with CERN and FNAL collider experiments(V' 
N SOO GeV). Our resulte are discuted and interpreted in 
terms of fire-ball model and we find which those studies 
are common in many aspects with modern version of multi-
particles production models such as quark- string inspired 
by OCD. 

1-INTRODUCTION. The present work covers experimental re-
sults and phenomenolõgical studies with use of the emulsi 
on chamber exposed to the cosmic radiation at the top of 
Mountain Chacaltaya,Bali .via(altitude 5200 above sea level) 
by Brazil-Japan Collaboration. We carried a systematic 
analysis on the data of carbon target interaction(C-jets) 
of cosmic ray particules observed by two storeyed emulsion 
chamber. The cosmic ray observation is confined in the 
forward region while the collider experiment works' in the 
central region.However C-Jets of Chacaltaya exposure is in 
good agreement with CERN collider experiments. Both cosmic 
ray C-Jets and CERN collider experiment found frequent 
emission of "mini-Jets" and also rapid increase of its 
production rate with collision energy. They believe that 
the association of such mini-Jets are the cause of increa-
se of pt i and multiplicity. According OCD picture mini-
Jets are the result of "gluon-gluon" collision. The inco-
ming nucleon is a bundle of quark and gluons, where the 
number of associated gluons (mini-jets) increase with 
energy. 

2-C-JETS CHARACTERISTIC AND MINI-JETS IDENTIFICATION.I.ower 
chamber is designed to be a detector for secondary gamma 
ray from the cosmic hadrons in carbon target interaction 
(C-Jets). For every C-jet detected in the lower chamber we 
have energy E and position (r ,4 ) of all detected gamma 
ray. The detection threshold energy in nuclear emulsion 
plates for gamma rays in lower chamber is around ENO.i TeV. 
The energy weighted of C-Jet is taken as the origin of the 
coordinates and after the correction for slanting arrival 
direction we obtain the zenithal and the azimuthal angles 
of gamma rays in laboratory system. In this work we use 
171 C-Jets events with total visible energy greater than 
10 TeV and two differente methods by mini-Jets identicati-
on. a) JETS-ANALYSIS. This method is very similar to use 
in the study of atmospheric gamma ray families called "de-
cascading". The jets anal.ys i e procedure use the parameter 
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Pt,¡J relative transverse momentum between i and j . gamma  
ray in a C-jet defined as:  

Ptij a E¡ E,¡ (Ri;/H)/(Ei + E+ ) 	(1)  
where E¡ and Ej are the respective energies, Rills their  
mutual distance and H is the heigth of the interaction  
(H' 1 .7m for C-jets) and impose the criterion Pty j e PtcMT  

putting the pair Jointly into one. Repeating the procedure  
over all possible combination of pairs we arrive at a fa-
mily composed of jets. The number of mini-Jets in every  
event depending of chosed of Ptck7.  The dependence on Pt c,,  
is examined in Fig.1,for the purpose of choosing an appro-
priate value for Ptcrt, where we find a rapid decrease in  
number of jets as Ptc„tincreases up to 0.25 GeV/c while the  
decrease becomes slow as Pt runs in the region beyond and  
the critical value Ptcw* can be taken near 0.3 GeV/c.  
b) VETOR-ANALYSIS. According with fire-ball model an in-
termediate object(fire-ball) is formed in a high energy  
collision,decays into a number of secondary particles to  
form a jet in the c.m.s. The momentum of every secondary  
particles can be resolved in two components p4 and pt. The  
p f  is along the direction of the fire-ball momentum and  
pt  is at right angles 'to the axis referred to as spin axis  
which makes an angle with fire-ball momentum direction ?  
as is shown In Fig.2. The momentum conservation impose the  
condition ?t¡ a  0 ,where N is the number of secondary  
particles produced in nuclear collision. If the secondary  
particle momentum ; makes angles bf and 66  with the emission  
direction of the fire-ball and spin axis,respectively, we  
have:  

(1-K^ )cos Ss +2K2 cos't cosdfcosé^-K ico.' = 0 , (2)  
wh re K=Pf /Pt and 4=64(0,0), 51=4(e,0) . Here e and  

are the zenithal and azimuthal angles of a secondary  
particle in the c.m.s. When K is constant the relation (2)  
represents the equation of a scew elliptic curve in a and  
variables. In Fig.3, we can see three difeerent types of  

distribuition of secondary particles according whit rela-
tion (2). The Fig.3C is for all possible values of k and  ,r  
The Fig.38 is for ku1, for both' arid k variables, and the  
Fig.3A is for fixed values of both k and w . Typical c.m.s 

 A - 0 plots are shown in Fig.4 A,B,C of secondary gamma rays  
produced in three differents hadron-nucleus interactions  
(C-Jets). The elliptic like distribuition is shown by do-
tted curves.  

The number of jets obtained for both procedures, Jets-
analysis and and vetor-analysis is shown in Fig.5 and we  
can see a good agreement between both.  

3-SECONDARY ENERGY DISTRIBUITION AND "MINI-JETS". In the  
fire-ball language the scaling characteristical multiple  
production of hadrons observed in both cosmic ray and acce-
lerator experiment a loy energies is a consequence of the  
existence of a minimum unit fire-ball in multiple-pion pro-
duction called H-quantum. Those old ideas from cosmic ray  
studies are common in many respects with modern version of  
multi-pion production models such as "quark-string" and we  
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may identify H-quantum as an unit piece of the "quark-
string".After 1970 Brazil-Japan Collaboration had observed  
in two storeyed emulsion chamber events with large Pt and  

large multiplicity and were assumed the existence of a  
larger fire-ball called "SH-quantum" or "Acu-jets" and is  

the responsable by scaling break when the energy increases.  

The "Acu-Jets" events are associated with "mini-jets" and  

"mini-jets" 'IA a consequence of two steps decay of the  
"SH-quantum" first going into a few "H-quantum" and then  
"H-quantum" decay in pions like a mini-Jet. Analysis of se-
condary energy distribution for a C-Jets with large mul-
tiplicity is shown in Fig.6. The full lines is the theori-
cal distribution of gamma-rays from a "SH-quantum" under  
the assumption of direct decay in gamma-rays through 7T 0.  
The broken line is the theorical distribution of gamma-ray  
from "SH-quantum" under the assumption of two steps decayt  
where a "SH-quantum" first goes into N H-quanta and then  
emits N gamma-rays through mesons and can be expressed by  
the convolution of two thermodinamic like distributions.  

4-CONCLUSION- We analyse the existence of one or more  
groups of secondary particles in cosmic ray particles inte-
raction with carbon target(C-jets),each of those groups is  
represented by points on elliptic curve in c.m.s. 81-  4  plot.  
Each of those groups is identified as a mini-jet.This type  
of analysis is in good agreement with other type of frame-
work called "jet-analysis".Multiple production is a process  
which can be considered in two steps: firet,a sub-hadronic  
prooess(fire-ball production) and second,a subsequent decay  
or transmutation in jets of hadrons. The sub-hadronic pro-
cess can be •interpreted under the light of the OCD like  

models.  

1-C.M.G.Lattes et al- Phys.Report,v.65,n. 3,1980,152.  
2-N.Arata- Nucl.Phys.,B211,1983,189.  
3 - D.MaSumbar - .Proc. 20th 2.C.R.C.,Moscou,v.S,1987,174.  
4-C.Navia et al- Il Nuovo Cimento,(in press),1991.  
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ALGUNS ASPECTOS DA DETECÇÃO DE NEUTRINOS COSMOLÓCICOS 

E MATÉRIA ESCURA .  

R.Simonetti e C.Escobar 

Instituto de Física, Universidade de Sao Paulo 

C.P. 20516, 01498, S.Paulo, SP 

RESUMO: Visando a detecção de partículas candidatas à matéria escura, incluindo 

neutrinos, estudamos o espalhamento coerente inelástico destas partículas por uiri alvo 

composto (macroscópico). Através da excitação coletiva do alvo (cristal) investigamos a 

produção de fónons, fora do equilíbrio térmico. Analisamos o espectro dos fünons pro-

duzidos, com especial interesse nos fánons balísticos (Gilz-THz), que são mais facilmente 

detectados. Investigamos ainda a possibilidade de se utilizar estados coerentes como es-

tado inicial do p rocesso. 

1 Introdução 

Nosso objetivo Ill é investigar processos através dos quais poderiam vir a ser detectados 

neutrinos cosmológicos, assim como outras partículas, fracamente interagentes, candidatas 

à matéria escura. 

Estamos interessados na magnitude destes processos, isto é, qual a p robabilidade com 

que ocorrem e as respectivas taxas de eventos. 

Por se tratar de WIMPS, Weakly Interacting Massive Particles, a seção de choque 

é proporcional à G¡;, a constante de_ Fermi (Rs 10 -5CeV-2 ), sendo portanto muito re-

duzida. Existem outros agravantes, como por exemplo as baixas energias de partículas 

presas à galáxia (com velocidades da ordem de 300km/e) ou em equilíbrio térmico a uma 

temperatura de 1, 9SK . 

A seção de choque típica destas partículas interagindo com a matéria ordinária (u, d, 

e) é da  ordem de 10''"'rrab para partículas de massa nula, 10-t  ntb para massas da ordem 

de 10eV e 10" 1 " mb para massas da ordem de 2GeV . 

A questão é, portanto, como aumentar esta seção de choque. Uma maneira possível é 
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explorar a coerência deste processo. Devido às baixas energia 	 (cornprime:ntos  

dc onda longos) ocorre coerência em escala nuclear e atómica eni alguns casos.  

O espalhamento coerente pode se dar de duas maneiras: elástica e inclasticamente.  

Vamos tratar aqui apenas do caso inelástico.  

2 Espalhamento Coerente Inelástico  

Consideramos neste caso, que ao sofrer uma colisão, as partículas transferem energia para  

o alvo (rede cristalina) de modo a provocar excitações coletivas. Numa rede crista li na  

o deslocamento dos átomos de suas .posições de equilíbrio pode ser descrito atreveis da  

produção aniquilação de fónons. A idéia portanto é produzir [ónons a partir da interação  

v-cristal e detectá-los.  

Observou-se que em cristais a baixas temperaturas (com poucos [ónons térmicos) pode- 

se detectar fónons na superfície do cristal que foram produzidos no seu interior mas que  

não sofreram ternialização. São chamados [ónons balisticos e possuem frequências da  

ordem de CHz-THz [2].  

Nesta situação teríamos um cristal preparado com número de ocupação de fónons bem  

definido (auto-estado do operador N) e portanto fora do equilíbrio térmico. 	• 

A interação v-cristal pode ser medida através do monitoramento dos lónons produzidos  

no estado final. Para tal precisamos conhecer o seu espectro, que é dado por:  

da 	era As 
d - 8k3 A  i 

 ni(ni -1- 1)  

{ 1 
[2k' 

 9akc1 	1 	 8r2c;ci1l
á., 	 -i A  J 

i 	
ê  fridge;  - --AT-

J 1 	 (1)  

para neutrinos sem massa e para neutrinos coin massa diferente de zero (ou outras  

partículas candidatas a.  ME):  

da _ cr,„c; 
A, Ii (^ 	) 	 ( ) dAi 	m„f1• Al A 

ri n I. 1 	 2  

Consideramos dois casos, nulo o cristal é preparado inicialmente coar fónons acústicos  

(A ki 10 11 CeV -1 ) e no outro com [ónons balísticos (A 	107 0eV -I ).  
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Os gráficos abaixo apresentam o espectro de fóuons produzidos a partir da intcraç;ul  

de partículas massivas co rn  uni cristal (Si) preparado inicialmente com fanous acústicos  

(á esquerdo) e coai bidíslicus (ís direita).  
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Na tabela abaixo se encontram as taxas de eventos para os processos citados: .  

m, 	11 fônons acústicos 1 fônons balísticos 

0 _ 5.62 x 10-48  8.42 x 1Q'mi 
10 eV 9.0 x 10_28 ' 	9.0x10-18  _

1 MeV 5.52 , 	9.12x10' 
2 GeV 6.30 x 10'8 	- 6.30 x 10R0  

3 Estados Coerentes 

Uma outra possibilidade é utilizar um cristal preparado em estados coerentes. 0 interesse 

neste caso é investigar se há aumento da seção de choque devido a um fenômeno análogo 

ao efeito de usuper-radiincia" em ótica. Em princípio o que se quer observar é a transição 

entre dois estados coerentes, que pode ser caracterizada pelo surgimento de uma fase 

relativa. Os resultados numéricos para este processo estiosendo obtidos. 

4 Conclusão 

Os dados relativos à produção de fônons num cristal inicialmente ocupado com fânons 

balísticas são bastante animadores, principalmente se considerarmos partículas candidatas 

á matéria escura com massas superiores a alguns MeWs. Quanto à possibilidade da 

utilização de estados coerent es  é uma questão ainda em aberto, a ser decidida quando 

estiverem concluídos os cálculos numéricos acima referidos. 
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ESPECTRO DE MASSAS DE ORIONS NO MODELO OUARK-DIOUARK *  

A.S. de Castro  - UNESP, Campus de GuaratingucLá, DFQ  
H.F. de Carvalho  e A.C.N. Antunes  - UFNJ, IF  

Calculamos as massas dos estados fundamentals dos bárlons do  
spin 3/2 através de redução do problema de Lrés quarks ao problema  
equivalente envolvendo um quark e um diquark. O potencial  
não-relativistic° utilizado teve seus parâmetros fixados no setor  
mesõnico, e difere do potencial quark-antiquark apenas poor um  
fator associado com o operador de Casimir quadrático do grupo  

SU(3) de cor. O espectro  de massas obtido por essa aproximação é  
comparado com o espectro obtido pelo método de Zickendraht e com o  

espectro experimental. A aproximação quark-diquark e o método de  

Zickendraht fornecem espectros similares, apesar do diquark ter  
dimensão de mesma ordem de grandeza do meson.  

Acredita-se que a QCD (cromodinamica quântica) seja a teoria  

das interações fortes, descrevendo as interações entre quarks  e 
gluons. No modelo de quarks ordinário mésons e bárions são estados  

ligados QQ e QQQ, respectivamente. Bárions podem ainda ser  

interpretados como estados ligados de um quark e um diquark. As  

excitações bariónicas são excitações do diquark, do quark-diquark,  

ou ambos. 0 propósito deste trabalho é investigar essa'  

possibilidade calculando as massas dos estados fundamentals dos  

birions de spin 3/2 com o modelo de potencial não relativistico.  

A equação de Schrõdinger com o potencial estático  

V(r) ^ áár +Kr° ' s +C  (1)  

acrescido de correções relativisticas dependentes de spin, foi  

usada no setor de quarks leves e pesados, mostrando excelente  

concordância com os espectros experimentais de mésons Ill e  

bárions 121. A extensão para ó setor gluõnico também já foi  

considerada 131. ó é o valor esperado do produto escalar dos  

spins F de cor de dois corpos, relacionado com o operador de  

Casimir quadrático do grupo 511(3) de cor. Para o par QQ no estado  

singleto de cor Fc  3  -4/3 e a parametrização do potencial (I) para  

esse sistema é  
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ma  = 4,5 GeV, 	mc  = 1,5 GeV. 

II  = 0, 5 GeV, 	m = m = 0,38 (:eV 
6 	 J 	is  
a = 0,187, 	K = 0,767 (:eV."  
s 

(2a) 

12h) 

. (2c) 

C _ (0,0(x2  + 0,145x - 1,412) GeV 

x = LnLrmgmg +m2mylGeV
-3J  

com as massas em (2e) dadas em GeV. Para o tratamento da 

espectróscopia de três corpos na Ref. 2 Introduziu-seum sistema 

de coordenadas interno, que descreve a forma do triângulo firmado 

pelos três corpos, e um sistema de coordenadas externo, que 

descreve a orientação desse triângulo no espaço. A equação de 

Schridinger para esse problema reduz-se então a um sistema de 

equações acopladas nas coordenadas. internas. Para os estados de 

onda S,P e D um método formulado por Zickendraht 141 permite 

transformar o problema de três corpos num problema unidimensional. 

0 espectro de bérions foi calculado supondo que o potencial de 

três corpos é uma soma de potenciais entre pares. 0 par.AQQ na 

representação irredutivel 3 tem c = -2/3. de modo que o'par QQ 

tem um peso relativo ao quarkõnio igual a 1/2. 0 potencial de 

curto alcance para o par QQ é 1/2 vézes o potencial 'de curto 

alcance para o quarkõnio. Conjectura-se que essa regra sobrevive 

para o potencial confinante. 

Na aproximação quark-dlquark para o cálculo da espectroscopia 

bariOnica supomos, como no caso do método de Zickendraht na Ref. 

2, que o potencial de Crés corpos é uma soma de potenciais entre 

pares e a regra de multiplicar todos os parâmetros do potencial 

por um peso relativo. Desse modo não há parâmetros livres. 

Calculamos as massas dos estados fundamentals dos diquarks de spin 

I (F = -2/3) e em seguida as massas dos estados fundamentals dos 

sistemas quark-diquark de; spin 3/2 ll•' = -4/3), consider:,ndo o 

diquark como uma purLleah' elementar nu combinação com o quark 

,(2d) 

;(2e) 
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para formar o bárion. Alguns de nossos resultados estão Ilustrados 

na Tabela I. 

• Na Tabela II constam as massas dos rdiquar•ks e as massas dos 

mésons assim como os respectivos raios quadraLicos médios. As 

massas dos diquarks e mesons não diferem significativamente mas os 

diquarks são maiores que os mésons por um fator pouco maior que 

1,5. Em gera! o diquark Lem rdlo quadrático médio maior que o do 

sistema quark-diquark. Somente diquarks- consLfLuidos de dois 

quarks pesados e combinado com um quai.k leve reverte essa 

situação, devido a menor energia cinética dos quarks pesados que 

tendem a estar mais próximos. Apesar disso nota-se que os 

resultados obtidos com a aproximação quark-diquark são tão bons 

(ou tio ruins) quanto a solução (também aproximada) obtida com o 

método de Zickendraht. 

• Trabalho parcialmente financiado pelo CNPq, FAPESP e FINEP 
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TABELA I  

Quark-diquark 21 ckendr•aht Exp.  
^rip  

(bb)b 14,495 14,362 0,21  

(ss)s 1,707 1,707 0-(1,072) 0.60  

(qq)q 1,341 1,339 a(1,230-1,234) 0,67  

(bb)q 10,422 10,172 0,68  

(bq)b 10,185 10,172 0,24  

(ss)q 1,611 1,587 8(1,532- 1,535) 0.65  

(sq)s 1,571 1,587 2(1,532-1,535) 0,61  

(qq)s 1,440 

. 	

1,448 2(1,383-1,387) 0.62  

(sq)q 1,474 1,448 E(1,383-1,387) 0,62  

(qq)b 5,747 5,838 0,42  

(bq)q 6,055 5,838 0,59  

(bc)q 7,200 6,935 0,59  

(bq)c 7,083 6,935 0, 34  

(cq)b 6,924 6,935 0,31  

Masses don estados fundamentais dos barions de spin 3/2 na  
aproximação quark-dlquark (em GeV). 0 par entre parênteses é o  
diquark. As massas obtidas com o método de Zickendraht estão  
ilustradas para comparação (N.A.B. do Vale et al., Ref.2).  

Resultados experimentais: Ref.5. O raio quadrática médio também  
é fornecido (em fm). q = u ou d.  

^ 	 I 

TABELA II  
1 	 l 

Diquark R  
rqm  

Néson  R qm  

bb 8.352 0,35 9.466 0,25  

ss 1.159 0,93 1,020 0,69  

qq 0,910 1,04 0,770 0,78  

bq 5,208 0.80 5,270 0,60  

be  6.285 0.48 6.285 0.48  

cg 2.080 0,85 2,088 0.63  

sq 1,028 0,99 0,892 0,73  

Massas  dos estados fundamentals dos diquarks de spin 1 (em GeV) e  
ralos quadráticos médios (em fm). Os resultados para mésnns  

1 vetorlais  também estão  ilustrados. q = u ou d.  
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Simetrias de Spins mais Altos do Modelo de Toda 
Conforme Afim 

H.Aratyn, C.P.Constanti nidis, L.A. Ferreira, J.F.Goencs, A.H.Zilele:rMale 
Instituto de Física Teórica - UNESP 

O estudo de modelos integráveis tem levado a observação de estruturas 
algébricas interessantes. Além disso, alguns desses Modelos apresentam 
invariância conforme, sendo portanto natural procurar uma relação entre 
essas propriedades. Os modelos de Toda, de certa forma, servem como 
i.nn laboratório para essas investigações . Estes são classificados cm  três 
categorias: 

O primeiro, denominado "Toda Molecule", é obtido através da condição 
de curvatura nula de potenciais de gauge definidos nwna Algebra de Lie  g 
cujos geradores satisfazem [T4 ,T1] = f°b`Tc. Para o caso sl(2), obtemos a 
equação de Lionville: 

	

8_8+¢ — e2; = 0 	 (1) 

onde z* = z ±t, 8* = 1(0.± Os). A invariância conforme c facilmente 
observada na equação acima a partir das transformações : 

	

z+ —
►  F(z+ ) 	 ( 2) 

	

G(z- ) 	 (3) 

	

-i + 2!n(F'G') 	 (4 ) 

Recentemente as cargas desta teoria foram obtidas [1], observando-se 
serem elas geradoras da álgebra W, que é uma extensão da Algebra de 
Vi rasoro. 

O segundo modelo de Toda usualmente encontrado na literatura é o 
"Toda Lattice", cuja equação de movimento é novamente obtida através da 
condição de curvatura nula de potenciais de gauge descritas por uma "loop 
algebra", [T,,,Tb] = f°b`Tm + „ • Quando Q = .0(2) obtemos: 

0_ 0+0 — ew  +e-"= 0 	 (5) 

A integra.bilidade complete, deste model° foi obtida por Olive e Torok 
121, on seja,  foram couattnfelluc infinitas cargas  conservadas (jet que: o modelo 
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possui infinitos graus de liberdade) e demonstrada sua involução . No  

entanto este modelo não .apresenta invariância conforme como pode ser  

observado impondo-se (2), (3) e (4) em' (5).  

Mais recentemente foi proposto por Babelon e Sonora [3] uma terceira  
classe de modelos de Toda, descritos por uma álgebra de Kac-Moody:  

Mori]  =  f +„ + CTrió°bÓ,n+n,o  

[d, 7:1= 	„ [c, d]= Ic,T^,] =0 
Os dois novos geradores d e c implicam a introdução de dois novos campos  

na teoria, p e v respectivamente. As equações' de movimento para o caso  
de s1(2) são:  

_ e-24.+30 ,  

a-- a+µ = o 
0_8+ v _.. e-3.0+30  

(8)  

(9)  

(10)  

A introdução desses novos campos' faz cam que recobramos a invariáncia  

conforme:  

¢► 	(6+  jin(F'G') 	 (11)  

µ . -, p + ln(F'G') 	 (12)  
v - v - Bln(F'G') 	 (13)  

onde B é arbitrário. A questão por nós colocada diz respeito às simetrias  
do modelo denominado "'Ioda Conforme Afim". • 	•  

Propomos uma construção para as cargas deste modelo e explorar as  

simetrias nele existentes. O fato do modelo ser invariante conforme implica  

a existência de quantidades construídas a partir das correntes conservadas,  
W(x+) e VV(z - ).  

Considerando a quiralidade (z+) percebemos  

8_ W(x+) = 0 -+ 89W = ON 	 (14)  
Portanto as integrais espaciais de tais densidades são conservadas no  

tempo:  

^ = J 
dza+ W = 

J 
dxB.W = 0 	 (15)  
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Note que qualquer função de 1V, F(W), também satisfaz de  f dxF(W) = 0.  
A Lagrangeana do modelo de Toda Confornu; Afim, escrita nas coorde-

nadas do cone dc luz é dada por:  

C = 0+ 004  -1- 8.418+ v t  8+ 1e0...r,  ± e2# 
 -1-  c214-20  ( 10 )  

Definimos os momentos canônicos em relação ao "tempo" x` como:  

1 
11#= 8+ib,n«= 0+ 11, 11.= 	= 0+,8  

cuja estrutura algébrica é dada pelos parênteses dc Poisson:  

( 11.(x). 114.0)) = ;6'(x — y)  

{II,,(x), J`(y)} = ã ' (x — $) 
 

Escrevendo o tensor de Energia-Momento modificado cm termos tins  
quantidades (17)temos:  

W2=II^ —f1 ♦2 f1,,f1„- 21111, 	 (19)  

onde os termos com derivadas são introduzidos de tal forma que W2 tenha  
traço nulo. Com  o auxílio de (18) observamos que o tensor dc EM modifi-
cado satisfaz:  

(W2(x) , W3(y)} = 2W2(y)ó'(x — y) — 4,W2(y)45(x — y) — ry ó„'(o — y) ( 70 )  

que é a álgebra de Virasoro. Lembremos que estamos tratando apenas o  

caso sl(2). A generalização para outras Algebras é encontrada  em  14 Além  
disso o modelo possui uma corrente conservada J`, satisfazendo  

{li/s(x), J`(y)} = J°(y)ó'(x — y) — 81,J`(y)45(a: — y) — 245"(x — y) ( 21 )  

Para construirmos as cargas de spins mais altos introduzimos o t3qguiaitc:  
oporaclor  

7). E8 4- 3J(x)  cJ  

(17)  

(18)  

(22)  
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onde s e, cj  din definidos mks equações que se seguem. lJru ra u upn ele  spin  
s, V, deve, satisfazer a segninte relação : 

{ Wt(•r:), V'(y)} = yVa(rJ)á'(x — y)-11(y)5(x — y) +cvb (". "(:r. — y)  (23) 

Assiut, uma corre;ntr, de spin 1,  seguindo  a definição rte:rrrra satisfaz: 

(T4'2(x), J(!1)} = J(y)6 1(x — y) — J'(y)b(a — y) + r.lb"(r — y) 	(24) 

Portanto, para  obtermos  r un operador de spin R+ 1 a partir de um outs) 
 ele:  spin  A, aplicamos o  operador definido  em (22) cur V,: 

V,+r(x) = D'Va(x) = Vs(z)+  .1(z)vai(x) 

que satisfaz: 

(w2(x), V.+r(r)) = (a + 1 )Va+1(y)ë '(x — 11) 
—V,+e(y)b(x — y) + cyV.(y)SS1'+1)(z — y) 	 (26) 

Observamos na relação (26) que o campo V,+ r  só será primário se par-
tirmos de um campo primário V, corn cv  = 0, pois o eíltirno terrrm° desca-
racteriza a relação (23) (definição de campo primário de  spin s). 

Voltando ao modelo de Toda Conforme Afim, observamos que at corrente 
.1` satisfaz a relação (24) com = —2, conforme mostrado na equação (21). 
No entanto o campo primário W2(z) possui cv = —1/2 (veja (20)), inns a 
existência de J` nos permite construir um segundo campo de spin 2, que 
dcnourinauuos W,: 

WYx) = 4 (J`(r)) 2  — J° ►(:r) 

clue satisfaz a relação de coruutaçiio : 

(1412(z), wi(y)} = 2W2(y)b'(:C — y) — Wz(!1) 6( 1  — y) — 215"1(a: y) (28) 

Conseguimos, portanto, construir unit caampu p6111;16l) elegi spin 2 livre de 
auu analia corn o auxílio ele (27), dado por: 

] 

V2 07) = 1412(r) — 
4 

W2(4e) (20) 

(25) 

(27) 
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A partir de i/, construímos uma torre  dc campos print:irios, que também  
serão densidcules de cargas  conservadas  da  teoria dc  li ula Conforme  

W1 11(x) _  (0—(s  — 1 )J`(x) /2)(8  — (s —2).P(x)/2)...  

...(8  —  2r(x)/ 2) V:(z) 	(30)  

para s > 2.  
Notamos, no entanto, que existem outros campos prmu rios livres de  

anomalia construidos a partir de V2 e que são as próprias potências dele:  

{WO(x), (V2(y)) N ) = 2N (V2(y))14  6'(x — y) — 8r (V2(y))N  6(z — y) (31)  

Logicamente estas potências também darão origem a outras torres de cam-
pos primários livres de anomalia. Portanto, de maneira geral podermos  

escrever:  

W;NI (x) _ (8 — (s — 1)J°(x)/2) (8 — (s — 2)r(x)/2)...  
... (8 — (2N + 1)J`(x)/2) (8 — 2NJ`(z)/2) (N2) N(x) 	(32)  

onde s > 2N. Resta-nos ainda estudar eventuais degenerescências exis-
tentes entre as torres (30) e (32).  

Outra questão interessante é a estrutura da álgebra dos campos primários.  

Mostramos o resultado da relação para W9' 1  obtido a partir dr. (30):  

(Ws '1(x) , W4 '1(y)) = 4W;' 1(y)45'(x — y) — 2 W1 '1'(y)•(x — y) — Be(y) 6(z — y)  
+ (2B(y) + W1 (y))a'(x — y) — 3Wz(y)6"(x — y) 

 

+ (2W2(11)+ 2 J`(x)J`(y))á rn(x — y) 
 

♦ -2(J`(x) — Je(y))6 (I)(x — y) -- -2óf al (x — y) 	(33)  

onde B(y) = ,P(y)W7(y) ♦ 2  fc(y)W2(y) — (J`(y)) 2 W2( y). Observamos en l 
(33) unia estrutura de álgebra W  tua  palm diferente da  estrutura para  
álgebras de Lie ordinárias.  

Observamos também que  no limite .P grande:  

142 (x) ^ A,,(:e)Je(:r.) — 1G(J`(a2))i  (34)  
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er„ (2,01x))' — e -- A(.11 x)) 3 
	

(35) 

Obu.ufln upla relação que se i)u!lxp•La wino 

Tve(!/) a ((s -- 1)1Y.+0-2(r.) •}- (a'  —1)11; ,'-e(*<)1 6 ( 2' — y) 	(36) 

que  6 a relação da  Algebra en„,, 151.A  relação aeüua c within  tanto heeree 

ge:raelenex Atkins CM  (30) plant() (32). 
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QUANTUM STRING SCATTERING IN 
SHOCK WAVES BACKGROUNDS 

M.C.V. Costa 
Instituto de física, Universidade Federal do Rio Grande do Sul 

Caixa. Postal 15015, 91500 Porto Alegre, RS, Brasil 
and 

H.J. dc Vega 
LPTHE, Université Pierre at Marie Curie 

Tour 16, V'' étage, 4, place Jussieu, 75252 Paris Ceclex 05, France 

AL particle energies of the order or larger than the Planck mass, the curved 

space-tine geometry created by the particles dominate their collision process. In 
such situation, the description of fields or strings in flat space-time is no longer valid. 
'I'Ire dynamics of the quantum fields or strings is then governed by their equations 
of notion in the classical background geometry. 

This has been the motivation to investigate string propagation in relevant back-
ground geometries. In ref. ill a systematic approach to quantize strings in curved 

space'•tirrIe:s was proposed. It has been applied to cosmological space-times [21, black-
hole geometries PI and more general ones (4). In addition, the string equations of 
motion turned out to be exactly soluble, in closed form, for some interesting geome-

tries, like gravitational shock waves (5,61 and conical space-time [71 (the geometry 

around a straight cosmic string). 

The purpose of these papers [81 is to investigate the scattering of particles by a 

gravitational shock wave in the framework of string theory. As it was stressed in ref. 

1v), the shock wave described by the Aic:helburg-Sexl metric (that is the gravitational 

fidd of a neutral spiuless ultrarelativistic particle) is relevant to particle scattering 

at Planck energy. We then choose to investigate specifically the scattering of a string 
(ii. one of its stationary states) by a particle with an energy of the order or larger 

than the Planck crass. The string is considered here as a test string, in other words 
its energy must be much smaller than the energy carried by the shock wave. 

'11, compute N-point particle amplitudes in a curved, but asymptotically flat, 

spare-tin e; we start from the following generalization of the usual flat space-time 

formula [(ij: 

N 	fi  11N(kl,...,l'N) = 
J n (do, cdr,l (fl< 1 	x(ai + 	I+l<) 

i=r 	 icr 
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Here ‘10(k, X(a, r)) represents the vertex operator for a particle of asymptotic mo-

mentum k in curved space-time. It is a solution of the corresponding wave equation 
in the given geometry, i.e. the Klein-Gordon equation for a scalar particle [6]. Fur-
thermore, the string coordinates X„(a,r) fulfil the propagation equations in the 

choosen curved geometry, 

0A ICA„(X) OA  X µ] —  (8a G,,,,(X )] (OA X „)(fr X") ,= 0 , 

where G„"(X) is the space-time metric (p, v = 0, 1, ... , D — 1) and we use the 
orthonormal gauge for the world- sheet. Hence, the string interaction with the 
geometry shows in two different places: the functional form of "(k, X) and the 
solution for X „ (a, r). 

The vertex operators 111(kí, X (ai , ri)) pinch the world-sheet at N different points. 
These pinches describe the ingoing and outgoing particles intervening in the process. 
Of course, the integration in the expression of AN must cover the whole string world-
sheet. 

We start by solving exactly the string equations of mótion and the constraint. 
equations for a shock wave space-time, in the light-cone gauge [5,6]. We recall that 
the string obeys the flat equations of motion in one side (<) and the order (>) of 
the shock wave. There is a non-trivial matching between both flat space-time string 
solutions, which is reviewed and completed. The ambiguity in the longitudinal 
coordinate is solved explicitly. We find that the constraints are satisfied if and only. 
if we choose a mean-value prescription. This string solution will be used as the 
starting point for the computation in of the scattering amplitude in shock wave 
space-time. 

The aim of the present articles is to compute the two-point amplitude, A2(k2, k1 ), 
for the scattering of a scalar particle (the tachyon in a bosonic string) by to shock 
wave, 

Zr 	 too 
A2(kz, k1) = f dal  dal 

f 
 dr1  drs  (0< [ :'* (k, X(173, rs)) 

o 	 co 
: J (ki, X(oi,r1)) :1 0<) 	, 

where k 1 (k2 ) is the momentum of the incoming (outcoming) particle. The vertex 
operator for the scalar particle, W(k, X), is a solution of the Klein-Gordon equation 
in the shock wave space-time and X „(a, r) stands for the string solution in the shock 
wave metric. The total amplitude A2 is naturally written as a sum of four terms. 
They correspond to qualitatively different space-time histories contributing to the 
scattering process. For simplicity, we choose the light-cone gauge to perform our 
calculations. 

As it is clear, the exact evaluation of the expectation value in the right hand 
side of the above equation is a. difficult task, since it involves the matrix elements 
of exponentials of non- polynomial functions of oscillator operators. [The operators 
X „(a,r) after the collision contain non- polynomial functions of oscillators]. We 
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then evaluate A 4(k,, k l ) for large impact parameters q, that is when the maiming  

angle as well as the momentum transfer are small. hi such a regime, we can start by  

neglecting the oscillator modes since I q I» NG. This zeroth order approximation  

can he improved by expanding the string coordinates operators in powers of VW  

(i.e. powers of the oscillators modes). Analogous approximations have been used  

in flat space-Lime 1121. We arrive at an explicit integral representation for the total  

y 
amplitude in terms of matrix elements g(1,11) of the vertex operator. As for S(t,ft  

itself, we show that it admits a series expansion in Cegenbaucr polynomials.  

In the impact parameter representation, we find that the string contributions  

fur large q appear as corrections of order s/q (s is the usual Made!stain variable)  
to the Cinllumbian phase. IL must be noticed that flat space-time calculations yield  

corrections of order 3/q 2  and smaller fur large q 1121. In oter words, the correction  
terms we find do not seem to be obtainable through flat space-Lime computations.  

As is well known, the point particle amplitude for to scattering by a gravitational  

shock wave, as follows from the Klein-Cordon equation, possess an infinite number  

of purely imaginary poles in s, for 1m a < 0 19,14 The A2(k2,k 1 ) amplitudes,  
here computed in the string framework, exhibit an additional sequence of imaginary  

poles. 'Their positions are obtained in the small momentum transfer approximation.  

On the contrary, the Coulomb poles come from the vertex operator as an exact 
function factor. III other words, the position of the Coulomb poles are not affected  
by our•approxiauations.  

lip to our knowledge, this is the first time that the amplitude for the quantum  

scattering of a particle by a curved geometry is computed within the framework of  

string theory.  
We still want to notice that the present calculations can be easily generalized for  

other string states (that is, for higher spin and higher mass particles) by inserting  

the appropriate vertex operators. Of course, extensions to superstrings are also  
possible.  
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COIUt1;l.A'1'ION FlJI'CETON AND MASS SPECTRUM OF QUAN'T'UM VORTICES'  

ltudnei O. Ramos*, L.C. Marino**, G.C. Marques* and .I.S. Ruiz***  

Allti'I'ItAC'1' —'1'he nivthod of sulituu quantization is used  tu  obtain  calilii;it  expressions  
for  the vortex  nl;us3  spectrum  suul Lhe  asymptotic behaviour  of  vortex  eYirrelalinu function  
in t he  Abelian Iliggs Model hi 2+1 11.  

IN'T'RODUCTION  

In a recent publicatiun 111 , a genieral iiicthud of vortex quantization in conLiuu11111  
Q1'1' was introduced, based on the concept of order—disorder duality of statiutiral  
usechanics(2] . It was ubtained that the extended topological excitations, which in the  

Abelian Higgs Model (AIIM) in 2+11) is the vortex, could be descriliecl by minimal fields  
analogous to the Wilson loop op erator [`1]. In (I], a general procedure for the ubtentiuu of  
correlation functions involving vortices was established and an explicit operator realization  

of the vortex field was obtained. In [4] we 'have take the formulation of [I] and it was  

applied to the computation of the vortex two point correlation function in the ARM in  

2+1U and from the large distance behavior of this function, we obtain an explicit  

expression for the quantum vortex mass hi the tree level and its quantum correction at  

1—loop level. The main steps of the procedure are shown below.  

CORRELATION FUNCTION OF NONI.00AI. VORTEX OPERATORS  

Let  us  consider the AIIM iu 2+11), giveu by  

L = ... ^.  Flu, VIII'  .h (I),1 ¢)*  ( 1)'` 	11e1410*  	(0011  (I) 

where Dp  = O,, + leA,, , 	A,1  being the elecLruenagnetic field and e , the electronic  
charge. Pur inr > ü the system is the "unbroken" or disordered phase, where <4> = U .  

For nos < Cl,  the Biggs field 0  develops a nonzero vacuum ii expectation value and the  
photon acquires a mass through the Higgs mechanism. We call it the "broken" or 
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* lnstitutu de i'^lsica, I'niversidade dei 5iiu  Paula. 

*'I'uutificia Universidade Catc;lica do  Rio de Janeiro.  
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ordered phase. In this phase Nielsen and Olcsen 15' observed' that this model possessed  

classical solutions with the long distan ce behavior  

sti(1,L) 	
l  l l  i  co 

	 Np el nrg(x)  

(2 )  

A i(g,t)--------•--+ — ^ úi arb(^) .  
1)tl iw  

These solutions we called vortices and they arc associated with the identically conserved  

topological current j = 1/2 c 1 0,,,0  whose topological charge Q is the magnetic flux  
• 

along the (x c ,x2) plane. 	 ••...  

In (1] a nonlocal vortex operator p  was introduced through 09 equal time  

wmmutation relations •  

e l  arg(Y - x) 41(7,t) ia(2 ,t;C) 	; 	,—.1 ¡ T(c) 
 

AM) =  (3.a)  

P(11t ;c) 	 ; y-2 E T(c)  

and  

[Ai(t,t) — vi arg(3 —1)] N(1 ,1 ;c) - ; 	11—it 0 ,1,(c) 	• 	- •  
►c(ã,t ;c) Ai(t,t) = 	 (3.b)  

Ai(y,t) p(it,t ;c) 	 ; 	jf—írt E T(c)  

Where c defines a certain prláue  curve  on  which  the  vortex  operator p(c) hi defined'  anil  

T(c)  is the minimal surface bounded by c . 	 ,  
The euclidean correlation function of Lime vortex operator satisfying the algel;r:g (3)  

is given by [1] 

	
f 

<Ei(x;c n ) p (Y;G)> = L'(0) 	1) O  llo*  D Ai, 
 

exp — fd3z  [ l• (1'' p„ ♦ Piw(S)) l  + (Di, Or (D i`  0) + V(0)] 	 (4 )  

^ 

where Pi,Y(S) 	iìá  Ã 1,(S) — 0„ A R(S) and 11 11(S) is an external field inLroduced in (1I)  

such that it guarantee that <ma*> hi simultaneously surface and path independence. S is  

an arbitrary surface such that its boundary is OS = c ^ Uc j  .  
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MASS SPECTRUM  

From (4) one  can see that <pie>  rexlúces to  

<pye*> = eAlx;ch y;e-21 
	

( rt ) 

when; A is t he sum of  an  Feymeian graphs  with LW extern/  field 11 µ(.5) in  the external  

legs. From  the  asymptotic behavior  of (5) one can predict  the following  üea iaviurl +h i  

(6)  

where M y  will be the mass of the excitations produced by the field Ac) ;old that in thi;;  

case will be the mass of the vortex excitation.  

Choosing A0(5) as defined by the surface 5 : S„ U Sy =  (Utx —'L' a ) U(uly --'1'2 )  
where '1' e  and T2  are plane surfaces bounded by c, and c2  respectively (with radius  

it), then Ã µ(S) can be written in the formic  

Ae1(S) = _ arg( 2— ) f ás(á`) d2µ  + arg(x ) f b ' (z—^) d 2 C1 1  

Sx 	 Sy  

and choosing in both phases the Lorentz gauge as the fixing gauge tern:  

cGe 

-- ^ (

a

l

`  Ala ).i 

one can make the shift A µ  --I A—A (5)  in (4) and define a new D µ  as  

13µ  = Jµ+he(A `  Ãµ(S)).  

In the symmetric phase (in2  > 0), since <q> = 0, we need not imiake any shift in  

the fields in (1). In the "broken" phase (ui 2  < 0), we have <0> O. Taking  

¢ = 1/ (#1+i#) and choosing <4> > = 4 and <#2> = 0 one will obtain, after the  
shift in ¢a , the mass terms M 2  = e2b2  for the A µ  field and iii = 2Imii l2 fur the Higgs  

component  

In both phases une extracts from L the terms that depend on Ã 1,(S) and then one  

has the respectively 1 eyuu n iaea  rules. 

After au explicit calculation one obtains the following expression to A in (5)  I'iJ 

A = A arm + A 1-]uugt  
where  

<le(xicl) la*  (y;c.1)> ----+ e: m Y( x  Y I  
Ixyl yw  

(7)  

(K) 
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A1-10 u1^ (  Mu  ) 
e °h°  

(1)  

t 

CO  
(2)  (a)  

111  
121  

J; 
20/414200,14!%34) 	 ^^ 	 (1 II) 

 ^ 
^ 	 (Z)  

\ M2 
Atree 	!  

e 

— E(z)  '  given by l  , and  
daJ•r.^ 

where  

= Q c il  {Z)  —f  d3k e  l k x 

^ 	(20 3  k 1-I-4  
( 12 )  

in (10) and (11) 	e.itelogoosua 	reprc:senls the,c:xtcrnat field Ã 11(`7).  

Taking the limit Ix—y --ow hi (9) we geli d]  

	

A _.— —., 	My Ix Yt 	 ( 131 )  
l x—Y1 -193  

where, in the symmetric phase, M ^  = ü , as was expected, and in the "broken" l,lt;ave  

	

Maa 	sn, 
-- • (ii)  

	

e a 	6  
a 

In (14), r 	is the result at the tree level and is just the semiclassical result fur the  

vortex inassl6l. The second teria in (14) represents the 1—loop quantum correction to the  

vortex mass.  
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SZIPERSI NETRI  A, AL(3EBRIZAÇICO PARCI AL  

E O POTENCIAL VC  x3 o xz  t>L  x=/1 ♦ gxz]  

ELSA DRIGO FILHO - IRILCE/UNESP-SX0 JOSE DO RIO PRETO-SP  

REGINA M. RICOTTA - IFT/UNESP-SXQ PAULO-SP  

RESUMO: Exploramos a 	relação 	entre 	a 	mecanica 	quAntica  

supersimétrica e a algebrização parcial do problema espectral para  

resolver o potencial não polinomial: V(x) = x 2  + A Cx=/i r g;sz  :i.  

A supersimetria tem sido aplicada em vários contextos  

relacionados a mecãnica quánt,ica ordinar ia i" . Particularmente, a  

resolução da equação de Schrbdinger através da super-algebra tem  

sido tratada em potenciais exatamente solúveis" . Estes  

potenciais possuem uma simetria especial em sua forma, que  

possibilita  a soluço exata. Outros potenciais, parcialmente  

solúveis, também tém sido estudados`.'".  

Por outro lado, a método de algebrização parcial l°  

fornece elementos para tratar potenciais onde apenas uma parte do  

espectro e exatamente solúvel. Este•método e baseado na presença  

de uma simetria escondida no Hamiltoniano (SU(2) no caso  

i --dimensional ).  

Neste trabalho usamos a relação entre a Hecánica  

Quântica Supersimetrica e o Método de algebrização parcial 

para resolver a equação de Schrbdinger para o potencial  

não-polinomial  

X
2 

V(x) = x2 •t• À 	x  
s  

cujos resultados anaitticos vem sendo estudados por 	vários  

autores
r7-1 

Em hiecAnica {iuántica Supersimetrica o H.imiltoniano e  

escrito  p or  

= I-IÇA 	.. 2 	
r^  e ` W 	 a z (x) i n a  WOO  

du  
(2)  

(i)  
g x  
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onde o *superpotencial W(x) deve satisfazer a equaÇNo de Ricatti  

(para o setor 'bosonico'):  

V(x) -E = ^ (^I= (r:) - ,,̂ W ' = (x) ^ 	 ^ 

e a auto funç$o do estado fundamental é  

•-• fn  w(y)dy  
.= e  
.  

Para o setor 'Fermiónicn o sinal da exponencial' é" trocado, e  

neste caso a autofunçXo nZo é  normalizável.  

A l i gaço entre formalismo supera imetr i co e o 'HPtodo  de 

AlgebrizaÇNo Parcial é feito através do superpotencial ""  

.(3)  

(4)  

11(x) .= A(x ) - 

 

_j 
	f'(x)  = A(x) - 	E 	f(:<)— a.  Lts  

(5)  

 

onde il(x) é obtida através de uma transformaÇEo de 	gauge  

r
x 

'imaginário' na funÇXo de onda  original:  W(x) --1 41 (x) e
-J A(y)

dy. 

() Hamiltoniano original também sofre uma transformaglo, a derivada  

simples 	é 	substituída 	por 	uma 	derivada 	covariante  

l dx 
_4 

dx - 
 A(x) J. G Hamiltoniano assim transformado possue uma  

simetria escondida, neste caso SU(2). U índice j (semi inteiro)  

indica o número de estados que sIo diagonalizados: (2js4•)•estados.  

Para estudar o potencial proposto em (i), nós usamos  

A(x) = x - 
	

(6)  x 

M 

f (x) = E C n 
x2n  

n-0  

onde b e  c h 	r: s^ 	coeficientes numéricos a serem determinados    
 

através  da equaç 3o (3)  .  

(7)  
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+ 

Vamos nos restringir a j = 	2 , 	o que• significa que  

apenas 2j + i = 2 estados serão diagónalizados. Assim usando W(x)  

dado cs (5) na equaçgo de Ricatti (3) obtemos  

b (b=  i)  + 9 ,moi 	+ (2E - 2b - i `? e  ) • 
x 	 1 + gx  
N  

E cn (-4nx
=n 

• 4bn xen-e  +  2n(2n -f) xe*^ = ) 
nod 

^ , 

as  
N E c x:., 

n.o ^  

Do resi duo em x = s obtesos a condiçgo  

b s 8 	ou b = i 	 (9)  

Manipulando algebricamente a equaçNo (8) obtemos para  

b = I e N = i :  

c
s = g  i 	D = ^ - 3g i 	

= -bg - 4 .  
co 

 

ó que nos leva a autofunçNo e autovalor:  

á  = ( i + gx=  ) xZ  e-4./Ix i 	Eo  = 3 	- 3g 	(ii)  

fixamos co  = 1, pois nNo estamos preocupados aqui com a exata  

noriial i zação.  

Tomando b = 0 teremos para cada N uma  soluwNo que fixa g  

e e que fornece junto com (fi) o par de soluÇNti. Para N = 1 nós  

obtemos g ( 0 que nNo possue interessi fisico. Com  N = 2 obtemos  

c  = • i c= cl- 
4 

=  -g
a  i g = 3 i E _ ^ - 3g 	(12)  

OU  

*• = N(1 - 02x) e
-Ws„ 	ó  @ s 

2 
 -  3g  

(13)  

Finalmente. para N = 3 a autofunÇNo e autovalor para o estado  

excitado vale  

(8)  

z  • 
^f►^ =(1 +  C^  x= 	C^x

•  t Cox ° ) e^^^`•  E, = 9.  i 3g 	(14)  2  
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COM  

Cs  -.3g-4 . Cz  = g - 30  g t ^ . Ca  =- 1 g^ - 15 9Z  f -
4 
75-g; 

9 	 2 * 2 	31 	a° 
 1,457 

	

(15)  

Assim, usando um 'ansat:x' apropriado, achamos dois pares  

de :;olu;bes para a equaçgo de Schradinger original, eq.(11) e (13)  

com J = 1/2 e eq. (1i) e (14) com g = 1.457. Podemos nos per9'.iritar  

se e  possível obter um ntiaero de soluçSes maior que 2. para que  

isto ocorra e preciso fixar j ) na equaçS o (5) e procurar as  

soluç es de (3).  

Finalmente, notemos que o parámetro b está relacionado a  

paridade das autofunOes. b = I para o estado fundamental indica  

paridade impar e b = 0 para o estado excitado fornece paridade  

par.  
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itESOL.l1ç91O DA EQUAC9[O DE  S7CHRt)D1 NraER CON  POTENCIAL  

Bi  -DI  NENSI ONAL USANDO S1IPERSi NETR.[ A  

Elso Drigo Filho  

I BI LC:E'UNESP'Swo Jose do Rio Freto  

Rua  Cristováo Colombo, 2266, Id. Nazareth. Caixa Postal 1.6  

CEP.: 16:056, Fone 00172) 24-4966 - Ramal 59  

ItE571NUS Introduzimos uma real.izaçáo nNo usual  para algebra  
suparsi.metrica em MecAnica Quántica. Esta realizacNo permite  
desenvolver um método para determinar a sol uçáo da egiiaçãio de  
Schrc+dinger para certos tipos de potenciais bi-dimensionais. 0  

potencial de Hartmann e estudado pára ilustrar o miando.  

Em Mecânica Qu4nt.lca Supersi métrica (N=2) nos temos 2  

geradores CQ e Qt) que obedecem a seguinte rel.açâio de  

ant Tconait,açílo.  

f Q.  Q ) 
 t 
 { Q+ , Q+  ) = O 	e f Q. 0+  r = Hag 

• 
!ima nao usual realizagSo desta superalgebra e:  

r) 
0 
 0 0 	

a 0 	 r!  O O  0 0 0   ^ 	 C 2)0,;!= djx a- _ 	 ; d^`_ 	- 	̂+ _ a' o  o 	G h 	 1  0  Q b 0 V  

0 	O 	a 	0+' 	 a + ¡ti 	 o 	i 
_ 	* 	0 	r^ 	b 	`_ 	 I . 	- 	 C33 ^! ^ x°^+_ 	e) 	O 	O 	C} ' d i  - 	+• a+  - 

0q 0 Q 	 r> b 	 O 0  

onde  a e h sNo operadores bosõni cos Ca  real i.zaçiro usual  da  

super a 1 gehr a pode ser encnnt.r ada , por exemplo, na rei. (11) . 0  

HamiItoniano supersimetrico dado pela eq. (.1) assume a forma:  

a a 	0 	r) 	 H ^ a^ c) O 	
H 	O 

It 	
;^ 	bt b_ _e) 	Ot H ..  0  O 	

- 	

+ 
^v ' 	̂? 	4 a a+  O + 	0 O+H_ 0 	 n 	H 

0 	0b b 	n 0 O H' •  
C  4  )  

^ w 

 

	

geradores Q e Q +  aplicados as a+itot unçzfes de H 	atuam da  us  
T.e j'. f nto maneira  

 

CB)  
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•-►r.d s .̂  e x são autor unçaes de H +  e H_, respect: vament.ea.  

U  Hami.l tona ano  original  e total a 2 di menn s pode ser  

• iru ont. r ado c omo sendo  

r 
I•I 	= t, r H =a a +b b  

or 	+ 

Em  e.tma  di meresao a super a I gebr a perm t e em al guns  a'yOS  

^- ^:•seskreu r +una tam ll a de Hami l tonianios ligados entre st pel a  

se.sF•yrsa nset.r a '21  como i l us  t.r  ado  na f i ge.u •a I .  

e  

            

         

a  +a = H - 
E • 41  

4 4 	• 	t1 

      

a

▪  

a - H - E
t11 

S s 
- 

e 	o  

   

a r ^ — w  H y 6 t Z1 
s 2 	7 	o  

   

a + 3 - s  H  ._ E 4 1 '  

      

gur a 1 : 11 f.tst. r açãío da fa mk l i a de Hami l toni anos  gerados por  

supers  t met r t a .  

Sabemos que o espectro e as autor  unções dest.es  

Ilan/  l t ont anos estão relacionadosentre  si  

I:: 	- E
4 n)  

r,  

r^1 	+ + 	+ 	e nf 
^ e  y 	-- a s  a i •. an  ru  C 7:s  

F•^:•t. snctais uni -dimensianals que permitem tal construção possuem  

' m o nvar i anc i a na forma quando passamos de um Hami .I t.oni ano pars  

outro dent-rv da t ami 1 ta, o que significa uma mudança apenas nos  

parame$ros do pot.enctal e não na sua forma funcional.  

Com a real tzação que demos para a stsperal gebr a estes  

(: .:n':eltcs LIT ado em uma di mensão são aut. omat,tcament.e est.enditiels  

par a •:ada componente de  H.  CH' e H') no caso bt -dimensionaI . 

hm particular  , podemos usar a rel ação C7) para encontrar a sol unção  
^a1 

i a .rrpsar, ã^:. riea :;r: hr' di nger •  

Tomemos agora  um  exemplo, o pot enrt al 'te Has - t mann' 41  

r: a 	r a 
2  

1/r 1- , r r e o^`rY1 	
U 	

q 	ti  
r 	r 

 2 
se^fy i  t+ 	

0  
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e  

Este potencial  pode ser apt i cado, por eYrmr•f O n  a mol acul  a de  

benzencti. Em  nossa not  açiio a o  o  ralo  de Bohr es0  OF o  estado  

f+mda ment.al do atomo de hidrogàna.o. r e a s;]<o parâmotros positivos  

..^ constant+as.  Em  termos de coordenadas parabolicas "quadradas.- "m) 
 

4 aquaçao de  Sr_hrddi nger original  pode ser separada em duas  

	

a  	x= 	 212 •.i 
Y=- d

2 
 t  /4

2 
 -  1 .  /4  + 	 + 	

x (X s )   =- 	 C[ x .1 
^ ^ 	

dx. z 	 x: 	
hs 	a 	

h ,^ 
^ 

-1 	̂ 4 	d¡1 x= 	 2F, 
 2 

 
H! ti 	 2 1 	

2 	
+ 	 x= Cx

2
7= - 	 xz Cxl ) 

dx
2 
	 x: 	 h

2 
h  7-TEr  

C •10)  

ein'i a .'c = 7/ rE71 kl =  ex= = 1/ 1E na  . ! e n estao relacionadas as  

coordenadas cartezi anal pelasrelações:  

x= Cr► cosr 	 Y =C  n  sen  W 	e 	z _ ^ 	t;  z3-- 

A tunç.No de ondas em ternos das novas coordenadas sera  

y, C x11  x:  .0 = C .x2xZ3 
-1/2 x'

C x^) ZZC xi3 e`Tp  

4 M = m2  + r22 . Temos ainda um vincula entre os parâmetros a i  e  

.Y 
2^  

CI =  4 
r;aa ^0 an 

	 C7Z3  

Neste caso em particular, H' e H" são identicos e devido a sua  

:as t r+.it..ura de osci ador harnp reco com barreira de potencial sabemos  

ele apresenta a invariância na forma Ca ref. (1 1 tras alguns  

PA pe,:t.os dom potenci.a.l harmónico com barreira de potencial numa  

"'kW S 	supersimetrica). Vamos estudar H` , onde c,s resul tados para  

fl" s 	obt idos por analogia.  

i .4mbr ando que a +  a -  = H - F  , podemos ver i i i car usando C73 que  n n 	n 	0  

F: = c: 	Y h  
	i I 

 M  I +]+ 2n3 	Cn c0,1,2,...) ri -  

# ^i r¡., 	1}4# r 1 "¿ +  n _ - 	i^ 	x - 
dx 	 h 	 x 

r 	+ 	-* 

r10, - a
' 	a Z  . . . 

 a n xo  

Cí1]  
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.,n. le 1.a 	oht. i•i.] pel a egr.tar, io di f er enc t al : 

- 	s 
.^ r^ = 6 y,C^ m x ^M^{i ^Z e 	a h x 	 t.16:t  

No prcbl ema erigi nal obtemos por tanto Cda i grui Jade  

I  •ry 	
E
ni +  En2 '  -

2 ^ t:2.IMI+2+C2nf +2n s 3 	ni  e n a  - 0.1,a,  C17)  
1•:-t •tirtt. ro ladr, Cr:le Cy _ 1  e t:lr,;l3  

1': 	. ! : 	- - . 	 ^^  I 	Ca 	+ qr ] 
.d 	 r.Y 	

1'. 
^--V 	2  

'k3no•., tI'!:) e C'1t11 *ht.fanros:  

• 
Fi 	

4 
 r2 ^yY

C
da4 	

z  

1 E 1 	a 	IMI 1+ n + n 	
^" l tier 

+ 	i 
 
2  

que sio os a ut oval or es da ener gl a par a o potenc i al nr' gi na 1, a  

r u'tiO•, de onda e oht 1':Ia usando a eq. C 11 ] onde  xi  .3 xZ  tom a  

r.]r ma descr t ta por  Cl 5J . Por t anto. nosso re sul tado fornece  a  

-rol u, :g0 anal i+.ica exata para o potencial  de Hartmann Ctj1.  

t:onclul mos f  t zanio que at.r• ayes  da r t3ai!.i zaçáo de  

tiltbr a lgebra 	t nk rLiduzida 	neste trabal ho podemos  usar 	a  

cul••, r s t met r t a par a r.+t•}l ver a wquaçio de Se,hrc+':ii nger para alguns  

r•St..7.nc.1 al  bi -dt mensl onal s. E:ntretant, o. o metodo nãPo 	gera! , poi s  

nom f.•Y!{+s os  pot encl. as s bi -di mens 1 ona 1 s. 	per ma t em quo o  

Nam' t tom. an* originalor 	seja separado em dot s Ham' l toni anos  

• In L  -dl. tNens LQna t s  

NI::FIr.:itGNì:>: AS  

i l l N. A. AI  ves •3  E. Dr  go  N i 1 ho 	I. Ph ys . Ai.-:1 C 19t:iF! ) 321 ^i  

i .r. I ' :. V. Srtk'.tmar 	3. I¡hys 	Al H <1%1115 r 1.57  

I =• 1 I. . E. rty:lez1 list 	n 	let r. Let t . ae t. 1 teitn) 356  

1 
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CÁLCULO DAS FUNÇÓES DE GREEN DO MODELO DE SCHWINGER GENERALIZADO  

^ 	 N 
PELO METODO DE INTEGRA*AO FUNCIONAL  

Alvaro de Souza Dutra  - UNESP/Campus de Guaratinguetá-DEU  

Calculam-se as funções de Green 	do modelo de Schwinger  
generalizado náo-anómalo, usando variadas fixações de calibre,  
através de uma seqüência de transformações nos campos do modelo.  
Em particular tratamos do caso em que o par•êmetra de regularizaçgo  
assume a valor a = gs  (a=1,no modelo de Schwinger qui.ral).  

Verifica-se tambem que, como observado por Girotti e Hothe Li], as  
funções de correlaçáo invariantes de gauge sáo iguais nos dois  
modelos. Isto implica que a termo de fonte na integral funcional  
deve ser tal que gere apenas tais Soluções [2].  

A Lagrangeana do Modelo de Schwinger generalizado  

nNo-anómalo, após serem feitas as transformações que desacoplam os  

férmions, é dada por  

^ = W' (iYB0 )y+' + (1/2e2 )X 02X + (i/2r:e2 ) (g - M2 )  (n + 0)o(» + B)  

+ ( 1 / 2neZ  ) ( g + M2  ) XpX - ( gs  g2/ ne2  ) ( n + 60°X (1)  

onde M2  = aea  e os campos n e ,Y suo, respectivamente, as  
componentes longitudinal e transversal do campo de gauge  

eA = 0  n + e eX, (2)  

e o campo e é o campo de Wess-Zumino, aquele que restaura a  

simetria de gauge do modelo. Sendo esta um.i  verso  invariante do  
modelo, devemos fixar o calibre a fim de obter as funções de  
Green. Vamos usar oS seguintes termos de fixaçáo de calibre:  

i) oF 
= -(1/20)(0  AN   + f3eljüB

P
A )  2  = -(1/20)(077  - 0151:0 2 : 

 
	(3a)  

ii) R,oF, = - (i/2a)0 100P8, 	 (3b)  

onde a e  0 sáo parãmetros de gauge.  

CASO M2 0  gi :  

Neste casa, para o primeiro gauge fazemos a transformaç3u:  
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= 0' +  	1^ X .  - n'
Mt )  

1 

 n  - 
n

' ^. 	e  x 
= x.  

de modo que o mode l o desacopl a :  

(I /2e
7
),'ale: 	rn Z )x '  + (1 /2rre z )(y4  - M

2
)0'00' ,• 

usa 	or  

- (1 /2ae2 )0'110', 	 (5)  

com  

m2  _ (1g1 92 ) =  -  1gs  -  MZ )( g2  + M2)1 	
(6)  

•rr (M = - g1  )  

Fazemos as mesmas transformaçbes nos termos de fonte do funcionai  

gerador, por exemplo  

JYAN  = (1/e)10,1(i)' + (X') + empe J,  

de modo que o propagador de fóton, que se obtém a partir de :  

(A A > 	-
2
2/6.) ôJ u ^ 	 N P  j_o  

vai ser dado na representaçáo de momentum por:  

D
PP

(k)  = -11/e= ) rk ̂ kvDn . + ( f3k
P 
 + k

M
) ( f3kv  + ke )Dx .  1, 	I9)  

onde k e e
P
Pkp. Usando os propagadores livres dos campas 1q'  e 

obtem-se:  

x'  

(k)k  ) = -(i/(k 	M
2
)) I g

pP 
	!_ - ^1  + 	-  a + amz/k glk

P
k
P
/k.

a 
 +  

-ff( k
t., k r^ 

+ k
}if
k ^ ) /k z  . 	 • ( 10)  

No caso da segunda  ti  xa0o de  calibre,  teremos analogamente:  

1) Trantormaç2ies:  

(4a)  

(4b)  

(7.)  

(13)  
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( 91'
p

Ma)  
C •y• e v = Q

..

'.  

-  

gi gs  

(lia)  

(11b)  x 
2) Lagraingeana:  

e = $wsu + euF
i.:  = (  1  /2eR  ) X' p ( C] -:• m a  ) x' t ( 1 1 2::es  ) ( cai - Mz ) i)' o^i1 ' +  

• 

+ (1/2a)B'o9' 	 (12)  

3) Termo de fQntes  
9 9 	 •

• 
AM  =(1/e1JN a^ n' + 	( s 

s Ms) ,  x -^B ' + BNPaPk' , g'  

4) Propagadorr,  

DP^ (k) _ (i/(k- m )) { -gNy  
g a ) 	

][k

Pk e [(1/e2 )(ne
2 

 	 s t 
.!  

- a(M=  - g! ) ) + (1/k a ) ((m;a/e= ) (Ms-  g a ) - (9, + 
g; ) JJ +  

( gg=/k Z  ) ( k Nk y  + k
P
k^)  

CASO M  = es  
Neste caso vamos usar um outro método; para calcular os  

propagadores do fóton. Para isso reescrevemos a Lagrangeana (1),  

ande omitimos o termo de férmions por simples conveniencia, na  

formar  

=.(1/?,p70 P, 	 (15)  

X 
Ande P = n , de modo que temos por exemplo no caso do segundo  

.e  
géuge 0aPe = 0):  

a t (Q t #s )  
R (o/e )  -(g' g2 /2:re 2  )  

-(g
2
g
2 /2nes )  

Invertendo a matriz acima obtemos a matriz  

113)  

(14)  

• 

^ _  
-( gi gs /2:re s  

O  
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<x x? 	<x n> <x a>  
m -  `° 	<n x) 	<r) 0> <n e> ,  

<a x> 	<F9 n>  <e  e^ 

onde  os elementos <k x>, tix r)>, etc., sNo as tunções de correlaç3(o  

de dois pantos entre os respectivos campos, a partir das quais  

podemos escrever por exempla o propagador através da relaçNo:  

<A  A > 	( I/eZ ) rk k 1.1) )1> r It k<il x> Ak k <x r) ,  4  it .  V  
l.r ra 	 LL  pr : • 	 E 1 :, 	 f.i :.• 	 ).: r • 

 

e :mando  que kk v = - gPP 
 ^- k ^k ̂ , obtemos finalmente gs+e :  

<ANA»> = rr(k^ k ^/k = )
1 k s -  (q=  + g

2 )+ a( g= gz/lr ez )] +  

- (a/glg ) [(k
pr
k -  + k;k V )/k z]. 	 (19)  

Finalmente pode-se verificar que as funções de Green invariantes  

de gauge sáo as mesmas que no modelo anômalo, para isso podemos  

definir a corrente como:  

JA + (1/e)e0) = J
/4
Ai 

onde A; é definido como o campo invariante de gauge. Observa-se  

ainda que os resultados acima podem ser comparados com aqueles  

encontrados na literatura, por exemplo no caso particular do  

modelo de Schwinger quiral (3,4] para o "gauge a" no caso em que  

a = 0, e para o "gauge de Lorentz generalizado" quando  

= (a - 1) -1  ou fì = O. Além disso vé-se que o "mal comportamento"  

do propagador de fóton quando e + 0 (4] em (14), mostra-se ser um  

artefato do gauge, pois este termo pode ser eliminado através de  

uma adequada escolha do parãmetro de gauge a no "gauge  9" 

ta = rre 2 /(Ma - g= )).  
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Au alternative proscription for gauging Flurennini-Jackiw chiral bosons 

S. A. Dias( * )  and A. de Souza Outra ( i) 

1 ' 1C111'F/DC,P and ( I ) UNKSP/Guaralingueth/DFQ 

We seek new couplings of chiral bosons to U (I) gauge fields. Lorentz 
cova ria nce of the resulting constrained /Agra:lien is checked with the help of a 
procedure based in the first-order formalism of Faddeev and Jackiw. We find 
llarada's constraint and another local one not previously considered. We analyze 
the constraint structure and purl of Me spectrum of this second solution and show 
that it is equivalent to an explicitly covariant coupling of Siegel's chiral boson to 
gauge fields, which preserves ch iirality under gauge transformations. 

in the course of the analysis of chiral bosons properties, one natural step is to 
couple them to abeliarr and non-abelian gauge fselds[1,2,31 in order Lo study the 
corresponding anomalies, or Lo provide an alternative approach to chiral models 
in two dirricnsioiisj4I. These couplings have been proposed both in Siegel's (51 
explicitly covariant forrnalisrii(2,G) mid in the approach of Floreanini and Jackiw 

( 1'J)(7 ,81. 
In the context of chiral theories in two dimensions, Ilareda has shown re-

cently how to obtain a consistent coupling of FJ chiral bosons with a U (I) 
gauge field, starting from the chiral Schwinger model (CSM) and discarding the 
right handed degrees of freedom by means of a projection in phase space imple-
mented by the chiral constraint iro c #'(8). The resulting theory had the same 
spectrums of the CSM with the additional characteristic that the massless mode 
was self-dual. There was no trace, at the end, of the right-handed fermion 
originally present (which, however, was necessary for the eigenvahie problem of 
computing the feruriou determinant to be well defined [9)). IL has been shown 
later by flnzeinIIU[ that Ilarada's approach was equivalent Lo the one of l3elhrcci, 
Golteruian and Petcherj21 under Fadde ev and Jackiw's first-order formalism(' I). 

We investigate, in this letter, the possibility of obtaining different couplings 
fur the FJ chiral boson, starting fr ore the generalized Schwinger model, where 
both chiralitiem interact with the gauge field. We obtain the laagramgian of the 
coupled system under a generalized chiral constraint mud propose a check test 
which can straightforwardly decide whether the resulting coupling is Lorentz 
covariant or not.. We observe that starting with the left handed chiral Schwinger 
model it is possible to couple chiral bosons to U (I) gauge fields in two Lorentz 
covariant ways, using different chiral constraints for one clrirality (so = ¢ ) 
and for the other (ao = —i¢ a  -f e  (Ao  — Al)). 'The constraints iro = —¢ ' and 
a. = ♦ e (11 0  -I- r1 s ) are the ones allowed for the right- handed CSM. The 

theory obtained using iro x —O' -I- e (A0 — A1) is shown Lo he equivalent to 
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a specific coupling of Sirgel's chiral bosons wiLle II (1) gauge fields which is  

sy 	ctrl,: under chirality preserving gauge, transformations.  

Our starting point. is Lhe Lagrangieul of Lhe generalized Sclewinger model  

(GSM),  

—  

	

-I- er n  A, (I 
2 

76)  + CL AN (I  2  7s)  ) 

 • 
	(I)  

which is equivalent Lo iLK Ixlsen lizerd vere; 	112,11  

p  
Crt = 1 ( Ox 4)7  + 	 {g1 0" — Dz 611) Ax + 2 

	

M 
 A i, 	(2)  

where  

I. + Fa 	Ft, — étt M i = ëL art + gi In 	
(:I) 

4' = 	2 	, 72 = 	2 	 2  

In (:i) CL and ëR are arbitrary couplings introduced by Lhe regularization  

procedure11:1J and FL and FR are defined as112I  

FL = (k1 + (PL — C )) 
rdY 

 , eR = (^H + (ER — eR)2)  I d' 
	

(4 )  

'l'he Hamiltonian obtained froco Cu is  

7iU = 	(le — 91 AO — 92 A1)2  

2  
+  # '  F + 4:01 AI + yz As) — 

	
Aeze 	 (5)  

with fg.Rg. and lr M 2 = M'. 
We project one chiraliLy with LIIe aid of a generalized chiral constrain'.  

St = Ito  — o 
	

(6)  

In (6), n can be a function of 0, eb' and Ae, hut out of 41, in order L kat 0 remains  
constraint. We further impose Lhe requirement on o '.hat (0,0) is not to he  

Field de:peudelL, so that iL can lie absorbed in Lhe normalization of the functional  

integral  

'l,cb(:1l = J D41  Pt.   n(St) (dent (SI,SI) S'  exp(i j dss (w` 	7{u))- (7) 
 

'hider Lhesee assumpLions the analysis can proceed along classical lines. Fume-

tiuually integrating over Ike a r  held in (7) we obtain our etfecLive Lagrangian  

C„ = ee 40' - (fly + I)  4.1  
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+ 	((o 9i - g3) Ao + (n 92 - 9 t) A1)  
3 

- 	 (91 Ao + g2 A3) 3 

 

-1- 
2 
 A3.  

Now, we nsk which values of a are allowed in order to produce a Lorentz  

covariant. theory. We exemplify our strategy with the non-gauged original FJ  
Lagrangian,  

Pe:rfortning a Lorentz rotation,  

(cosh 0 Binh 0 \  r ¢ 
Binh  0 woo ) 1 •  

this Lagrangian changes to 	

1 = a(x ) ^2  + b (_) Y' ^ + e (_) # 2  

with  

9 _ 
a(s)  = 	2 r2 	b(s) =  z  

s3 
c(s) - — 2

x21) 
 , s = es . 	 ( l2)  

Using tlte first-order forrnalisen of Fáddeev and Jackiw we eonstruct a first-  
order Lagrangian to (11)  

F1 	s+ 	
s2 —  	2x2  —3  22 	2:21 + sz 	(13)  ( 	) 	( 	}  

Now we notice that although CFA describes a constrained system, this is not  
what happens to Ct j . 1t is thus legitimate to ask whether the resulting theory  
is equivalent to the previous one in the new reference frame, if the constraint is  

taken into account. Imposing that a +  = 4` we obtain simply  

Cii.4 Ix. .=+' = CF1 , 	 (I4)  

thus showing that under the chiral constraint assumption, both l.agrangians  

((1l) and (9)) are equivalent.  
Let tts make the saute analysis for Ce,,  eq. (8). The Lorentz rotation (10)  

produces (mtating also, obviously, A o  and Ai),  

= e+(t) Y3  + b(s) 16 	e(s)  ^ 2  
+ {(r2  - I) ri• + (s2  + 1 ) 11  (d+(s) Ao + d_(s)  At)  

(8)  

CF1 = 	O,  — ^ 2 •  
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is 

— 
1 

(e l  :I n  -i • 1; _ ri y )1  •1• 1 Al 2  r1 ^  

(r2— 1 ) o(.) = — 	(ri 2 (J: 2 --I) — :In(i! •i-I) •1• r !  —i) 
Sr. '' 

AO)  c — 	(n 2  0:4  — I) — 1 Ir (xi  -I- I) -I r.4  — 1)  

	

c(z) 
= —(F$r21) (n

2 (r^•1-I) — 2u (t2 -1) -I.  t2  -1-1) 	(16)  

1 r1 	r. 1 ^: I r 	r.2 	1 	 r. 2 	I 	̂ f l ,l:i: = .42:3( (( 	) 11 i• ( 	̂ ) 92) — ( ( 	̂ ) 91 ! (" z 	) J2) )  

(rr r.l — ri)  

The first-order  lagr:uig'lao after the  imposition  of the  generalized constraint  

rr • 1 = rl ^^ 
+ 4 11 c— o2 + bp  a —  b) 0 . 2  

" 	 4n  

(Ya (73  + 1) +  (xl — 1) Or  —  b)) 
' 

art  e 	 e_ r1 	 (0 e_ — r. A -1-
2n 	

^ (( 	+ — 	) o + ( 	^) 1)  

— ? 
— ^ (e+  A n  + e_ A1 ) !  — 

(r.1  411 
1)  ((r1 e+  — e_  ) 11p +(Ir e_ — e+ ) ^11 )2  

+ A! 2 A7, 
 ( 17 )  

This expression only equals (8) if  

(f1"— I)IA '  — (91r+ -I. 92) 110 — (92rr+yl)AI = O 	(18)  

Solving this equation for n we find the suL of constraints which preserves  

relalivistic covari nuce, 

1 	, • 	 2}  1/2 
,r¢  = J:Z (40 	+ 46 (92A0 •1 - 91rí1) + (UTAu+92 11) )  

1  
-1• 

1
(JIAa•i 92A1 1) 	 (10)  

From (19) we see that there: arc only IMO cases where we call get (il,S1) field  

independent and simultaneously obtain it pulinu1111atil 1.agrnligian, namely  

i) 91 = y_ = e (right. 11and':d chiral Scliwimger model), with constraints  

:md 

it 	—  

rt 	= ^ ^  •1- rf (:1 n  + -•11)  ;  
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ii) 91 = —92 = e (left handed chiral Schwinger model), with constraints  

= ^ 	 (22)  

and  
tr. = 	e(Ao — A1). 	 (23)  

Cases (20) and (22) are the cases studied by Ilarada and found elsewhere  

in the literature (2,4,8,10). Cases (21) and (23) have not been previously con-
sidered. 'Ib be definite we will start from case (ii) and complete the gauging of  

the chiral boson within the context of the left-handed - chiral Schwinger Model.  
Imposing (23) on (2), with —g2  = Vie, we obtain in the same way that  
we did before  

CCU = —^^ — ár  2  + e  \4/+96 / (Ao — A 1)  

2 
+ 

A 
 ASI AN — Fpr FN` 	 (24)  

where we added a kinectical term to the resulting Lagrangián. From (24) we  
compute Lhe canonical Hamiltonian  _ 2 

7íc = 	+ ar' Ao + O .2  — ei (Ao — Ai) — ÇA.  • (25)  

The constraint (23) is second class,  

{fâs(x),R3(x)) = f2á (s' — y')  

with i22 = as  + ^ — e(Ao — A1). There is another primary constraint, 
 f2^ = x°, whose consistence under time evolution produces  

f1! ,  = {n,,fdy i (74 utfli u2112)} 
 

= 811 1  + e#' + Al 2Ao + 0E2 = 0. 	 (27)  

This determines tr 2 , while n i  is determined through 62 = 0. The iayerse  
of the constraint matrix is given by  

1 26 (z' --y 3 ) 	eb (x' —  y' ) 

Ci i (z, y) = -i 	
(28)  

—eb (x' —  

and the s 	-cull Dirac brarkets me  

(#(r).ae(y))
* 
 — ó(r' —y') ; (4(r),Ao(y)r = !b(z l  —y I )  

(26) 
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= +u 	
2k+ (o - I ) 	 1  

( (rr=

efti- 2(rl-2) er l•+ 	l ^  + 	+ (eer= i• k+ )  

0.01.21110ill' _ I ^ ,  (+^ '  -!1 ' ) ;  

2 
 1f1n(r).f1u(+J))

. 
 =- - 

YA . 
 (r' 	!I') 	(Au(r).x' (g)}

. 
 =  

r• 

l 	. 	¡ 

	

{:11 (r) . ef '  (!1)) 	= d {L' -- I/ I ) •  

—a 0. 1  

(Nit: ran rls,+:a.r::¡i Lo I,er rliwiu:sl.el I'runl (25), +sRr•r using Ike  e:uuslrainls strongly,  
rued Ihrn rsrrivr lu Ihc fival Ilaulill.uli:ul,  

I Y 	 • 

	

7(  = (x2 ) + x 1 :1 11  -I' 71 .;— r. xe (A0  - A1) - 
AI 

AN 	00)  

Thanks  tee IIIe• nine standard  runluwl.al.iun re•hiLiues uluryr•el ley Ao, il. is not  

easy  III  :iedve: Ihr equations  eef IIlUt1U11 obtained front  (311). 'I'n Ke.•e  sonlRllllllg  

alxu lt the  spe•e'r.rnlu nf this 'levelly  we  cate  integrate:  functionally over the  A ee  

field le, uLlain :lu rffuclivx Lagr:ulg iae G,r Lhe ¢i  liclrl, 

I ((e2  -  ?Il e ) O2  - Af {O i• AP (O+ Aly) 11+11+ ) 
ern ` !¢ 	AP (o+A.IY) 	

0 	(31)  

Wing Al' = eta, we see Lind there lire pules ill Lhe following regions in Lhe  

(k;  , k _)-pinur:: 
i)u 0 1 ,  

k +  = o 	 (32)  

ii)ft = I ,  
e2  4.  

L 	e,._ ,I, kl 	.  + 
L  =  Il 

Alibiing(' eh.: ell/remit/1i fur Illv k_ e•ilrve is not directly Lorculet covariant,  

we: can see: explicitly I presence of ii self dual pole in the spectrum of the  

!belay. wills the rurre•eI e•hiralily  
Y.1 the appe•ar:usre of only  eh'. A.. cum' 	rule; of the ,1p  Iieid in the La- 

gr:usgisen mimesis Lhul. this kind of coupling could he obtained by a Lind of  
"e•e ll' .III::I" ganging, in whiril •.uly Ih:: 11_ derivative would I,.  c ii iri : usLixad. 
'I'iiis, leas heel us I u e•e.usiolrr Sie•g.•1's I erus:die;m for the rigid h:oohed eking! Inman'  

I 	l
A l e.,, _ —0 1 0,4.0 

   f •—l il l yee).  

(33)  
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Performing the substitution  

0- 0^ 0-0-l2eA_ 	 (35)  

we get  

. CS : (a 2 1  4r 	N--90'  +  e  + 	— At). (36)  

The first-order  l.agrarrgiarr is  

Csr 
= *+41 - a}1 {$4 - atrei - e (Ire +¢') (Ao - At)  

+ -e$  (Ao - At) 
	

(37)  

Solving the constraint through the equation or motion for A, we obtain  

Ir. = -. + e (Ao - At) 	 (38)  

and, after substitution in (37), we get Lc.  if  given by  

Ccu = -4# - of; 7 + e (ei + #) (Ao - A I ) 	 (39)  

which is the same as Cc,r, eq.(24), without the last two terms.  

Finally, we would like to notice that the gauge symmetry of Lhe model pro-
posed in (36) is a kind of "chirar gauge syununctry: the syrntrretry of the model  

is O ¢ + e and A_ — A_ - h&c, e = cV). This symmetry preserves  
the chirality of the chiral boson under gauge transformations. It is also re-
sponsible for more degrees of freedom than those present in the case considered  
by Ilaracial8), as we can take A +  as a gauge invariant quantity under these  
restricted trarrsforrnations. If this model is an alternative description for the  

minimal chiral Schwinger model, is a very interesting question to be adrossed in  

the near future.  
We would like to thank Marco Antonio Andrade for introducing us Lo the  

DERIVE package and Dr. Juan Alberto Mignaco for continuous encouragement  

and useful criticisms. One of us (A.S.D.) is partially supported by Conselho  

Nacional de Desenvolvimeuto Cie:Htífrco e  Tecnológico (CNN!). re  
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14 * L.

+p
R1 ^ 	 NO, ^^L.l1, ^ _ ^, ^ = 
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a*  = f ^1, •4t = Ao f^11.  
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ACOPLAMENTO IIAliO-YILLS/rODELa SIGMA  (a,0) EM YARIEgADBS, ^ Tondo  ^   

CARLOS  ALBERTO S. ALMEIDA-DEPTO. DE FiSICA-UFCE  

J. ABDALLA BELAY$L-NETO-CBPF  

BUONO' No superespaço (2,0) efetua-se o acoplamento do  

supermultipieto de Yang-Mills ao modelo e não linear. •sto• é  

realizado através do gauging das isometrias do espaço-alvo de modelo  

e, neste caso, considerado como uma variedade genérica cam torção.  

A ação da modelo-s ,manifestamente invariante sob a  
•  

supereimetria-(2,0) 6 a seguinte  i 

Se  R i d
2x dB+d6+ 

 [  K 

 
- Ki  (0, 0)  8 Oi  (1)  

onda 	o 	vetor 	K1 (0,f), algumas vezes chamado de 	prepotencial, é  

definido 	no 	espaço 	alvo, 	cujas coordenadas são 'os 	supercampos  

escalares 0,0 do superespaço (2,0). Os indices latinos i(1)=  

1, 	n(n) denotaim um espaço alvo 2n-dimensional. O prepotencial  

contém toda a informação sobre a geometria do modelo, uma vez  

partir dele podemos obter a métrica e a torção, ou seja  

gi  j® 2 181K 
j+ 

 8^K11 ; b1i e Z f 8 1Ki -  8
j

K 1^ 

Vale lembrar que estes supercampos são •quirais•, no sentido  

que obedecem aos vínculos D 
Oi 
 =De = 0 .  

Duas invarilincias de °gauge! estão presentes na ação (1):  

õK 1 = í8 1A(0, ) ) com A real 
	

(3)  

ãK i =F 1 (0)t 	6K`  o F1(f) 	com 0-F 1  =8i Fi=0• 	 (4)  

Devido è óbvia semelhança com a transformação de Kãhler, a  

menos do fato de que este é definida para escalares, enquanto que  

(4) é definida para vetores, rotulemos esta última de transformação  

vetorial do tipo KBhler.  

•  
Notações e convenções sobre o auperespaço (2,0) podem ser  

encontradas no trabalho Modelo de Schwinger Quiral no Superespaço  

12,0), apresentado neste mesmo volume.  

que  

(2)  

a  
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nos super•campos (coordenadas da  Consideremos transformações  

variedade) tais que:  

60 1  = Aaká(0) 1 6O l =Aaki(0) 	 (5)  

onde k l  6 um vetor do espaço alvo e 
Aa 

é um parâmetro global. o  

vetar. k 1 (0) (k (OH é uma função holomórfica (anti-holoiuórfica). no  

sentido da que dependem apenas de um supercampo quiral(anti-quiral).  

Sob as transformações (5), o prepotencial K 1 (0,0) comporta-os  

da seguinte forma  

óK 1 m K 1 (0;0') - K,(0,0) = (8 1 K 1 )ã0 1  + (81K
1
)80i  =  

= (8 K 1 )Aaká(0) + (8-K 1 ) ka
k
i (0) 
	

16)  

valendo, também, é claro, o conjugado complexo da equação acima.  

As condições para a invariância da ação (1) sob as  

transformações (5), podem ser resumidas na expressão:  

Yalc(0,0) = Fá(0) + i a La(0.0) 
	

(7)  

onde 
 ZaK1 

é a derivada de Lie do prepotencial na direção do vetor  

kl  e é definida como  

^Ki t3 K i.j 
	+ K

i.i  k
a  + K 	

k i 8ia  

Lembramos que L(0,0) é uma função escalar real. A partir da equação  

(7) podemos obter as condições para a invariância do modelo  

bos8nico, a saber, qua o vetor k 1  seja um vetor de Killing da  

variedade e que a derivada de Lie do potencial de torção se anule,  

caracterizando que as transformações (5) são isometrias da  

variedade.  

Nosso objetivo agora é introduzir supercampos de gauge através  

do procedimento de elevar as isometrias d condição de simetrias  

locais. Como sabemos, urna transformação da isometria deixa a métrica  

invariante, portanto o prepotencial K 1 (0.0), também o será ( Ver eq.  

(2)), a menos de uma transformação vetorial de Kdhler. F m  outras  

palavras, se a variação 6K 1  não for zero, deve ser no máximo  

igual é transformação de Kahler. Iiersta torcia, podemos identificar  

6K 1 eK 1 ( 0 : 7V) - K I ( 0,0)=Ae (k^K l.r rkaK l,.l
)=ApF ra (0)  r9) 

Considerando a dependência dos prepol:euciais nos supercampo 0  

e Õ , e levando em conta ainda a simetria da ação e da métrica, a  
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equação acima devem ser modificadas para  

AK i  = Aa(ka K l.i  + ka K i.i ! 

l4 

^ 	AaFya 

As trantoomações ca do subgrupo de isometria são escritas  ia 	

(0) t iAa8 i Ma(0.0) 
	

(10)  

na forma  
ò6 y  = Aa 	 y  ka ($) 	 ò0 = A ká 1Õ1 

onde AMAa(x;e,Ã)Qa  á um supercampo quiral parãmetro de gauge.  

Na forma finita estas transformações tornam-se  

01 1----14' i  = exp( LA.k )Oi 	: 	• 1— 	' i  , exp( LÃ.k ). ,  (12)  

onde os operadores LA k  e LÃ k  são definidos 
como  

Oi ] 
 

LÃ .k Oy  e [Ay k^ 	1} (131 
LA k 

01  sA  

8 	
41 

 á 	i ' em  ^ 	• 	
. 

OSi  

A fim de covariantizar o prepotencial K 1  e expressar todas as  

variações de gauge em termos do supercampo A(x;9,9), de tal forma a  

imitar o caso das transformações globais, proposas uma redefinição  

de campos onde esteja embutida a troca Ti 4 iV . Definimos um  

supercampo i, que corresponde a uma •covariantiaação' do supercampo  

, tal que  

fleexp(L
iV.k )Oy  

onde a transformação de gauge de V é fixada na forma abaixo  

(14)  

LA . k 	il / . ic 	-IAA; 	 (15) e 	= e 	e 	e 	 ,  

Portanto , transforma-se como  

fi  i-^ ê' )  = exp( LA.k ) 3 y 	 (16)  

No entanto, esta prescrição não é suficiente para tornar a ação  

do modelo-o simultaneamente invariante sob simetria de gauge e  

transformações de Kãhler tacaLa. Para isso,. sugere-se a introdução  

de um par de supercampos auxiliares quirais e anti-quirais, C y (0) e  

t-(i), cujas transformações de Yang-Mills são tais que compensam a  

variação de isometria de K y . No caso global estes supercampos  

auxiliares são tais que  
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8C (01 ■ 
éa 

Fia 	 (0) (0) 	: 	at i 	• Aa  F ia (0) 	 (17)  

Formulamos a prescriç$o de 'gauging fazendo as substituições  

-  -i m 	e 	t  —) t  , de tal forma qua  obtemos  a seguinte  

Iagrnngeana  

2
4 
 . 1K 1 (0,4) - c i (o)lv 0' - iK 1 (a.õ) - t(30v õ i  

node  

V O i  8 BOi - gl,a[- 	; ká(0) 	V _ - ^ i 
 E a--õ i  - g['a-  Va.) 	(19)  

Na equação (18), K i (O,õ) indica o complexo conjugado de K i (O,õ)•  

Considerando que as derivadas covariantes (19) transformam-se  

como os supercampos 0 e i , e tendo em vista que  

ac i (0) s Aa  Fia (õ) 	: 	ót i (õ) a'Aa  Fia (õ) 	 (20)  

a variaçAo da Lagrangeana (18) é dada por  

óE = A
a
[ EZK l 	2aCi)0--0I  -  ácK i  - 	(21)  

Portanto a condição para a invariáncia Local da Yagrulnpeana  

(18) 6 que existam vetores R e R , tais que  

2a  R i  E 2a  (K l - C I  ) = 0 	; '41i 
a xa (R l  - !;l ) = 0  (22)  

Acerca dos supercampos auxiliares, assinalamos que no caso da  

variedade com torçâo, o gauging de um subgrupo de isometria requer a  

introduçdo de supercampos auxiliares, os quais são vetores da  

variedade alvo. No entanto, uma vez que eles sEo holomórficos ou  

anti-holomórficos, a métrica definida a partir dos vetores; R i  é a  

mesma obtida a partir dos vetores K i  . Desta forma diferentes  

escolhas de C  correspondem A mesma açao do modelo-a em termos dos  

campou componentes.  

(18)  
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A EXPANSÃO DO 1'IIEAT KERNEL NO ESPAÇO-TEMPO CURVO  

Á TEMPERATURA FINITA  

H. l3ntirhi - Filho  

Ue:purlauea:nta  de  FYsie:a r. (1 eeíacir.0  

Unive:raidadr. l;'studnul  Paulista - Crnuj,res de Chtar'aten,yrcr,tri  

12500 G'1uuYat1n01u:td, Caixa Postal 205, SP, Brasil  

C. P. N:Itivicl:lel[:  

Dcparlaua,r.utu de: Mnteneeítir.rl  

Universidade Estadual Paulista • Campus  dc Caaratinynetd  

12500 Gruiratfialru:td, 'Caixa Postal 205, SP, Brasil  

Resumo.  Neste trabalho cncoutrruuos a expUllsllo do heat kernel no espaço-tempo curvo  

it temperatura finita. Usl11 ums, cuL.10 essa expallaef[1 para calcular as anomalias quint' e  e1(:  

traço, nessa Icit11aç1iea .  

O heat kernel no espaço-tempo emir') c bem conhecido (11 e tens sid[., utilizado  c:u1 

técnicas de rugularizaçricl em teoria qulültic:l de campos desdc a década de GU. A partir  

dos trabalhos de Fujikawa 121, euvolvcndc, o c.ículo d[: anc1r11alias via 111étado funcional,  

houve  uni mnovad(i  interesse por  essa tí:cuica.  

Neste trabalho vamos calcular ce. ex1r111sao ISsslllt[)tIc11. do  heat kernel no espaço-tempo  

curvo à temperatura finita, usando para  isto o formalism() de tempo ilnabinlirio 131. Este  

trabalho é unia ger:ralizaç.io de  outro anterior, restrito au csp.eçcrtempo chato 141.  

O heat kernel no espaço-tempo curvo, à temperatura zero, c nsclallur.ute definido c:olnu  

111  

: 
NS N) (.I;, .c:'; l ) ^ (a;'I e.— e11 I.e:y  

= e (1]3 1
71 /4 ('l.,.e.•e )F(:1:,:1: ' )Ò(J:, X I )  

reluh: D= = Di' Do  -h.  -Y, D e, é (I  c,i,remlerr du Dirac, 17(.r:,.l•') é u de:te:rntin.u ,tc: ele:  Van  

Vle;cI:-MurctLe e 1(.I;,.e:') [, dc:;In(mlcntu paralelo. A c:xl n lnsiicl 1lssinleítica pana  

t ^11) de:  sun parte diagonal  (.1' = d:') é dada pa.  

/ 	
1  

!l ( .1', . 1 ' ;  t ) rr".. -- • 	 ., 
(dl Ir jN/.>=,11„, 

 ( .1' ) ' rrr ' 

u,  
(2)  

(1)  
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(6)  

(7e-)  

■ u11lr. N 	a 	 di) e:tipa1;n-Le'11111U r= e1e1 e: f,  r uti re„ ( .r )%ü11 elti rlle •lie:ir'uLrti e14  Seeley,  

que:  min  IIs11i111ncnLe7 ralrllLuluy pnl' flírllull:ly (It.  1'rre11'ri•nria III.  1.Itt1'elallLu a Lelrinr•a 11e'yrls.  

volvida e :1 pow 'a)i 'alva paru eJ c:e ce11e1 . r:elnlns;t i;eti via ltite•};1'ae;:in funciouill pule  I;ull 11an  

Siei 11li;lela paid  eslr lint. Emil  aI1N1'el:ll,'lll 1' Illu'tir•ul: u•Il u 'llle 1il,il 1111 I111'111illitinlel Ile• LI•11ipU  

i111:1^i

AA

11:1 riu. 

.•7 I.r•111 1 p'1'al Ilra IlWlit ,  e1 lu';et. 1¡14'11e•I Ilelelr', 1 '11=.itU ,  tirl' 1'tie'17111 ru11111:  

11 1 
r 
 11 (.i,,7. 1 ;1)  - 	, -11 .

17 1' 112 (.r'.r'')1(.r,.r')45 r (+' I'^) , 

male  :1 f111iSp111 dell('  grnrrali•L7ula, ii tI.11111rral  urn  Iillitil ,  1' (hula  11e11• 

d 	(.I',.1: ) = 
u 	 I X1 ► l+^' IR (•1'i^r' ) -. } 	 d(^'11 — ^ (I1) re 	 L^^  f {-^n)rv 	 .I 	ti ^ 	 i  

•
t !n) 	e 	+̀,^, 	

elf n1)I
' 	 , 	r 	'?n 	 '?>t 	1 \\

11 
 , 	( 4 ) 

„ = — n, 

	 -F J 

aluílng:1 a forum et rl•e:tipullrlr111e nu e•tipaçu-1.r111pu rllatil I:1,4I.  Cabe  rCtiSa .ILa1• que esta  

fúPllflil;s é vallela 1):1I':1  cantinas  fe:r111H)ItICe1s, que ti7ïl ►  a111.lI1e1'ICiellcels 1;111 rl•I;le;ii1) it  Ll•a1lSl:1çCK:S  

te:üllu)1•1111+. A f111:11111111 Cu1'Ye•:iIN)u1 .1L'ntC pant  r;11111/1 ►s 1leStii3111Ci ►:i é obtida trocando te -l- +1/2 por  

Ir na  flult;;iu delta usual.  tlplicanele) a t.e.rnira de FIjikalra para o  c•:ilc•uln dos coeficientes  à 

temperatura finita 1 ,11, encontramos  

(5)  
1e 

pie  etulnLiLuiela inn (2) tuts fornece a expressão elu beat kernel no espaço-tempo curvo it  

Le'111pI'1':It.11ra finita. 131'tiy:l fell'11171 ,  e 1ti kernels its  te'llllle'r'rltl)i•:1ti Huila' I. /1•1'e1 sill) relacionados  

In n%  

! 1 -  
j 

•--. 	
r 

II(  N  I , ( :1',.1'1 ; f) = 11 1N)(r, ^ ^,1; 1) 	1 	 "I•x11 	^  
l 	 11 	 =11 

(1ti rlle•firie•IlLrs it Leu11)e'r:etlu•a  zero,  er,,,(.i'), sael Us Ilsu:lis (spin 1I2 ) Ill:  

( ll (,r-) =  1 

11 1 (.r) -- it 	.1  

.. 1 1^.1 71e ,.1
7.1 '  I 

1511 ( 11111ryr 11 ► ir•i1r 	̂t r.hi111•
)  

1 	1 	 1 	I  

1;( 	
If 	.1 ) ;I 1 '' I 9 ( 1-;  Ii 	.1' ). .  

( 3 )  

' 

/ 	 . 

rr,u(.1• ;%r;1 ¡1.) = 11. 01) ( 1 -I- Z( -1 )"e_CIl 	
, 1 2 /17 	

^ \\\ 	 -1 1  
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As a11ctt11aliits, Cltt g+.'1:11 ,  l)al1cul icr C;icl•1Liri3 conic) mim son i ui divergent'. 	o iiiesmo  

ere oiItc(:e Iulo f1 temperaturil  fiuiLil: 

.4,0) _ E[^^b 	, 	(8) 

 c 
Unde: 7 = 75  pant 11 an1)nli11ü1 ellliril) e  7 a 1 para 	:lI1U111a1i)1 de  t1':11^1i 121.  Sua  e.'xl)1'ess7la  

regularizada é então dada por  

Ap(x)I 	= lint  tr•(7t>;10,:c; s)1 , 	 (9)  
rty  ^^o  

onde K¡i(a:, •r.;  s) é o kernel  elo operador potcneia, definido pela transformada. de  Melliti 151  

1 	°O  
Ii (N) (:i:, :i:;.^) = 	d1. t .—I t1^rN1(2' , ,1.

; t ) 	 ( 10) r(.4 ) U  

Substituindo (5), (G)  e  (10) na Eq. (9), fazendo a integração cu1 t  e touliuldo o limite  

em  s, obtemos:  

Af(x)I 	=A(x) 	=tr•(7a.i(x)) 
	

, 	 ( 11 ) 

reg 	 reg 	1 	n=N/2  

logo as anomalias quind e de traço são independentes da temperatura. Esse resultado  

para a anomalia quiral jfi é bem conhecido no espaço-tempo chato (31, assim como para a  

anomalia de traco nos espaço-tempos estnticos 161 Ott conforinallncntc chatos 17)• O resul-

tado apresentado aqui, então , pode Sro ciltcidiclo como uma generalização dos anteriores.  

Fisicamente, este resultilclo pode ser explicado coin base cio fato dessas arlo)mdias sereiji  

fei(1Mchos de grandes momentos 1: consequentemente de pequenos  comprimentos  ele onda.  

Logo, a pcquel1:as ciistiiiic:ias :i estrutura global do espaço tempo  1Iile I modifica essas qusinti-  

dados, lula vez que  sempre  é pits:hvel 1aI1Y)Xnmla11. 11111 espaço-tempo curvo, nas vizinhanças  
de 17111 ponto, par 11111 espaço-tempo chato.  

Ulll :ISpe:cta  interessante que cf)llVc:!ll sal iemlaI' é a rat acte1•istic:l tal)ole'iglril. da 1111€ illlnlla 

elllll':ll. Essa ilnalllilllil 1)()(k se!1• e)Iltlelil iltriiVi's ele) Loareilia ele) letelie•l!, Ullllte é hem sabido  

121, logo, era  de se  eSperiu• que ,  essa iuialualia fosse i nc le:pendente: da Ie!llIperiltura, jI llue  

il Leiiii)[:1•:1tiira C 1111111 1::lr:le:te:rist.lc)t glhlnil da v:ei.iednde iiãe) utle)elifica)IC1c) situ t(ipe114)gla.  

Ebtp•lisnt[ 11 111ie)tliill:lll)t de  I1•:IÇe) apesar ele Ida) ter tal dil igehli Lal)e)ii gira, tIiilil)C n )  eXibe 

N!n entit )arLili11e11tc) SeH1e111ante. Esse fato siige1•e 11111 e.31.11t ci Iltills prrifnbda das iic ssíveis  

relações tall[il(Sgica.s e:nn) cSS:e  :UN)lII:1lIi1. 

(¡ítl)e :lllielil lembrar que il illl:lIisi: elise:Iiticill 119111 lid n le tílIlIli6i1 ser estendida à ilne)nlillia  

gritVltaric111111 (8)  ils:ililI rc1ilIiI it Ile! sllllerclil'rcllti. 1 91.  
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Abstract 

We have calculated the vacuum polarization tensor for (2+1)-di-
mensional quantum electrodynamics (QED) using the analytic regu-
larisation technique by means of a gauge invariant construct. We have 
thus demonstrated that the gauge boson acquires physical mass at the 
one-loop level in the Abelian case. A generalization for the non-Abelian 
case showed up straightforward from this result. 

1. Introduction 
Gauge theories in (2+1)-dimensionsl tA.are interesting because of their 

association with high temperature phenomena in four dimensionslsl. They 
present, however, a challenging theoretical ambiguity in their physical result: 
gauge field mass may be induced radiatively at the one-loop level, depend-
ing on the choice of the method for regularizing ultraviolet (UV) divergent 
integrals. For instance, the Pauli-Villars method does not generate such a 
gauge boson mass (also called topological mass), both for Abelian and non-
Abelian theories even tip to two-loop level, in contrast with other techniques 
(see, for example, refs. 12,4,5,61). 

Among several regularization techniques available to tackle UV diver-
gent integrals, there is one known as analytic regularizationli, which essen-
tialy consists in considering an analytic extention for the fermion propaga-
tor to ensure convergence in the Feynman amplitudes. However, care must 

be taken, since naive implementation of this technique may violate Ward's 

identity11  and so it requires a certain criterion to be implemented such that 
gauge invariance is preserved. 

In this work we shall address this problem through a construct which 
preserves gauge invariance in the analytic regularization "procedure and em-
ploy such a method to evaluate the one-loop photon self-energy for QED in 
three-dimensional space-tithe. 

'With partial support of CNPq, Brasil 
:Supported by Capes. Brasil 
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2. Analytic Regularized One-Loop Photon Self-Energy  

En three.din„!usioual spare time the algebra for Dirac gamma matrices  
is realized using the Pauli-matrices  

7 10 = n ' ' 	7 '= jai  p  it=iQt 
pi 

 

l Y 	eY 	̂,I4• 7r 
7 =  !^ - 

ie 	, 9m• = dirty(  I , -- I ,  — I J .  

k,.kY II1'I(k2)+ 	 „Y..k^. II 121
(k2 ) , 	(3)  = (g„„

where („yp is the usual three-dimensional Levi-eivita tensor. Note that the  

equivalent for the last term in I?q.(3) is absent in a four-dimensional theory.  

Following closely ref. [8], and using Lhe gauge invariant analytic regular-
ization there outlined, the regulated expression for the polarization tensor  
is given by  

where  

and  

with  

	

11 1a }l,2af(a) 1' 
4

l ^'¡, 	"_^Y + /' „Y 
¡^°1(k) = —2i 	

u 	(203 (1112 - p2  — ic)2+4  

j'  2 — 	1 
^„Y=a„+(l:1 	¡, 	ie)+,3 ( l +^)1+2 +.1reY  

= —(  I  + 	120t — I )kr(:I,IY 	
k

k
rj Y  ) + irri(„YLI•V'  J  

h► 2  _ pie2 	I — )1.:2  
It is convenient  to rewrite I:g.(=I) in the form  

11 3 'I(k2 ) .li„'uf(a)(I+ a)k2 1 r►^ f(( --
I)1 u  

¡ ^ 	d''r 
11 121(k2 ) = 2im2^f(a)(I 1- A)  

	 rf{ .' 	¡ 'i 	1 	r 	sF^ ' 	( 6 ) 
. u 	( 2A ) ( A!' — p2 	ir. )  

11^^1, _ - 'lirrr21f  ( A)!li.,.  f '  rl^ ¡ 
 rl''!e .

' i (111) 
• ('^r) (All — ¡►2 --ie)  

( I ) 

(2)  

Consider now the vacuum polarization diagram. The general structure  
fur the regularized polarization tensor expressed in a g.u'ge-invariant form  
reads  

• 

(3), where  

rl'p 	i  
(201  (111 2 —l;r—ir)2+a  

( 8)  
I 
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and  

11 {^ 	 — 

	
d•J  

(2r)-  (hl2 — p2--ifjsta 	
(II)  

The gauge-breaking ternas 414 and iJ 	add up to zero, since on eval- 

uation the two contrihutious given by Eqs. (10) and (11) cancel each other  

out. This means that the regulated polarization tensor ii ) is already gauge-

invariant even ix:P a going to the limit A -- O.  

3. Mass Generation for the Photon Field  

The polarization tensor leads to the modified gauge boson propagator  

!)W„(k} = kz -_ e211(k2) ^9^^V – 
 L^2„ e

f^,ro 
^2 

AI(k2 )}  , 	( 1 2 )  

where  
11(k2 ) = 11 (1)(k2 )+ rn11 121(k2 )M(k2  ) 	 (13)  

e2 ata11 121 (k2 )  
ono) x,  

From Eq.(8) one verifies that 11 1 ')(0) = O. As a result, the only contribu-

tion to the gauge boson mass comes from the 11 121(0) term. After performing  

the momentum integral this term results in  

11 040) 0 	(a)1  ^n2a A 
1161+ 

 1) II fit I  
1!I( } — 2 

(2a)
3!( ) 	

+ 1 )
(fli2  – if)A+s  

If we now Lake the limit A — O we finally obtain  

11
(
^ 1(0)  ^ 	

I  

^ 4^r l11 ' 

so that a topological muss is induced at the one-hoop level, in contrast with  
the Pauli - Villars 	 method where 11 121(0) = 0.  

4. Conclusion  

We have considered the three.dimeusioual quantum-electrodynamics  

regularized via auaiytie. exu: anion for Lhe fern eiuu propagator and shown Lhe  

and  

(14)  

(15)  

(16)  
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lransversality of Ilse ame-Imp vacuum polarization tensor. First and origi-
nally envisages[ for femur diuu•nsional gauge theories, this feeruralism of : um• 

lylic regnlarizatiuu embedding gauge invariance by construction was shown 

to produce a uue- ii Le ill radialively corrected photon propagator with a dislo• 

calcd pule in such a way that we care attribute a norm-vanishing mass to the 

real phulou. This IN /111.1111iiS with the I'anli-Villars regularization, where the 

tnpulul ical mass term in the regularized vacuum polarization tensor doers 
not contribute for such photon mass. We would like to point out here that 

the odd-t aril.y cun Lribnl.ieen from fvrminus is prols,rtio11al Lo Lim sign of their 

mass, anal is t.herefore naturally c: uecellol out by the regulator fiends in the 

['alai- Villars method. Ou the other hand, since the analytic regularization 

has 1111 :eddit.iuu:el fields of that sort., it leaves the original reunions' effect 

unchanged. 
(;sue•rs[iznlzus Lo t Iir non-Abelian case present,; no difficulties since up 

1.11 he one-lisip level, besides the analogous Feyumau diagram for QEl) 
we would have the additional contributions from diagrams involving gluon 

self-interaction vertices as well :LS diagrams with ghost loops, whose cor-

responding Feyueuan amplitudes can he rcgilarized by umea11s of the same 

gauge invariance preserving formalism. Ilowevelr, in this care the only con-

tribution to Lime topoelogie al mass tern' comet fruiu a closed fernsiou loop. 

Thus, the nose-Abelian calculation is formally the saute, the only difference 
lying mm another coupling constant as well as colour group overall factors. 
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FI;R.M1It}NS AND 0 (3)-NONI;INLAR SIGMA MOI?RT, IN A  
e,L'I•IR.FF-DIMENSIONAI. SPAC:E: !.'IARI:•  

• 

J. R. S: do Neacimuntn and F.  R. Rescue da Mello — 
Departamento Deptrtaneento da .Ftalca. Unireraldade Federal da Nrafha  

Cx. P. :í40S • CEP Aaiun  - loin Pennon -  PA  
 Rraeil 	 ' 

ABSTRACT  

In this paper we study the 0(3Y-nonlinear a model soliton coupled with a isospin-1/2  
fermion doublet by the Yukawa-type interaction. Describing the bosonic Q =1 sector by  
collective coordinate, we show that a purely fermionic action can be obtained for this sys-
tem. We also calculate the induced liopf term for the boàonic sector by integrating out the  
fermionic degrees of freedom, and also the induced fermionic current.  

I - ?}iTT1i;ADUCTION  

It is 'well known that the O(3)-nonlinear sigma model (NUM). defined in a 2+1-

dinxn sional space-time presents topologist lly stable ainfigutatio , salon's, that are char-

acterized by a charge Q defined In the next section. These solitons d s3cribe centimieis  

=bps from the compactificld coordinate space S 2  iota the group space, S2. Since the second  

bomotopy group 17ì(S2) 2, the NLaM admits infinite dace of  aePtari^rl.. 

In this paper we shall study the interaction of the Q = Ì scallion sector with a isospin-

1/2 fermionic doublet u_ing a Yukawa•type coupling. Describing the bosonic sector by a  

collective coordinates, we shall be able to quantiae, in a semic'.usmicai way, the total system  

and also to express It by a purely ferriiiwric action. lu order to obtain the induced hoof  

lerués and the topological current. we shall develop a penturbatioll theory in the Yakima  

ryaeplip,  cx,uslnm.. 

fJ= I•II'1: SCII.1'1`ON-F  1.?1tM11ON SYSTEM  

'I'1r:  2  I  I 	 O(3)-•1.utd is ele::ie:rihcd by lla, : frll:ewing L: y;r:eu;inu:  

J ir  (I4.  tF` )  (lr'  1P•) . 	 (2 — I)  
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where V.°(a', l), fur.  rr =1 :,3, are real busuni: held  Llra  e..d.isfy the constraint  rcniir.inn  

p°yp° = 1; ha,  the field manifold is  equivalent  to a sphere 82.  

'1'irc 

 

sector (I  -= 1 can be  rr.ldrsemcvl by  the ise,verre•r q'(7 z (,rsing(r),ras9(r)) ,  

where  ã is a 2 -diruensicrrral unir.  :ud inl  vectors, end 9(r) huirrg a function Lhnt.  obey  Lhe  

boundary condition y(0) :: U„  and  g(m) = a^ 
 Ìhe tnlrrrle,gi+:.cl dr.rrge: de:f ned by  

Q =
J  d

r$ J°(x), 	 (2 - 2
).  

where the identically conserved current Jr' is  

= i ev^E°^Y' Biry am,,c.  
Sir  (2- 3)  

We can study the interact:nr of an isospinor-1/2 Dirac fermion rft with the soliton field  

te(2), via the Yukon Loupling. Su, the fermionie legraugian density is given by 
 

L = ^b(i^I+'O, — m) tb — 914.00, 	 (= —  ^) 

*1=e ¢hart four complex Wmpozmrts: ifr = cad(t +,  Ç  , 01,  tÇ)  wlxxa the indices 1,2 refer  

to isai+n (charge) and + . to spin. The gamma matrices are given by = (al, sans!)  
Now, let us go back to our original problem. The Q = 1 sector coi11guratioa is  

invariant under a combined spatial and isospin U(1) tranformaliooRI. Let t e sib group  

of SU(2) geuereted by 72  be this symmetry group, i.e., ir(s) = e 44 E U(1). So, under  

this transformation we have  

1P(E) —", ii(E) 	1 eP(4 v _  
uosg(r) 	a $ 't e) sin9(r)  

 q sin y(r) 	— aos 9(r)  
(2 -5)  

The interaction lugranbian deruslty ur this Diree [prinks, with this new eurdigI rrti<rn,  

r=- A r p —rn)*— gdif. 	 (2  ç)  

au be  wril.en  HS  

3  

C " 111(i A in  9r43)V1  I r;(f11f17p ?  e/I 

I JI  



(2 - Ea)  

(2 r gn) --  

(2- 9b)  

i) wr :i:suru.: r.lr.ei n _ re(f) 	e- 1" 	hreslelqü), ILO priuel' ileallC.1  ite tL. i.•rieuuuu 

li. l.l, lhi Lere ieregi.ere 6.  

áx 4(e A  -- rn • - 9r'P(i))0 f  ci(t) J e12s ;ill!  yb 	(2 -- 7h)  

'f^ea hotmnic lagrangian fur flat arfiguration (2 •- 5) hi 
 

LNEaIU = —M + —16(42 ,  

where  

M 
! 

 ¡^ dn' tl9'(r)) =  -} 7.2-1  sin29( r)le  

I e 21a  7,-, 

 

Wo can soe that (2-8a) is equivalent to a free rotator lagrangian.  

The total lagrangian for our system is written by  

L T . loam  + LFm = -M+ 4 160? + a(t)Q+LF.  

Q ` f d2z gre ^ till  

I.F s J d2  z V'(i P - m - 9r10))1,  

with  

and  

(2 - 9e)  

One can see that hi £y. u(t) is a cycli: variable, w its conjugate ruurnenturn P is  

e yrd eèrved  

N^ ^ =Irr(t) 1 Q rc. a  

YJe: e•uia rd' 	ai.: in(1) in [AVM IA  I' and it lend  lee le.ueiy fe•r ini:euw hnn:ib•nei:w 

s 
II ^. A! •1 	^  ^)  .I. ¡  epx yp {  hag'  (2 - 10a),  

I ► K  



J,,, 	,i-1i 	On I 4vP(i)) •  
CI 	111I,)  

111 - SOME PI  It1'UR.i3A'i'IVR RESULTS  

111 - 1. The Induced JIupL terms for the NLoM.  

The efict;ve l:.¿,r..aRian to the fi(t) kid car. be ootrin:,d by the diagram shorm  iii 

Fig. 1, that is obtained by integrating nut the fcriniolric degrees of freedom.  

Fig. 1 - Loweul order in 6(t) in the iosonie effective Irgrangian.  

We shall nine-mate ourselves only in the first Ointments, that, as we shall see, provides  

the Hopi term for the bosnnic se.1.or.  

4JI(d)=- d2^ J e: Tr 1.9(s,x),P1].  

whc.ie the Irace is over the Dirac unrt istispin matrices.  

The full fermion propagator S(c, g)(a4- —) must obey the differential equation:  

D(x)3(z, 3l) F-: ór(x 
 

*kb D(x) I•rinp, Il.e Dirac .g..-,atu I,r •lesw  

11rr 

 

!i(., ) 	i p rn •  

cm, (Ad rah  S(1,  q) 6y defining  

($ – 1)  



;r:{r._~)St:(7.  !►1 

where  C is r■ consul  cYUUUnr ih I hr. r•,nu►pb:w !: rhino,  

The fermionic propagator can be obtained•only by a pertubative expression given by  

foliating series in ,power of gr  

Sem yj ° Sns' -- 7 + gr 
1 

dasr  Sfp)(x' - zooms':  (s'r - 17¡+  
, 

^ 

JJ eel  a{•s7  s`f^ l(^ - hog  )S8^)(xr .- r2)1P071)" á.^(É7 - 0+  ... 

• lnraoducing  the Fourier transforms Õt Sta, pj and rp(S), we have  

BEM ^) = f ^pi ^A ^^y-^sa(Pi, pr), 	(2  — 2a)
,¡ 1 

 02)2  par  -  

where  

with  

S8(P'j ► P:} =•'r" (P!)(2x)s62(P; —  

gr
1 

 

0251)(04141/40(2102671* — — 4)+  

gr f 
J d a sr   (n!)4(^)Ss + (kt R)i?(ka )^(^ x) 

 

(24762(P!  - p;  —14 —E2)+  ... 

Se 
	k+  trr 

-  iras 

(3 — 26)  

(3 — 2e)  

Now, it, urricr lu ul► i.r:iai the induceed llupf  twin fur the Kaki we have to use  the  

pert mind lore  (;Kp;ulsimt (3-21)) in the c.alaarinl.ion of  Ilia effective action (3 -1).  

LI" 	=- - ^  Iiza^ 1 J ^.( is. 
Der 

 'Pr [SAP, }ii'i^ ► s] .  



1 11•! i id• ullsl ü1H fo1 the  IniIl1.Y•.I I14q11 1.1 Hi  i .  ill l a ' f l . ' 14'11 ,Ig ' • 1  nl 1 li.• f.alrlIl  awl  l.ii  I Ii 

fif•li•1 

 

ill) I  he  p:fl ':fnN:1.7 qt, ili t311' series  (3 211)  

a - 11(•r¡y).  

Calculating the  (f(g;) in Sa(rij ,n,) given in (3-2a) and slllistuting in (3-3) we get:  

Lli(n(0) = -g'h(^l 	a-111QI ^Qi e^ 
,^"(Q,)5a`(m)w`(m)x Y 2 	(2 ?̂' -(2.05 (=x):  

tF1-4'1 - ?'r - (73) 17"ng'1. ‘72. f3) 	(3 -- 4a) 

where:  

 • f ¡ti8 d2n^{m,^.m)=• ,̂ J J 	a ̂ `-^
^lS^ (r^^s^^(>a-^r1(Ã- ã, - ^)x 

Ss (P - *ãI = 4"2 - m)sn(^6er`z°Al,-  

So. alter some steps we get:  

 ^ 1 	̂1"^1  
n"^(41. 4s. $1) =;,1,:r   

Eg 
(^)'(!d)j 

1a 
^1 le 
	

tiajx  

Li -LI-il 

 dz^ 
^(^, + 24))-   AaAal

a l 
 

(3- 4b)  

(3-5a)  

where  

= Tr 7"r`fira^, 	 (3 - 5b)  

and  

n = tal  Í(4.- =i)' 

I1rlfurt uuxl.:ly insi•11 i11g (3-5) into (3 -4a) nod making an inverse Wick rotation it is not  

l.ie,,ild.: to  F,rt a uulunrieal i% .ila< fur the  w"efir•ir•nr of the  irlriuctl/l  Hog term, and taking  

Ile. !huh for I roo. M.  or r.u1.111 unu u"nlrl //id  1 °" i: of order S 0 . So,  no  llnlif term 

 sr ui• luri'.1 mad  t.11'Ir.  order.  



li -Il(4).  

•mill• Colcllll.l •l1111 fill Le 1'fff'rtive iro I1ii1 ill In-der (,y) 1'6,1 in. 61íl111  ill I he same Way as the  

pll•vions l'hlcr11at1111! ,  hill is 	 11 hin •d ,•r Af14r wi haw: iamb. IIle Iiyiiip.riii, ep:silucll ixa. 

Linn p •  I  p -i )72,`.  4 	I , , ,$, , lN:;Ie[;11•d II'1'l11:- with Ifs , (Hid I i1J¡:'ir! or E, [:ti, tiClforming the  

' trace oves the gamma runtrieea, rind elm using the REDUCE and MAPLE program in  

some tats po of this calculation, we found that in the limit as m is huge the llopf term is  

olrtu died.  

Lr¡f a _ (-9y\` in (2)1 
ra Ira; 

where 19 is a non-null niunerical constant. of order 0,1.  

(3-6)  

111-2 The Induced 'i' pola,^,ial current  

Although tbt calculation of the induced topological current b be duce by others 

authors using cuLlx•rs In G&•00 1  and technirtnes v9, we also wouir::;:S. to pramat our colon- 

;cm for (l•:r u,iv tn) Wing tur•  pv rtur1.4 tinrl uir•,Ilrrri rleveinrlel::.rcw's:7: S y. Sri. Irt u5 start  

with the standard expression for the feruukmic current.  

< ./P(x) > -C Ts r̂Yl11,V} >. 	 (3—  7) -  

aim obtain t.1& expectation value in presence  of  a  vuer:ll backgraonnd hamorric field  ^^l•  

SAN 	eüuaydl:l as the  i11tCYat  t.i.lu nce.iou 

5' - pe:rgpflix)XX)Ifili"`  (3-8)  

lk•rl:us:-  tli, • 141Ie161rir•:1l current  felr I hr NLuh1, l'4(1=311), is a tri-linelu expressing, in  the  

field  lp°(•r) , ; i ll l Suit  we Ililvr I. Il.. ir,  lf, w.Irk uit. 0 -7).  By awe irascrliui,  of  the  

InrJ'i.uflrall11111, 1:11,ii1•'1'i.l'il }Jy t.11r• Irlilli•ll Illtll.•il f/•1'11111.11iC IIIIII,iIg:ll.nr, ill r1,iJllel;rlr.ullr  :.IlílCel  

Wi: 11:1 \4.•  

.1' c 1 _ 	1. 
! 	p!I r lY r - 43 	u^jq. . Y.lq,l WW1 	I'r 

	

I  (' ) -' .¡ .l .¡ (hi p 1] ^ 1^ I iA'3 	 rlY h)  (3-•Du)  

I 1is  



n'(q, 	i-  qs) -414+3  71.{•f ,sm (r)ggt )s"(p - g, )9P(q:)  x  

g(olG, — 	0)014(406"10 -  q, — gs —  SO} . (3 — 9b)  

The expression shove can be obtained by the use of the Feymman reparanietriiatinn,  

collecting all the tears proportional to nas and m? and performing the trace over the  

gonnau, and Pamli matrices; the result, in the !bait as in is large, is  

rn(qi + 92 4  92) a — 

 1 1 ^ 1 ' 
Is2A`^Y`^E^(qi)r.(q:).,+  

+ l4(0)g(0.. +  3(q=)x(9s)vJIP°(9i) (92)f(4ó). (3 —10)  

now,  usgcer, mg (a-iu) mto ( -s-ya j we get, ior gv  = rn,  

< J°(x) ^= ^^ 16a^^  f k(^•^P')(0.IP`},  

that is in agreement with previous results given in Refs.(3,9).  

(3 — 11)  

IV - CONCLUSION AND DISCUSSION  

In this paper we have siiown that the Q = '1 soliton sector of the NI.4.4 coupled  

with iRapinor fernsions by a Yu)emu coupling can be expressed by a purely fermionic  

action. For this system it also possible to develop a perturbative series for the fermion  

propagator and obtain some perturbative results: I) 1br the induced Hopf term we have  

shown that, although it formally can be expressed as a fourth powerlof the basonk field  

/elm), it only appears in the sixth order in gy  in the perturhntive series. ii) The topological  

current agrees, unless a facto = with its formal expression.  

ít.EF l:[:.I.hK:J:S 

1 	A.A.Ji.•i:sv,u 	I.: 1•ssJ.vrsrsrs ,  .11:I'1' litt. 22 (197.5), 245  .. 
I.:..i Ii•.saa.J. Ja Ks. l:sor.ia anti  I. t' It 11°ijra•urdLarar., Nor! Plays. B 271 (1986), 4I7  

J'h}•t, l.eii. Ji I t o . (19M) :i37  

9 	.i i:nür.41,r,r Joni I ‘1'il.JSa. I'is}^s 	Jt,^a 	Jail 4: (1!tt;l I, 1119s; 1' -g Chen heed  } 

15 ab I. I I n;  J.•s.+ se .I of 1514.11 I'hy: IJ 3(I!rtSlr) ,  125:'  
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O ESPECTRO DO OSCILADOR DE DIRAC VIA ALGEBRA  
DE OSCILADOR GENERALIZADO DE WIGNER.HEISENBERG  

.lambunatha Jaynramaun (l)epartamento de PísicarCClaN, UFPII, 58059 -  Joãu  Pessoa-PB),  

Rafael de I , . Rodrigues e A.N.Vaidya (Instituto de Plaice-11rR^i, 21941 - . Rio de Janeiro - liJ) • 	.  

RESUMO  

No presente trabalho, incorporamos o oscilador de Dirac dentro da estrutura da álgebra de  

Wigner-Heisenberg na sua forma super-realizada. Thi conexão nos permite a conversão do problema  
espectral do oscilador de Dirac para o problema correspondente de uma matriz simples Hermitiana  

no espaço de número para a partícula de Wigner, proporcionando-nos uma fácil determinação do  

espectro de energia completo. Do nosso método algébrico, apontamos a assimetria inerente do  

espectro para energia positiva e negativa e indicamos também a conexão com o oscilador SUSI  
tridimensional associado ao oscilador de Dirac.  

1. INTRODUÇÃO  

A equação do oscilador de Diract' (c = A =1)  

+ 1̂ 1hD = IID 	ND = 9^ • (p-  iD9) + MP  (á = 	Es),  (1)  

0E60i1- = 0  (iii  

tem atraido muita atenção na literatura recente(2) devido os aspectos supersimétricos (SUSI) do  

seu espectro de energia. Nu entanto, a interessante conexão de HHD com o oscilador generalizado  
de Wigner-Heisenberg (WH) parece não ter sido abordada na literatura. No presente trabalho,  
incorporamos /In  dentro da estrutura da álgebra WH super-realizada (Seção 2) de modo a extrair  
facilmente as propriedades especiais do seu espectro (Seção 3). A Seção 4 contém os comentários.  

2. A AI.GEBRA Wll SUPElI•REALIZADA EM TRÊS DIMENSÕES  

A llarniltoniamr de Wigner ll(e • i+ 1) e seus operadores escada a*(ó •! ± 1) nas suas formas  

super-rcaliziulas dadas por (Jayaraman e Rr drignes@))  

a''02•l.-1 1)=^ 	
{±(+)

2) 	± ^  ^•1 + 1)!:,— M^,r}Li ={aF(Q k + 1))t , 	 (2) 2Mir 
 

Or  • ]• 	r  
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( u_& . L  = j ,(-(! -I. L) +  M .&(.h+ I)+ Mti?r'} 	 o  

0 11+(a•k)= ►► -(a•L+1)  

rr(á  It-1- 1)  

satisfazem as seguintes relações de (anti-)comutaçãu  da Algebra Wll em três dimensões (31)):  

I ►¡(g• L+ 1),ai^• %♦ 1)]_ = f(ixa*(g •L + 1 ), 	 (4)  

l iale.k+ 1 ),c0-(2.k+i)1 +   = WH(g•L+1).  

Thnbém os al(g • L + I) satisfazem a seguinte relação generalizada da comutação quântica:  

[ã (g•L +1),a+(g•L + 1)] _ = 1 +202•h+1)E3.  

Tal forma super-realizada da álgebra WH, contida nas equações (2)-(6), foi desenvolvida por nós( 3)  
como uma técnica do operador para achar, de modo fácil, a resolução espectral dos potenciais  

relacionados ao oscilador. (Veja os detalhes em Jayaraman e Rodriguesa) para obter os espectros  

de 1102 • L + 1),11_ (á • r,) e 11+ (ó. J4 por operações puramente algébricas.)  

3. 0 ESPEC IIO 1)0 OSCII.ADOR DL DIRAC  

Após uma transfornnação unitária feita por U, a equação de autovalor Ho* = I D D se torna  

onde  

1lDXu _ ►4DXD 	, 	11q = U11 VIA ,Ko = Uyba,U = 
1 	0 

Qr ^ 

— Qi.) + MA) 
 

+M2:3  

(7)
 

(8)  

(9)  

fro 	L'i 	 M 
1 
	 iv a  1^r 	r.^r 	+ 	= {  

^Q•l. +1 
= 	+ 	 w(Q- 

1 +l;^ 
1Mm 	"(g • L +1)-- = i 	

a
^ 	a'(g•1e+1) 

^ 

cum  uqg • L+ 1) just/uncntc: us ulx.rculorcw emends cm (2) da llacniltoniana de Wigner em (3).  
7lrnti m u ,s abaixo o casu de g• L-I-1 —• I f- I explicitamente.  

Sullre o conjunto  completo  dos cstados 111;1+1 >F. > (n  =0,1,2,• •  .) da particula de Wigner  
vadc:uc as seguintcas prupriedculaiI'1:  

(5)  

(6)  
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rr(t+1)01>_h-4n1(t•i• Ill» > ,104(t+ 1) =(t+2±n)w,<nlrf >=ón,r (7e, 71. = 0, 1 ,...), ( 10)  

a'(t + 1)12rn>= (2rrelarre -1 >,ã (t +1)12rn +1 >=1/2m+1+2(1•{.1 )12m>,  

a+(t+ 1)11tn> = i2rn +1 +2(t +1)12m +1 > ,ái'(t+ 1)12m+1 > » 2m +21am +2 > , 

4.4 . 1 12m+ 
Expandindo 

11312rn > = I2nt >, 

a parte radial 
1 > e pom uso 

E312m 

de 
01) 

+ 1 

XD em 

em (7) 

O9w••1  

^n 

>= —12m+ 1 > (m = 0, 1,2,• 

tennos da base In >, isto 
a (9), obtemos após simplificação, 

[

Citn-1  
Er(t +1)  

CJn  

. .). 	 (1 1)  

é, XD = E 	4.12/71> + EL o  
que  

= o , 	••• 	(.1) 
	(12)  

— M i 4Mwi  

— i 4Mwa 	M  

a qual fornece a resolução espectral:  

E 1(t + i) = M, 	141(1+ 

com  

1) = t Ms + 9Mwn (n= 	2, • • •) (13a)  

Xa°1(t +1)=10>,Xr 	(t+1) « {(E (t+ 1)+M) 12n>+i 4MwnI2n—i>)(n= 1,2,•••). (13b)  

A não-dependência de E¡r  ^(1 + 1) em t significa que existe um grau de degenerescência infinito  
dei  auto- utovalores.  

A repetição da análise acima para g • it  + 1—e —(1+ 1) fornece  

At(—(1+ 1)) =±0112 +2A6.0(2n+21+3)  (n =0,1,•••;t-0,1, •••) 	(14a)  

com  

41 ,1—(1 4.11—(e±1)]—M ) I2n > — iv/2Mw(2n+21 +3)12n+1> } (n=0,1,...).(14b)  

A nusência do autovalor —M para a energia significa uma assimetria do espectro do oscilador de  

Dirac entre as energias positivas e negativas.  

186  



As autofunçõ& Ifsicns , na representação de I)irac podem ser facilmente obtidas Ettravial da  
transformação inversa de 1J sabre t.n.  

A conexão de !1¡ corn 11(a • L + 1) e ► !sufi  segue-se das equações (8), (9), (3) e (6):  

Mom= dAl
^(1'!i,— Ms) = 1I(¢ • j,+1)—  {1+2(¢ •1:+1)!;s) 	 (15a)  

= 1Q-,4/1 ^^, 	 (15b) 

_ ^ = 0, (l►susy,Qi-1_ = 0. 	 .. 	(15c)  
4. COMENTÁRIOS  

Uma questão interessante sobre a existência ou não de uma interação que inverte a assimetria  

do espectro deduzido acima pode ser respondida afirmativamente. Tal interação não minima corre-
sponde ã p—• g = p+ ire em vez de p _' g = p —  ire como em (1). A não equivalência dos espectros  
nestes deis casos segue-se da ausência de uma transformação unitária a qual deve transfórmar  

11--020-00 mas &  —att.  
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ESTADOS  COERENTES VIA ALGEBRA DE UIGNER-HEISENBERG  

R. 	I.. 	Rodrigues (Departamento de Ciências Exatas e da  

Natureza-UIlU, Cajazelras-PB, 511.900)  

A. N. Valdya (instituto de Física-UFRJ. Rio de Janeiro-RJ, 21.945)  

J.  Jayar•aman (Departamento de Fi s i ca-UFPB, João Pessoa-P13, 58.000)  

Resumo. Desenvolvemos um ror•malismo geral para se construir os  

estados coerentes canónicos de potenciais gerais tipo oscilaclor com  

barreira ceriLriruga. Mostramos que eles são não-ortogonais,  

super-completos e normalizáveis. Extensões para os estados  

coerentes generalizados são discutidas.  

. 1 NTROntk;Ãü  

Num artigo recente, Jayar•aman e Rodrigues (JR) (1) mostraram a  

utilidade do método algébrico de Wigner-Nclsenberg (WH) 12-51 para  

se resolver os problemas espectrais de sistemas quãnticos que  

possuem conexões com osciladores. Neste trabalho, construiremos os  

Estados Coerentes Canónicos (ECC) de um oscflador generalizado,  

embutido no setor bosónico do llamiltoniano de Wigner (veja eq.(3)),  

como uma superposição dos seus repecLivos autoestados, de modo  

anAlogo Aqueles do oscliador harmónico simples 161. Utilizando o  

sistema de unidades em que M=1=1.1=11, a super-realização JR da  

Algebra W11 é alcançada através dos seguintes operadores escada  

mutuamente adjuntos:  

	

úFc 4 	 1  ^ cl 

	

` 	Lrz 1 ~ c1x _1 	
^ 

Zr Xs 	U[^)^  (1)  

E, assim, nos proporcionando um Ilamiltoniano de Wigner diagonal com  

dois setores (bosõnico e Permiónico ),  

f íth) i tl )J z  
 f  

HI -I) 	 (? 

o 	NtaZ - () = 11.{1)  (2)  

cujo r;e:tor• basti i1c:o é o liami i Lenlano de  UM  oscI Iador harmónico teals  

oure barreira cenlrlruga, a saber,  

^^( x -1 ^ _ ^ ^- ̀^ t  t >< ^ t X Z ( j •- 1 )1--  2 	̂ 
(3)  

A l,o-u•t. f  r .ia rc:  I  :,ç:Lrr d4 c:nmuLaçsiu escada cla A  1  gcacr•a W11,  
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S ILO  

dos  

LI-1(t)  0 -4-0 1 ) _ ilk[ i ) 	 lnl  
li)demOS rll:l'1 V;11'  IMO  I'e: l au;;lo ele: I:ellllutrle;alo ge:ne111 I I %reel:a:  

[ Úfz),U(i)J = 1 tLL s 

I: das pr'nl+r•111el: u le„3 das maLr• i fe;; du l"eau11, 1r 1 I 1 =I,2,31, uhl.e;mn:;.  

C13, a t(  z):l =U -^ L^, r^c z) 1^ o 	. 	(ti)  
As eqti.I2) e (A)junt.: uneuLc  roue as eel,;. 	Ilc:riv: u lu. Iii) e  (li),  

const  i  Lucm a Algebra  idll, a qua] é  para -lesse  du um grau  rle  

liberdade.  
e eu a 

Os  aut.oe Lados do setor lxashnl co, I  tZ eá 
 _I)'  

autouslraço assocllulo aos  quanta pares. Os operadores  
•  

quanta,  gyi , s:`w real Ir:aclu:r por operadores q uadr•4L  

sa 

 

partly da re  I aláe ilo de  comulae0n  escuda  da  Algebra WH:  

pertencem ao  

escada destes  

icos, obLidos  

j 	/ 	 ^ 	+ 
g^f 	̂/[t~1•x^-^ -̀-- i)-alf^:t^ 

 	 oz-) ^ L
^_ 

2 le rr [ 	litil 1-4 i 	~ j r 
  

C 11ç^-+•)r ^li) ^..- ± 2 B(^) ^  

• (7)  

(8)  

Da  r•elaaçâo de comuLaçâo escada dada por (8). vemos 	que esses  

operadores deslocam os quanta pares em duas unidades, 1.6, 2m -3  

2m±2, ou equivalentemente, m a m±1. Neste caso, obtemos:  

I ^..,r 	 /1 	( wl -^) 

R^^) I 1/1(k.1 1)>: 	 -fa? l Arc L -1^ 5  • (9)  

+ t/l 
 

 

(1-_-1)">= 12 ( ^f^) {2 w. +C i I) l^^l=-.^)> . 	(14) 

I I .1 S t'AIx7S COERENTES CAIrAN I C:[ 15  NO SE TO)) lli If119(11IlI:1)  

▪ I:t:C, e.lea seto r ber::ru llcu du Il: uuI  I  f uula u lel elo Nil;ne: r  

definidos como sondo on  aaul.l.ne:;l.:,du:: ele, ulee:r:eefur du aullqul taq;u l  
elu:ull:l pare:: ,  

• 

p.;(i))12' ►  i 	r 

18')  



^ 
onde  

onde o autovalor FS  pode assumir valores complexos. 'Existem outras  

deflniçòes possíveis 181. Expandindo os ECC na.base.i 4'7 _  

obtemos a seguinte expressão para os coeficientes da expansão, 	.  

1: 	 .^ 	 ¡ 1 

1; i2"i2m 4 	.1= 17: 1  ( ;1-2 )/^11  (12)  

é a função Gama  ordinária. Agora, usando a condição de  

normalização, obtemos os seguintes ECC normalizados:  

.wr 	̂w,) (I-) +^^^_' ►^ ,  
^ r"'- rfr`  

(13)  

onde as Punções de Bessel modificadas I(i) são dadas por:  

(  '69 .=  	2 	 (14)  

Note que o estado de vácuo também é um ECC, o qual está associado  

ao autovalor zero. Considerando o produto escalar entre dois ECC  

associados a autovalores diferentes, obtemos:  

t Ittskrit"! a" 1- e-Vil f/1 
^$ 	

R•t-.1> -  	 (16)  

gl 
z. 	 4 	Z  

Isto nos assegura a não-ortogonalidade dos ECC. A importante  

propriedade de completeza ,Juntamente com a não-ortogonalidade, nos  

permite fazer a expansão de um estado arbitrário, 14/ 1_I}. 
 

numa base conLiLuida de ECC. Em particular, podemos expandir um  

ECC em tal base, o que equivale a dizer que os ECC são  

super-completos. Isto sera mostrado em outra parte.  

11. CONCLUSÕES  

Construlmos os Estados Coerentes Canónicos do  setor  bosenico  
do Ilamiltoniano de Wigner super-realizado. Eles são os autoesLados  

de um operador de aniquilação quadrático, independente do número de  

quanta. Os  ECC são não-ortogonais, super-completos e normalizáveis.  
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Ao contrário dos ECC para-bose deduzidos por Sharma, Mehta e 

Sudarshan 171, estes podem ser identificados com aqueles do 

oscilador radial tridimensional 18), do oscllador isot.rópico 3D de 

spin 1/2 191, dos osc) ladores isotbnico 1ll e radial 1l-dImenslomt 

[101.  Espec i f i carril:nte, L a l correspondência ocorre quando a 

constante caracteristlea da Algebra Wll. c/2 ,ibr SubsLILuida por, 

respectivamente, its1) , t - momento angular crbltal; por lo•.L.e1), 

o-matriz de spin 1/2 de I'auli e L-opurador momento angular orbital 

em 3 dimensões; por  ( A r i ). A e R e, no caso 0-dimensional. por 

t } U-3 , !c momento angular orbital em U-d l mensões . Os 
o 	2 

operadores z g!1) e ! Ni ` -1.) são geradores do grupo  51.12.11).  Logo, 

podemos construir os estados coerenLes generalizados pela ação de 

um elemento unitário, desse grupo, sobre o vácuo. Um trabalho 

referente a esta generalização está sendo desenvolvido por nós. 

Este trabalho foi financiado parcialmente pelo CNPq. 
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ESTADOS COERENTES DO OSCILADOR RADIAL 3D.  

R. L. Rodrigues (Departamento de Ciências Exatas . e da.  

Natureza-UFPB, Ca,jazolr•as-PB, 58.000)  

A. N. Vaidya (InsLituto de Física-UFRJ. Rio de Janeiro-RJ, 21.945)  

J. Jayaraman (Departamento de Física-UFPI1. J.  Pessoa-PB. 58.000)  

Resumo. Encontramos os estados coerentes canônicos e generalizados  

do oscilador radial 3D,. através de operadores .derivados ,da  

super-realização da Algebra de Wigner-Heisenberg. Usamos os estados  
coerentes de Ferelomdv do grupo SL(2,11) para obter o espectro desse  

oscilador.  

1. 1 NTRODllçAO  

Construiremos os autovalores de energia do Oscilador Radial  

(OR) via o operador resolvente, na representação de Schwinger 111,  

sobre uma base de Estados Coerentes Generalizados (ECG). Os EC  

podem ser definidos de trás maneiras, em geral, Inequivalentes: (I)  

EC canônicos, são os auioestados de um operador de aniquilação  

independente do número de quanta 121; (ii) EC de incerteza minima,  

são as soluções de uma equação diferencial deduzida da relação de  

incerteza de Heisenberg 131; (t11) os ECG são aqueles obtidos pela  

ação de um operador sobre o vácuo (estado fundamental). Tal  

operador pode ser unitário e pertencer a um certo grupo (41, ou um  

funcional complicado 151. No caso do oscilador harmônico simples,  

estas definições são equivalenLes 161. Aqui utilizaremos as  

definições (i) e (1i1). Os ECC radiais de um operador de  

aniquilação, dependente do número de quanta foram construidos para  

o OR 3D Ill.  Então, quais são os ECC do OR 3D como autoestado de um  

operador de aniquilação independente dos quanta? Utilizando a  

super-realização do Jayaraman e Rodrigues (JR) da álgebra de  

Wigner•- Tleisenber•g (liil) 181, obtemos a resposta desta questão.  

A álgebra WH para o OR 3D, discutidas na seção 3 da ref. 181,  

é a seguinte:  

Di^^ s dcYf^^ ! {o(t;,  ^► U I^r^^u^= 	l^ft) 	(1),
1-"")=z 	 ) ► 	̂ 	 t  
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IL  

uma  

como sendo  

auLoestados  

[ 	i), Gilorf 	+ 2lP )1, 	 (z)  

onde os operadores escada do super-osc i I Maior radial de Wigner e o  

ilamlltoniano do  setor  bosbnico são, respectivamente:  

0ie41)-. LI 
 ^ 

^( ^ .F. L) +  {o n 	r 
tie 	r 

 

(3)  

Hy) _ i^
- d^ _  

. 	 ^^ 	r ti+  
i  fitqtn  

(
2  

Seguindo o maquinário para se construir os operadores escada.  

Independentes dos quanta, do seLor bosónico I91, obtemos:  

¡^^  

[i •^rP)^ tS rP. 112  (5)  

onde os operadores de criação. g  
osc 1 1 ador,  radial  são:  

, e de aniquilação, e, 
 

, do  

gl 4) — 2  d,,r.  
4- 2[^ — Zrr^ + -   

r  ,r 	ay  
r• ^_ t^l̂ Fr i-3 ( 

rz  

. (6)  

Esses operadores quadráticos diminuem ou aumentam os quanta em duas  

unidades,  

(1 
	 ^Z 6";;"› 

   
g(^^t.)^^( 

N
'1^,^^^^w+(2^ ♦ 2Q^^^^ 

 
, 	 (7)  

6;01-1)1671j  =  )I  Zr'►- iot2 	2, of  (fdde) e) • 	(a)  

ESTADOS COERENTES CANÓNICOS E GENERALIZADOS  

Agora, construiremos os  EC[: radials,  1i f  il?  ,  aE or •  
superposição dos auLoes(.;rdos do OH :ill. Eles  são os  

do operador de an  i  qu  i  I  ação,  Q,iti i* l , do OR  :gl):  

6-691 )10, ci > 	c' >  

Apesar de I es serem não-orLuiguii;.I s,  

(91  

C)i f id.,t>=1¡rr'i ^ tlt! ) 1  1Qr;^ ►(L:1̀ `.^( I^I) ) 
 

e  /t 
tie  (114/4r 	

( 10 ) ,  

14o! rlfN' r i' f  1)!14  
: 
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eles são normalizáveis,.e dados por: - 	. - 	.r  

^dfh^^ ^Rip)^
. c^1 T ^ ^ ^ ^ ^ 

,l¡ 	
,,^ 	) 

= 	 r"=u ^m.11[w. fM4 ^` 

onde 11x) são as funções de Bessel modificadas, r/ 	é a função  

Cama e 441:e 	 .A lmpor•tanLe ., propriedade de completeza  

será demonstrada num trabalho que vamos submete-lo a publicação  

numa revista internacional.  

Agora, calcularemos os.Estados Coerentes Generalizados(ECG)  

associados ao grupo de simetria SL(2.R). A partir de (3-5), obtemos  

a.seguinte realização da álgebra de Lie do SL(2,R):  

Ç Ku l k 4 ^^ k* 	r L IC,
^  K  1=r 	, (12 )  

CK-, k3 - } 2 k„ 	i gttts) , K_ z *10 	(13)  

De acordo com a nossa realização acima, k(K- t) , K _ f+ 3/2 dão os  

autovalores do operador de Casimir do SL(2,R). Os  ECG  de Perelomov  

associados a essa álgebra geradora do espectro do OR 3D, são dados  

Z K ^ 	['(rK^^) 	vi 
l G; ^C > _ (i - )^ ' Ì ) ^ 

I 
	

IKio). (14) 
Ìr ( 2 1c) 

 

onde a medida de integração'é a seguinte:  

d,U(iff'I) =(2k- i 
 )(i - kd12)  2d '- 

vT (15)  

Estes ECG são análogos aos do potencial Coulombiano na equação de  

Klein-Gordon (101 e, assim, são não-ortogonais e super-completos.  

111. A FUNÇAO DE GREEN E O ESPECTRO  

A Função de Green definida sobre uma base constitulda dos ECG,  

,t )1 , é uma soma parcial de Funções de Green, l . é ,  

Gkd') 	Ge 	,e-11 	j 	, (16)  

onde 
G6- 
 é o operador resolvenLe, o qual na representação de  

Schainger Loma a seguinte format exp
r
onéreiál::  

por:  
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C ^ 	̂ 
^

(; ea- } 	̂̂ ^^IeJ- ^I 

Ile (14) e (17) em (16), a Punção de Green torna-s

4-1 

 

^ - ^^—^ ^ 	̂ ^1

3 `Ú-(E- i3) 4  - ^4 ;1 
lj^( Ó'O'')=r 	¡' L^, `Jlj  _  Ç' )  ^ ^ei,^1^11d;,. (18) 

Q
u   	̀j. 	z 	/  

t.>:; pólos do traço do oln:r.,ilor retiulvenr , :, na base do:, L•1'1:,  ^!_1 
 r 6.1;- 

 ^! 
I- ^ ( / 	 4200} 	 (Ih) 

Y  

são ns autovrr l e ire s de energia do OH 30.  

IV. CONCLUSÕES  

Construímos os Estados Coerentes Canónicos e Generalizados (ECC  

e ECG) para um osc i l:edor Y.,rmem i co radial 3D, via operadores  

derivados da AIgebra de Wigner-llrlsenberg super-realizada.  

Calculamos a Pune; io d.: Green e o espectro, através do operador  

resolveste, na representação de Schwlreger, definido sobre uma base  

constiluida dos ECG do OR 3D.  

Este trabalho roi financiado parcialmente pelo CNPq.  
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The Feynmaii - Dyson proof of Maxwell equations  
and magnetic monopoles  

Adolfo Abeire Jr. and Wnldyr A. l(ode•iyeees Jr.  

1)elsartaene:ntee  de i4lateliuíl.ir.a Aplicada, IM MCC- IJNIC;AMI',  
Universidade Ketadual de; Campinas, I31183 Canipinnee, 5I',1111eziI  

Abstract. Using a violation of the Jacobi Identity 34  we are able to generalize the  

Feymnau's Proof of the Maxwell Equations including magncLic monopoles.  

In I990 I)y:eoue published a proof due to 1'cyueeeau that the 	 a quatious  

follow from Newton' s equation  

rax^ = F,(z , è , L) 	 (1)  

and the quantum mechanical canonical rules  

zk] = U 	 ( 2 )  

ne1zi, 	iI bik. 	 (3)  

Soon after, Lee extended the l•eyuue; u i's proof Lo nun J&iIc•iiaee ¡Iangcr  lkhhi, 
obtaining the Yang-Mills equations. In his paper, Lee suggested that magnetic  

monopoles can be introduced, through f eynman's approach using the dual Lorentz  
force equation  

Fi = f3;  — eikeiklir • 	 ( 4 )  

IL is possible to obtain Lhe magnetic monopolui without 1osLeelatieeg Lhe dual  

Lorentz force. This is shown below.  

In his proof Feyeeenaee have used twice the well known Jacobi Identity  

1A,18, C']] 1- Ili, IC,  All - I-  l^', 1A, 131] = o . 	 (5 )  
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Magnetic monopoles appear when we have a violation of Jacobi Identity for Lhe  

kind ii: momenta pi, =  

We follow Dyson-Feym la i i closely anel point out Lhe necessary changes Lo include  

magnetic inouopolcs.  

prom (I) and (;l) we have  

I 'k l = — Poi ^.r^, 

Now, we use the Jacobi identity (5) for operators z1 and ik  in the form  

Ir , 	l] 	sell  a- 	=,11= a. 	 (7)  

From (3) it's easy Lo see that the two last terms in Lhe left-handed side: of above  

equation, vanish.  

So (7).cau be writer  

=0. 	 (8)  

This equation means that the coueutator Iii, ik) is a function of x and ! only.  

So, from (G) mid (8) we can define the magnetic field 11 as  

¡ 

 

(9)  

and the eieLric field as  

!tip -- 	 — CAI ik  I1 r 	 (I O)  

and, of course, Be and Ei are also functions of x and I'. only.  

Substituting (6) and (9) in the .Jacobi Identity in Lhe form  

e;ke lzf 	= 0.  

We conclude that  

lie , 1l, 1 = 0 	 (12)  

n•leie•Il is equivalent to  

div 	= i}. 	 ( I :l)  
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Now, as shown by Jackiw 3  and Wu and Zoe, the existence; of magnetic monopoles  

implies the violation of Jacobi Identity (11) and this is the very definition of magnetic.  

charge, namely  
div 11 = ►̂ z  s;krlPe, lies ,  ►ekll ; le,,,^ 

where. we have rewritten (11) in terms of kinetic, momenta  

Using (6) we can rewrite (9) as  

= li! .k1 .  

 

—ieu i  
11 e = 

h ' 

Eikr l;̂, :i•k .  

 

( 1 5 )  

The total Lime derivative of (15) is  

011( 	01/t —i„es 

[?! + zmax = h^ F^kel:rJ, :i:ki . 	 (16) 
m  

After some calculations on the right-hand side Lhe above equation we get  

011a 	OE; 	011k 	 { ) 

01 - Eik: r?xR =  —ye  (̂ Zk • 
	 I ï 

The right-handed side of this equation &Icfenes Lhe magnetic current, using (14)  

-- xe pnL,s  = je  

and so we obtain the second generalized Maxwell equation  

0lle 	i)I.l 
 Ú! 

— E^kr 
i)^4 

_ 

— 
Jr • 

The other two non-homogeneous Maxwell equations  

eliv 1-'s = /eekei .;r  

-. 	 _ ^ 

curt  13 — — leleede ^  
are interpreted in Feynenau-I)yse ue approach as defining the very cletrir, charge mid  

current.  

This have caused a certain uneasiness' - I" because apparently there is no physi-

cal or mathematical principle Lo fix the non-homogeneous equations surge that the  

(18)  

(19)  

(20)  

(21)  
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complete set of Maxwell equations results Lorentz invariant. 

Nevertheless, we agree: wil.le Farina and Vaydia 5, and llojmr:u i and Shepley"' I.liat 

it. is mecessury to introduce: a parameter with units of velocity. 'l'his arbitrary pa -

rameter is shown to be independent of the observers' using weaker assumptions on 

isotropy and homogeneity of space than the original conditions used by Einstein, 

obtaining in this way the I.earmLz transformations. Ilut, um[urlunately we can not 

yet lix the nun-bo i iiigeaie:uu i eyuatiuus Fr'iii, the postuih Leli (I ), (2), (:1). 

Another shortcoming is related to a l,agraigiau formulation of magnetic 

momuputh:s theories. I lojnnen and Shepley"' have shown dial if we don't h:ivi: a 

1.agramgiali for a physical system we can't quantize it. 

However the monopole: theory, where the monopole didn't arise from a change of 

the topology of the world n uuiilfukl, is an example of a quantum system fur which 

there doesn't exist a l.agrr u igiau" giving simultaneously the held equations and the 

equations of motion of changes and niouupoles. So, it would be inl.e resting UP iu-

Ve:stigate how and why this kind of monopole overrides the llojnian and Shipley's 

theorem. 'lo end we call Lhe reader's attention that we have shown clsewhere s 's that 

the equations of motion for lx,tli charges and monopoles follows directly from the 

generalized Maxwell cequatious without any ad-hoc postulate, a result compleineuLar 

to the above one. 
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Abstract 

We consider quantum electrodynamics in the quenched approxi-
mation including a four-fermiou interaction with coupling constant g. 
The effective potential at stationary points is computed as a function 
of the coupling constants a and g and an ultraviolet cutoff A, show-
ing a minimum of energy in the (a,g) plane for a - = w/3 and 
g = oo. When we go to the continuum limit (A oo), keeping finite 
the dynamical mass, the minimum of energy moves to (a = 0,g = f), 
which correspond to a point where the theory is trivial. 

There are several works devoted Lo the analysis of a non-trivial phase of 
quantum electrodynamics (QED) in the strong-coupling regime, where it 
has been shown that the chiral symmetry is spontaneously broken (11. For 
the existence of such symmetry breaking, the gauge-cupling constant rr 
Hurst have a particular relation to au ultraviolet cutoff (A), from which it 
can be inferred that the theory pus a non-trivial ultraviolet lire it point 121. 
The existence of a fixed-point clumps completely they argument tia rcnur-
naalive d QED is a trivial themy 131. An bang aex these calculae.Li ■ eus were mule: 
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in the yuenehed appreaxiuwtioc, where the rumpling constant is a nt alit 
to rnei, it is far from obvious that we may define 11 i•e•einriu;cliz;+I inn grenip ti 
function (4[, and from it. we are able to deueclauiur. the Jere :,rune• of the fixed 
point. Moreover, the results were obtained solving the Srhwiuger Dyson 
equations (SDE) in the ladder approximation, and it is not an easy task 
to determine how arrnrate these solutions are. However, a strong support. 
for these calculations veetuers out from laLLire suauelatious, evlee•t •e tlae s;uuu 
broken symmetry phase was found at strong coupling [5,G[. a  

Another important result is that, in the phuea r limit the dimension of 
the four-ferneinn operators aaplareinda dimensions four rat the critical cempliig 
unlastauet a, then, to study the fixed points we aunt include this four-f•rmioac 
interactions [7] with dimensional coupling constant O. It is interesting to 
keep in mind that this four-fermion interaction introduced by hand, could 
be dynamically generated by the theory [G]. '1'lee_ dyuauuical generation of 
new interactions at a fixed point occurs also for extuleple in yt ♦,Jr  theory [S]. 
It has also been shown that solutions to the gap equation for an arbitrary 
value of G will break the scale symmetry unless O approaches a fixed-point 
value [7]. On the other hand, it is well know that weak coupling solutions 
of the Schwinger-Dyson equations does not produce spontaneous breaking 
of the chiral symmetry [9,10]. However, when four-fernaiou interactions are 
added, spontaneous breaking occurs even for weak gauge coupling, but in 
this case a critical line in the (a, G) plane appears [11,12]. 

Even though the triviality of QED does not have any phenomenological 
consequence, because it will probably be unified to the other interactions 
before we arrive at the Landau's pole, it is crucial to know if the simplest 
and (perhaps) the best known gauge theory we have, behaves well at high 
energies. It is clear that if the theory is not trivial att strong coupling, 
and chiral symmetry is broken when the coupling constant is larger than a 
certain critical wane, say o > o., Lhe vacuuua energy must be well defined 
and different from zero. In they case of QED without four-fin mina into 
action it was verified that the theory has a minimum of energy, exa cth 
at. e7 = e.er ,. (13]. In this work, we will e:e,eenimate• an effective potential fen 
composite operators (14] at stationary points in the rase of (1EI) with a 
foe u•-fermion interaction, looking for neiuiauae of energy in the (n, r¡) I,huae, 

(!I = GA7/40). 
The chiral invariicnt four-ferauion inter /1114ín to I ,e• all le le( to the QEI) 
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Lagt•:e11gtan is 171  
L4 = (0/2) 16-1012  — (74, )2 I • 	 (1 )  

he the chiral limit, in the quenched (ladder) approximation and in the  
Landau gauge, the Schwinge:r-Dyson equation for the fcraniou self-energy,  

E(p2 ) takes the form 171,  

E(x) = Ãz fA ) JA   
dg g  +  E2(Y) [xe{^ : -y)+N{y ^') (2)  

where, we have made a Wick rotation and integrated over the angular vari-
ables, with x = p2 , a = 30/47r = 3e2 /169r2  and g = CA2/4x2 . Eq. (2) ram  
be solved by standard methods 17,11,121, and a critical line can be deter-
mined from these solutions. This critical line separates the spontaneously  

broken and unbroken phases of the chiral symmetry. It has also been ar-
gued that the whole critical line is the fixed point i.e., we have in this case  

a "fixed line" 1111.  
With the non-perturbative solutions of the Schwinger-Dyson equation  

for the fermionic propagator we can start the calculation of the effective  

potential of QED. In the Euclidean space and after integrating over the  

angular variables the effective potential for composite operators (141 is given  

by  

V(E) = — ẑ ^^ dax [1n^1+ E sz) 1 — a+^ ) 	^ ( )  

8x^ JuA'dx a + E2(x)JOA4  d^ ^ E( J) F
(

^ J , a i  A), (3)  

where  

1j IA' [ \ Mx)) 	xEl (x)  k. áa=— 	dx x111 `1+ 	
///! 	 J 	(4) 

8>r 	 a 	x -1- E (:e:)  

In virtue of the condition bVV/bE = 0 whirl' implies (2), S  means the value:  

of the effective potential at the extre:aeu: points. Notice t ha t. St is always  
negative for any non-trivial solution E(x).  

A 	A 	1  
F(r, J ,  a,  A)  _ —00:—Y1+ -9(Y —x) -1 .  

a: 	Y 	AJ  

By using Eq. (2) as an identity in  Ee1. (3), we obtain the following  e:xlny:s-  
sio11:  
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Without going into the details 1151, we now  discuss sloe• exi:eee•ne •e• of  a 

minimum for the vnreiuiu energy. l)i Fig. 1 we show a plot of (80,1 1 )11  
against a for several values of r¡. Notice that the rase g _ 0 is ant P91111 '141  
directly to the one in fief. 1131, where a simpler approximation to the  
solution of the Schwiuge•-Dyson equation was used and where the upper  
limit of Eq. (4) was approximated to infinity. From Fig. I we can Sie• that  
the iniuinnun of energy tends towards the point ar = n.. To illerst.rate the  
behavior of S1 as a function of yy we show, in Fig. 2, ($0/0 AZ against y for  

values of a around a,. For large values of g Fig. 2 tells Its that the deepest  
minimum occurs for a = n ,,. I•in• larger or smaller value of r.t all curves of  
Fig. 2 lie above the curve with ar = a,. Strictly speaking the minimum will  
occur at (a = ac , g = oo). The position of the minimum in the (ir, y) plane  
is shown in Fig. 3 by the thick solid curve. At the point (a0 ,0) the value 

 of (Sire/A')Si is —0.0012, situ it becomes dee1wr and deeper as we increase  
the value of g and approximate a = a,.  

In Fig. 3 we show also another curve ,(dot-dashed) which can be in-
terpreted as follows. Away from the critical line the fermion self-energy is  
approximately constant, therefore the solution for the gap equation leads  
to a consistency condition 1161:  

_ 
 

1- 40, 

Gel. (5) in the limit r 2/A1  —►  

1  

y! 1--
1121u t̂  

0, gives a morons-field curve, y = 

(5)  

1 —  a/4ct,  
described by the dot-dashed straight-line in Fig. 3. For larger values of g  
(above this curve) we approach a. trivial Nambu-Joust-Lnsinio theory 1161.  
Therefore, if we allow for large values of g  we conclude that the minimum  

of energy happens for values of the coupling constants where time theory is  

trivial, and it is dear from Fig. 3 that values of minima mire above the mean-
field curve described by Eq. (5). However, we have also to keep in mistcl  
that the curve y = 1 — a/4o, was Obtained with a erudr  approxiutatt.iott 
aucl it should be regarded more as n qualitative result. The question now  

is: how arbitrary is q? This point is of fundamental importance Because if  
g  is limited to some finite mine, we rlo have a definite minimum of energy  
in the (a, g) plane: (see Fig. 3), otherwise the minimumwill l,e 1.ee•o  tit . 
g equal to infinity where the dam try is certainly trivial.  

lta our calculations we have a free mass parameter A tl u et. Cale be Gector-
heel its such a way that :1 enters its St only its a tnnit.iplieaeiive l::rtor, hi fact,  
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the quantity SI/A 4  is independent ndent of A. We CM ask what, happens if we 

consider the contiuumn limit A —t oo. In order to take A °kJ :u:rioeesly WI' 

must know the behavior of g and o as a function of A and this limit, must 
fulfill the hypothesis of Miransky a nd others (2,71 about the existence of ee 
fixed-point. In that case we can have a possible limit that results in y, o 
and ns finite and therefore a definite minimum of energy. We notice tleeet 
there is a possibility of taking this limit even if not in a rige,roes way. We 
can argue that when A --t co, g and a are related through the critical line. 
In this case, A goes to infinity but WE goes to zero keeping re constant and 
so fl, i.e., the limits on A and m are taken in such way that their product 
is equal to w over the critical line, where e ►  has a definite value. In this case 
all points of niininn un in the curve lie under the mean-field line showed in 
Fig. 3 coinciding with the critical line. However, SI for a = a c  and g = 1/4 
is not the deeper minimum. In fact SI becomes deeper and deeper as we 
decrease the value of a and approach a = 0 and g = 1. This result tells us 
that in this picture i.e., A : oo and g and a related by the critical line, 
the 4-fermion interaction alone is more efficient to break chiral-symeuetry 
than both interactions together. Notice that the minimum of energy at 
(a = O,g = 1) is the only one that also corresponds to a point (according 
to Eq. (5)) where the theory is trivial. The above procedure is useful to 
illustrate the possibility that when A goes to infinity we can have a well 
defined minimum of energy. 

In conclusion, we computed the vacuum energy of QED with four-
fermion interaction. Starting from the solutions of the Schwinger-Dyson 
equation for the fermion self-energy, we determined the values of minima 
of energy in the (a, g) plane. The minimum we have found is located at 
(a = a„ g = oo), and we argued that this point corresponds to one where 
the theory is trivial. The theory has an unique mass parameter which is 
given by the ultra-violet cutoff A. When we go to the continuum limit 
(A —+ oo) we only obtain a sensible result imposing the stone condition of 
Miransky and others 12,71 i.e., we must impose a relation between a,g, ,ee 
and A in such a way that when A —1  oo and rat is kept finite a and g go to 
some specific critical line. However, perfurmieeg the calculation over the crit-
ical line, with A/ne —, oo, we found Lite global minimum at (re = ll , q = 1) 
which is again as point that characterize a trivial theory. All these conclu-
sions probably do not hold if the four !minion is generated dynamically, 
when a well defined minimum of energy could appeal- as al fnue•tiuu of au 
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er.rtain critical value of a.  
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FIGURE CAPTIONS 

Fig. 1. Sl calculated from Eq.(4) for a > a. and the following values of 
g : 9 = 0(a), 0.25(b), 0.50(c), 0.75(d), 1.00(e). 

Fig. 2. B calculated from Eq.(4) for the three different regions: St s  for 
a = 0.8a, (dot-dashed curve); 521  for a = a. (solid curve) and 523 for 
a = 1.4a. (dashed curve). 

Fig. 3. The critical line (solid curve). The line separating the regions with 
trivial and non-trivial solutions obtained from Eq.(5) (dot-dashed curve). 
The local minima of 52 (thick solid curve). 
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interferometric Experiments 
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and 
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Abstract 

We show that the neutron inlerferomeetric experiments do not imply that the neutron wave 
function must he described by a Pauli e-spinor wave function that changes sign under a 2sr 
rotation. We argue that the papers supporting the opposite, view have jumbled up the time 
evolution of the Pauli c-spinor wave function with its transformation law under notations. Even 
more, we show that the experiment can tae: well described using a Pauli algebraic albino'. wave 

function that dues not change sign smiler a 2x rotation. 

I'AC:S: 	0:1.65.Bz 	03.(i5.4'el 

There are essentially three different definitions of spinors in the literature: (i) the covariant 

definition, where a particular kind of covariant spinor (c.-spinor) is a set of complex variables 

defined by their transformations Under a particular kind of spin group; (ii) the ideal definition, 

where a particular kind of algebraic spinor (e-spiuor) is an element of a lateral ideal (defined by the 
idempotent e) in an appropriate Clifford algebra (when e  is a primitive idenipotent we call it an 

a-spinor, instead of e-spinor); and (iii) the a,wnilordefinition, where a particular kind of operator 
spinor (o-spiuur) is a Clifford number in an appropriate Clifford algebra 111,, 4  determining a set 
of tensors by bilinear auappin&c. In 11,21 we have clarified the relatio,us between and tine possible 

equivalence of all these kinds of spinors and in 1341 we studied the corresponding spinor fields as 
sections of appropriate bundles over a manifold modelling spacetiseie. 

Physicists use almost exclusively c-spinor fiends (despite the Fact that operator spinor fields have 
been liner dtuceed by Ivaneako and Landau 15) already in 1928 and rediscovered by Kãliler[(i) in 1961) 
as I lie representatives of spit: 1/2 fernrioaic matter. As is well known, a c-spinor wave inaction has 
the properly of changing its sign under an active 2w rotation, which is not the cage: for algebraic or 

operator spinor wave functions interpreted as sections of appropriate Clifford bundles 1d1. Which 
kind of spiuur fields, covariant. or algebraic operator gives the (west mathematical and physical 
re•pre-seuLatims of fen: iessde: matter is a very important problem, since algebraic and olaeraLi r spinor 
fields can be written as sums of non-honiugeneous differential furors 1I,2;1,5,7,81 thus challenging the 

"majority view" that spinors are objects more (mu udamental than tensors (9,10,111. (We emphasize 
here: that when a.spinor fields are interpreted as sections of the so called Spin-Clifford humlle they 
have the usual transformation law (•11.) 

Bernstein 1121, Aharauuv awl Susskind [1:11 and Moore 114] probsixell ox pernmsaois fur the verifi-
cation of the sign change of c -spinors miller au artive: 2s. rotation. IlugereldL and Krauss 1I51 put 
fors!: a critical remark on flue: Aharanov and Susskiud argument., showing that it is in flaw (a point 
Oil which we agree). Also Jordan lug the spin statistics theorem for spin 1/2 particles to 
argue that 2r rotati uns are unobservable. 

After the nesiLmn Iblerfcrouotric experiments 117,18,19) the roatroversy mm the iHlerpretat.iou 
of the sign change of the neutron c•spinor wave funrtiesn in a magnetic field weirs out, as it is well 

illustrated by the many papers that appeared ors Ibis subject 120 30). IL seems to hr:  the "majority 
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view" that the neutron interferometric experiments do indeed prove that the neutron wave function  

must he described by a Pauli c-spiunr wave function (on the nonrelativistic limit appropriate for  

the experiment) that changes sign under an aclive 2w rotation.  

here we challenge such a viewpoint. Indeed, we are going to show that the neutron inlerfero-
metric experiment as described e.g. in 1301 can be perfectly explained when the spin 1/2 neutron  

natter is described by a Pauli a-spiuor wave function that does not change sign umber a 2r active  

rotation.. What happens is simply that the unitary evolution operator for such a wave function  

is an element of Spin(3) _S11(1) I For what fellows nonrelativistic (first quantization) (un.tnm  

merhewics will suffice. We are going to use elementary definitions of Lhe c-spiuor and a-spiuor wave  
functions, i.e. we are not going to present these objects as sections of some vector bundle. (The  
interested reader may consult e.g. (4] on that topic.)  

We Lake as arena of physical phenomena the Newtonian npacetime N = IR x Lit and define a  
Pauli c-spiunr wave function as a mapping  

*:N C2  (I)  

where 11:2  is a two-dimensional vector space over the complex field C. The space C 2  is equipped with  
the spinorial metric  

Pp  :C2  XQ:2  —0 C: fig 4)) = ^ t ^ 	 (2)  

where W = [  ^z  J  and t stands for Hermitian conjugation. The spinorial metric is invariant  
under the action of SI1(2)_Spin +(3) (in fact it is invariant under Lhe action of U(2) 121). As it is  
well known Pauli c-spinors carry the fundamental representation D r l2  of SU(2). Under an active  
rotation R in the Euclidian space 1R3  the Pauli c-spinor wave function transforms as  

w e'er U(a)'v, U(ri) E SU(2) 	 (3)  
and if R is a 2sr rotation around a given axis, then ei ►  124 —W. In a given magnetic field B : N  

the neutron wave function 1Y satisfies as it is well known (3l] Pauli's equation  

r -  =  11 ; W 	ut  Ed 

where we use units such that Is = I, m is Lhe neutron mass and  

!!; = —µ • E1 = —le(a s  11 3  -F 02 112  ♦ 03 113 )  

where 0i, j = 1,2,3 are the Pauli spin matrices, Hi, j = 1,1, 3 are the components of B in a given  

reference frame of 11t3  and p  is the neutron's magnetic moment. In what follows we are interested  

only in the spin precession motion and so we consider instead of eq.(4) the equation  

i = 11,I, VI : t r-, 1P(1) E C2  (6)  

We choose D in the z-direction and then write I!; = --p!í03. We now write 'P = Cu ( ) +  

c2 0 J = >.ciIj > and observe that 01030311 >= ill > and er i ovra]2 >= —112 >. Then eq.(6)  

can be /written  

aea2a3^ = — telda;e Vr.  

(4)  

(5)  

(7)  

2 1.0  



We now define the Pauli a-spinur wave function and write the (Pauli) equation satisfied by this  

object for the situation of the neutron interfe:rometric experiment. We first recall [I,2] that the Pauli  

algebra 1113 is the Clifford alge:bragenerateyl by 1 and ej, j = 1,2,3 such that e;ej+eje; = 260 where  

lei; j = 1,2,3) is a basis of the Euclidian vector space V tx 01. 3  111.3. We take (o;; i = 1,2,3)  

as a basis of V', the dual space of lIt3, with a;(ej) = 6, j and call lilt! IRO the Clifford algebra  

gerernte:el by 1 and the a;, i = 1,2,3. A Pauli a-spinor wave function in then defined as a crapping  

:N-• (Wei  (8)  

where e = .1(1 + aa) is a primitive idempotent of II' and (re) is the class of equivalent minimal  

left ideal of W generated by e, i.e. 1b is a sum of non-homogeneous differential forms [3,4,7[. Under  
an active rotation It in Ilt3  the Pauli a-spinor wave function transforms as  

u(n)Ou -3 (R)  (9)  

where u E Spiu + (3)(_ SU(2)) C F. (More precisely this is the transformation law when (x, OW)  

is taken as a section of the Clifford bundle. See [3,A] for details.) This has as a consequence that  

under a 2a rotation i w: #. The spinorial metric defined by eq.(2) can also he defined within the  
P.urli algebra [1,2] but it is not necessary here.  

The spinorial basis generated by e = z(1 +o 3 ) is (e, a r e) [1,2] and we can write tk = c u e+czan e  
with e i , e2  E C, generated by (1, i). Also i = 0 1 02473 is the volume element of 11t3  and iAp  is  
essentially *Ap, where A p  E A(Tult3 ) is a p-form and s is the Hodge dual operator. To write the  
(Pauli) equation satisfied by >;ji for the neutron interferounetric experiment we need only to Lake 

  ' : t •-» (Fe) and to make in eq.(7) the substitutions 'PI. u;', a;, (i = 1,2,3). We get  

_ P ¡(ka)i6• 	 ( 1 0)  

The solution of this equation is  

	

^i(!) = exp(lrllio31)4(0) 	 (11)  

where Spin+(3) 3 e(!) = cxp(ldfio3!) = c,os(;rli!) + a r oz  sin(li lit) (33).  
Equation (ll) shows that the predictions for the neutron inter[erometric experiment when one  

uses a Pauli a-spinor wave junction are the sane as when a Pauli c-spiaor wave function is used.  

Since these two kinds of spinor wave functions have different transformation laws under rotations  

(eq.(:l) and eq.(9)), it follows that the experiment does not move that the ferunionic matter of the  
neutron crust be described by a Pauli c-spinor wave function.  

Before we end we must add that the !Lotion of algebraic spinor fields leads to a new point of  
view (A[ concerning the spinor structure of spacetine and the relation between bosons and [orations  

(supersyuuuetry) [34]. Also our translation of the Pauli equation satisfied by Vr into the (Pauli)  
equation satisfied by # provides a geometrical meaning for the imaginary unit i _ JT, a fact that  
may have nontrivial consequences as already emphasized by Ilestenes [:Lc 381 who bits been since  
lung using algebraic and operator spinor wave functions for they interpretation of the relativistic  

quantum mechanics of the electron.  
At least, to those who might not he convinced by our arguments, we recall the fact that there  

are many two-state quantum systems described by equations identical to eq.(6). Indeed as shown  

in Chap. 11-3 of [31] this is the case of the amnia molecule (a boson) in an eletric field. In a  
(possible) intcrferueeetric two-slit experiment with an uruia molecules;, with one of the paths passing  
through an eletric field E, we could see for an appropriate E a phase change • e- ►  -4_ Nevertheless  
we are sire that in such a case nobody would claim float we are ohservieg a 2w rotation of a spinor!  

21 . ].  
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invariant under .c local translation  

c¡i(x) -. rJs(x) + vl x) . 
	 (3)  

'Ihi'i i.} made by the introduction of a gauge vector field, that has  

the usual transformation  

L 1^ (x) + 1=^ (x) — ( 1/g)dv(x) . 	 (+1)  

wh[res y e s a dimensional coupling constant. With thc••;i• c:•lsc+wxnl•r• e n  
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density shall hr.  

(1/2)d 0  eY"cp + y 	 + (472,7)h  L`l1  000000    	L- ^.+ . 

In fact the above  Lagrangi an density is valid in an arbitrary  

number  of ei.imeecsinnw. Hero'  we will restrict our analysis to  1+1  

dimensions. Up Lo now we do not have identified the gauge livid l  
l+ 

with the  ph[ete n e !mid  llp , but in twu dinuansc.enn:; we can relate  

1:1 x-:se  fields through the general expression  
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 J¡^./, /lr ^ ^I• 	l  /7 ) n

¡.rn¡! 
	(V) ^ )  

i:l..eI• in 1•h1.' particular cases.  .an  Nil eeh -el z , 	 and 	that  

e1 1  -  O. •I _ 	L. 	reca 	the 	e:la.i ra I 	!ieh.w 1 roger 	moth  • 1 	ell 111 	1.11r.  

:ìrl.w.rirl.•r ono  re%1.uoGt.ivrrly  ['I ,;  I  -  

I IrIw1•vor . an can he  •'.Wr'1•, from above, the I  ie,lr:ill,:l i:1,1 rie,.'a 1. ty el I 

 llii• Iur.nrrir.•••I iiiM, 	oht:.,,ru:•il 	in 	;a 	le;arl •reil;er• 	v,ei,.Ir• 	of 	lPir'  

rc,.lulru•i w.il Ir,i1 li;ir;emet,.r.  Now  we' we I  I ■..i?•r• how 	to 	Introduce 	this  

.erlii I r•.ir  y i,.ar .  ain1 ■ t.1'r. 1111 1. will he made 	through 	i he Ias.1, of 	the  

Wt:ys-/umin/1 (Auld.  

I h e s .1 a made through the transformations.:  

	

./i •. ./. I- k
i 
 ti, 	 ( 1(la ) 

A y A 1 ( k /ea) d 0, 	 (10h) 
¡a 	¡.t 	z 	¡t  

Lhd l alter  ■.auhm.l 1 Lu i I ur. in IY  1 .anel  rearranging  i,  ve•.:  

	

e - 11/%1,1 	d"0 1  1 ■ 1/^ e
i¡.tt• 

I// 
 ^_¡tt•)i1 .

/.i^l 	I (aI:L /'I.)li li¡
t  

¡1 	 e 	 2 	¡ t 	1• 	 ¡•  

	

e 114 a  I ry1 k L ).)¡t/. r1¡ Ita I (1 /1) (h z 1  lye k l k z  •1 	 )11 	ar ,/¡ ta^ 
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e ti^( efl k l  I ak
2 

) e/f.rflFr 
+  ifek J r¡.rr

'rr¡rli
r).
j . 	 ( 1 1 )  

NOW we can ellmlllate e:u l ►a ol 	I:I1e cclleeata111.1^. k 	died  kl , 	Ily  

1111i 1w.ilell l:hat. I:I11: l - rre5sell ter ill 1.I1 Lill:' I.11dlllb 	r,. 	.11 111  

It !Li 	rout! i l3ills 	raises 	Irom 	the 	l  al_ l: 	1_Ilal: 	ugly It 	te!ree 	Wnlilel  

can ret.iH:lnlis tu  an in ter' al:l.inn ler.'Lwl_+l:n the lermlins lii:leh. ,111ei 	111e'  

Webb- him i ills eSim , Jrlel tiri b, Willi (ei 	rE:nehti■ r- ã 	the 	I' hew y 	.1lu Prod 1ei1e•..  

1e51nel 1_1103  e midi I inn  tu l: i Iminalla 1_he,' cunr.t.lnt k , wes uht..Jill 	' 

( 1 /'l ) il fr¡► 	fi¡'rf, 	.l. e( f% 	
i1 ¡.rl' 	e 	rf 	̂¡.ei• 	• 

)r^ .lifi 
1  

..• 

(aeY/7)Af+A¡1  +L'M^^ 	 ( 1J:J1  

sol he_'r• 1_  

L. 	= ( k /! ) ( a — ej ) A fr e^ 
re 
 + e  k $ I ( a — y ) rl 	-1 rf rf. di"   ,ì  !1  

tif'l. 	R 	 1 	¡l 	 $ 	L 	l 	 J ! 	j.f  

( 1  .S  )  

and RI:Ik.11lrl the finite r•envrmalixaLion  e y —(.1/k )Ff, we got 1ill:elly 
T- . . 

I. hp  f f.lrr hc l: non-'ile7Uf11iJ 1 Oi1s SSM, wi th the  Wc'rr—Lllmirlcl lour  anel e an  

lle.:l I'. 1 I:y  

— e :'. wv M 
 (1/7)(a    — ry^ ) 8¡!C►  e^lei 	E+ [(.Y -- rfi ) rl¡ll^ e eJ i 

N^L^k•
j d^Ae  ^. ( 1 4)  

1 Is. It is the u3rrecL Wk'ss—Zuminea Lai-wane.' al 	de-:l J I.y, aL. t.fl1 he ' 

N/A IT I I  a 	l I rrlw L1► I,• 	piar'  I I LI I 1.Ir - 	e:aá.la 	v I 	e_ 13 ra I 	::i• hw I neipr 	n.r IA kb I  

(rf — 1_ 	eL) and L•he_ yes I: Dr-  .lal 	11e_1w1rI11Llr 	ce1IL' 	(r¡ —(1, rx •- 1 ) 

I /.e 1.  

111.1 (_171. N1:1 !i:  

1 1 I 1-. I.:. Mar 1 ion , P11ys. Lett. 11 Y1:13 ( 1'/91 ) LJ:S  

1'l1 I:. Well t.I!ai:k al u i I:. Nam , l. Nllys. 1: 41:I ( 191i'/)  

1 S 1 I1. illiy.we.rv:.M y, J. lie_hmlelt and  M. 1 - . 1 . 1i1re11 tit al.1n , 	f1nn. 	l•'hyt. . 

(N.Y. ) 11111 ( 1'Mti) 1 1 1 .  

14 l  17. has  k l w and 17. Ira oar dawn , Play I; Ituv I e.• 1: L .!i4 ( 1 1111:0 1 19 .  

I:JI .1. NI law Hum' , 1•'Ilys. Hey . 	1 1962) 141:3.  

I I.I K. 1I.Jr.J11.J :Jllli I . 	1, l'llys. I k+l:l•. II 1 	( 1'Iii/) .SI 1.  
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ESTADOS SUPER-COERENTES  DO OSCI LADON RADIAL SUSI 311. 1  •  

R. L. Rodrigues (Departamento 'de Ciências ' Ekatas e da  

NaLureza-L1FPB, Ca,Jazelras-P8, 58.9001  

A. N. Valdya (Instituto de Fislr.a-iiFRJ, Rio de Janeiro-R.1, 21.945i  

J. Jayaraman (Departamento de Flsica-UPPB .logo Pessoa-P13. 5R.404)  

Resumo. Encontramos os estudos super-coerentes canónicos do  
oscilador radial SUBI 3D. Mostramos que eles s ilo de três tipos:  
bosônico, fermiónic:o e super-simétrico (5(151).  

I. INTRODUÇÃO  

Os estados coerentes podem ser definidos de vArias maneiras.,  

sondo algumas delas equivalentes 111. Eles Lem uma vasta aplicação  

cm física 121. Uma extensão dos estados coerentes do oscllador  

harmônico simples são os Estados Super-Coerentes Canônicos (ESCC)  

do oscilador harmônico supersimôtrico (SUSI) ID ,  os quais são os  

autoestados de  um operador de aniquilação SUSI  de primeira ordem  

131. Estes estados geram espaço de Ililbert bidimensional: um estado  

é fermi0nico puro, e o outro é uma mistura de estados bosônico e  

fermiônico,i.é, um estado SUSI. Aqui, faremos a extensão dos  

estados coerentes radials. Da conexão entre o oscilador radial SUSI  

3D e o oscilador radial generalizado de Wigner, obLén-se uma  

realização das super-cargas, , em termos da super-realização  

de Jayaraman e Rodrigues (JR) da Algebra de illgner-Heisenberg (WI!)  

(41. No sistema de unidades em que h=I=M=w, tal realização da SUSI  

em mecânica quãnLica é a seguinte:  

H55,-= 1-1(e..1)- i530,  t zl^f-i)13  }-LQ  4. 
 (1)  

Ltr, > 	I O ,  e 61Z0 . 	 (2)  

onde tkref• f. } 	é o Ham i I ton i ano do osc  i  I arlor• radial genera l 1 zado  

de Wigner 16I, comuta com a coordenada feralónica, 13  . E as  

super-cargas são dadas por:  

^ - ^(i -5 3 )6-aft) 	(^* ^ Z(!. ^ ^_ } Uf^^s) 	(3) z 	 ^  
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' 1 ISikiS 	• . 	• 	 , 	•  

onde  (I  (144)  são os operadores escada da parLicula de W i gner,  

t 	} 
C ^^(^ Fl^ acuo) _ ± a tpia). 	 (4)  

• 

Como N(Ptl). e 3E 3 	comutara, então l Nss  e [- eFi) também comutam.  
Neste caso, podemos diagonalizar este Ilamiltoniano SUSI na mesma  

base dos estados espinor•ials de Wigner. Denotando os estados  

associados aos quanta pares e .impares, por 140 	c  ` •t^J ^ 

respectivamente, obtemos :  

Hss I tit., -7: 2 wi ! 0M> , 	Hss I 	; 2 (Kg I:)1 
	

45 )  

O espectro deste sistema SUS! é degenerado para mzl. O vácuo é um  

estado singleto de energia zero, logo a  SUSI  é não quebrada.  

II. ISCADOS SUPER-COERENTES CANONICOS  

Os ESCC são os autoestados de um operador de aniquilação SUS!  

do OR 3D. A partir da Algebra WI! obtemos trts tipos desse operador,  

os quais são escritos em termos do operador de aniquilação da  

'particula de Wigner. 0 primeiro, é diagonlizável na base dos  

estados super-coerentes fermiônicos puros 471.  

Alit ̂ ^}^ ^ (^ +E3){At^^-s)}
2 
 • 	 (6) 

 

Este operador de aniquilação, possuem as seguintes propriedades:  

_2 i„^t ■-•+Pt?)}^^^ -s>, Asm fs)t+«>1.D. (7)  

Então, expandindo os ESCC na base dos autoestados ortonormais,  

pertencentes ao autoespaço associado aos quanta pares, de dimensão  

um, deduzimos a seguinte forma espinorial:  

c 
	

( L.e>_ )P.I> = 1!•.p-  i81  

onde  ou kets  E•@>_  são os estados coerentes do OR 3D da ret'. 151.  

Estes ESCC são os análogos radiais dos estudos super-coerentes  

fermiónicos puros do osci Iador• SUSI II) da  ref.  141.  
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0 operador de aniquilação do OR SUSI 3D que, atua sobre. os  

autoestados per•lencenles aos quanta imperes, 	'  

A2y+1) : 	-13 ) { Anq!.) }2 
 . 
	 (10)  

6 diagonalizado pelos ES(::1. bosAnlcos puros,  _  0  

onde os keLs 1 h., e > , são os ECC não-normal t nados do OR 3D com  

momento angular adicionado de uma unidade , (L+1), a saber:  

w 	 ^^L ^+ ^ ^  r^^'^3^i) _ 	(^^ ^^,P) + . 
M-_ 1/6.14.143(,) ^ ^  

(12)  

0 operador de  aniquilação SUSI que alua sobre os autoestados  

associados aos quanta pares ou impares (estados fermlbnicos ou  

bosõnicos) e. consequentemente dlagonalizável pelos ESCC SUSI,  

- ^ 0^^}:) ^ 

 

(13)  

tem as seguintes propriedades:  

^ e.4. 442) ^ ^^^ ,  

Ai? t)1 'ta,> ^  2^ >~. e 3/2) 11,. 	_1 y . 	(15)  

F3clrand i ndo os ESCC SIIS I na base ;  ^ 
Û
^ ^ I^ , ^ ,̂.^ ^  . obtemos:  

18^:e>=
}6^8^.^` ^^V^^p,^^' d4)5,1›- (16) VS 	n 	r 	 • 

 

bo Ini P t  

untie  

A,18S,Q>'= 9I9s .p> , AZ Id,,Q> = h Ihd,e> , At IBs .Q>4I1,b. ( 1 ► )  

(14)  

A4e•+1) _ 
	

. 
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Estes esLadós' Super-Coerentes Canônicos (ESCC) possuem também as 

duas propriedades importantes 'dós estados coerentes usuais: 

não-ortogonalidade e compleLeza. Estas propriedades serão mostradas 

por nós num Lrabalho mais deLalhadà sobre os estados coerentes:do 

oscilador radial 51.1SI 3D, o qual está sendo preparado para 

submetê-lo a publicação numa revisLa.cientificu inCernnclonal. 

., 

III. CONCLUS11 

Construimos os ESCC do WÌl SUSI 30. Mostramos que eles são .dë 

três tipos: (I1 estados canônicos, análogos dos estados 

super-coerentes fermi0n1coa puros do oscilador SUSI ID 131. (II) 

ESCC bosOnicos puros e (111) ESCC SUSI. Todos esses estados 

super-coerentes são super-completos e não-orLogonals. Assim como, foi 

possível esta extensão dos estados coerentes canônicos, podemos 

 encontrar os estados coerentes 8eneralizados associados à'álgebra . 

OSP(l/2) da SUSI em mecánica quãntica. Um trabalho nesta linha está 

sendo desenvolvido por nós. 

Este trabalho foi financiado parcialmente pelo CNPq. 
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ESTADOS COERENTES DO OSCILADOR HARNONICO ISOTROPICO 3D DE SPIN 1/2  

R.  L.  Rodrigues (Departamento de Ciências Exatas e da  

Natureza-UFPD, CajazeIras-P9, 58.900)  

A. N. Vaidya (Instituto de Física-UFRJ, Rio de  Janeiro-R.1,  21.945)  

J. Jayaraman (Departamento de Física-W1313, João Pessoa-1'R, 58000)  

1 	 ! _ 	̂ 
Resumo. Os estados coerentes esféricos são construidos via a,  

técnica algébrica de Wagner-Ieisenberg de Crés gruus de liberdade.  
Eles são os autoestados do operador de aniquilação esférico de  
um oscilador harmónico isotrópico 3D de spin 1/2.  

1. 1 NTRODUÇA0  

Faremos um desenvolvimento análogo ao da nossa construção dos  

Estados Coerentes Canónicos (ECC) para um oscilador generalizado ,  

o qual emergiu do setor bosõnico de um Hamiltoniano de Wigner 111.  

Usaremos o sistema de unidades em que h=1=m=w.  

A super-realização 	da Algebra de Wagner-Heisenberg (WH)  

proposta por Jayaraman e Rodrigues (JR) possibilitou uma simples  

resolução espectral do oscilador harmónico isotrópico 3D não  

relativistico e de spin 1/2 121. Este sistema é descrito pela  

seguinte equação de Schrodinger independente do tempo:  

^
! ^ '= ^- ^

x - Z ^ t f  t  + U. i---^ i ̂ = Ç ̂  1 l°'• ^ ^ ^ ^Y1 r ^►  r2  i (I)  

cujo Hamiltonian aparece embutido no setor bosõnico do  

Hamiltoniano de Wigner 3D. Na eq.(1), usamos as identidades (2,31  

envolvendo as matrizes de spin 1/2 de Pauli, w r (i=1,2,3),  

te.b)¡d.h +4)^ /I 1.2 , ^•_P ^ dr P. + *a,f(^- ^ tt) . tr =^ .  (2)  

ce= 	, rd L 	°%] = O , 11r P ^ 0P ♦ Y °+ (^ 1+s) . 	(3)  

A super-realização JR dos operadores escada, mutuamente adjuntos,  

Q*(p.(= FS)  _ 	 á. ♦ 1;1  f  1;¡d.  L  •1- ^ )^ 3_ ^}.^i_^Q;i^^1)^^ , 	(4)  
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nos proporciona uma álgebra Wll em 3D:  

149:t, fii = i [Q«d, f i1, A (Q1• sl 1♦ 	.  

[ N[d. ^ ^ 4 ),  A `—(ó• ̂ • •f•,  ) := t C+0'4.- .f  S )  

A re lação de comutação generalizada derivada desta álgebra á:  

[aar^izti) ,  a(er4- F4) _! + 2(et 	d )E  3  
As coordenadas fer•mldnicas F r (i=1,2,3) são as matrizes de Pauli  
também, mas não descrevem o spin e. por sua vez, comutam com as  
matrizes de spin 1/2, Q r .  

As autofunções do operador matricial (a.t.1) são os bem  

conhecidos harmônicos esf6ricos de spin.  

1—>r: Ite4-44 &Ms}10V . (8)  

Pode-se mostrar que (c.t.1) comuta com todos os elementos da  

álgebra WH 3D. Então, seus autovalores vão rotular as  

representações irredutivels que varrem os autoespaços de H(a•. r..1),  

para um valor fixo do momento angular total. j=t+1/2=(1+1)-1/2.  

Os  autovelores da partícula de Wlgner no autoespaço de (o•.1.+1)  

4 (L+1), formam um conjunta completo associado aos quanta pares ou  

ímpares, satisfazendo a seguinte equação de autovalor:  

ni 	r 	 r +-^[ d.^. ^^)1 t iji.""il e^2 +A • 	(9) 
z  

De (5)-(7), nesse autoespaço, obtemos as seguintes realizações para  
o operador de aniquilação dos quanta da particula de Wigner:  

tam  t1) 	 Oh ) Q[^4d) i^^ . >-1 2^*^. t g * !)^ I^ 	> .  y^ 11 	 ^g •i^^ 

CL(lttP ! ^1 ' !! 	̂ZN+-I) ^ • 
I^ Z: ^^> 	j rPs ^l^ I . /  

, 	(10 )  
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ro ão do comutador L14(0. 111. ),     7 00.'04 4   A .1 p jeç no autoespaço  

associado aos quanta pares, nos dá os operadores escada esféricos  

do oscilador isotrbpico 3D de spin 1/2, g ¡d Lt!).  

8[ ^ ti) — / Q' . '= i  1)q (4 I laa— g(Q fi)) ).  

4  )1 	̂ t (2 _ (a^^)(ó:^ +!) 
 - ^ ,^ , (1:^) r— 2r 

  

onde  

^ t  

A C}Í^L+, )7 .= i'±t ;̂ +^)  - r^d `' t^^ _ r 
 (14)  

A partir de (10)-(14), vemos que os operadores quadráticos,  

mutuamente adjuntos satisfazem as seguintes propriedades:  

^jCO:L i ¡Am e i• 	2 w4.w► tj)}`Ji(vn-Oek1i ^i 

i-)1 6-4Q i 	i - 2 l(wt +,1)(  wl 	t-  i) ¡11t.1r- )et,j^i. x 1  

Propriedades semelhantes se 	verificam também no autoespaço  

pertencentes aos quanta impares e, por sua vez, os operadores de  

criação e de aniquilação . deduzidos por nós, independem do número  

de qunmta.  

II. ESTADOS COERENTES CANONICOS ESFÉRICOS  

Os autoestados esféricos do operador de aniquilação,g , estão  

associados ao autovalor complexo, 'r . Eles são exatamente os ECC do  

oscilador hamónico isotrbpico 3D de spin 1/2. Em plena analogia com a  

re f.Iil, obtemos os ECC normalizados como uma expansão na base  

or•tonormal , I I Li i ,  iool.p,  ou seja:  

Z 	 iIl 

 ^ 

C^ 
)„„ 	' w,  , 

rr'i ^ ^1(irl)^.ÇC Ir^) l '^ i +.*)} 	.  z  

 ^ 

^,^ v ^w.!l'(.r• r^ t^^f t 

onde  yrri) são as funr,ões de Besse! modificadas, a saber,  

(15)  

(16)  

(17)  
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_ °° C  
][ i t 1  

+ 	M_  0  ^. ^ Pt•r.. ^ t )  
(18)  

A propriedade de não-ortogonalidade é evidenciada abaixo pelo  

produto escalar entre dois E•7CC associados a autovalores distintos,  

^ 7^,^ i ^h fr^ w._^ [  i ix^)^.Ti^uI^(^^x^) 
., .  (la,^  r'a)  

Estes estados coerentes canónicos esféricos satisfazem a uma  

propriedade de completeza e, portanto, são  super-completes.  Esta  

propriedade será demonstrada por nós num trabalho que está sendo  

preparado para ser submetido a publicação internacional.  

Ill. CONCLUSÕES  

A partir da super-realização JR da álgebra till 30, obtemos o  

operador de aniquilação de um oscilador harmónico isotrõpico 3D de  

spin 1/2, cujos autoestados são exatamente os estados coerentes  

canónicos esféricos deste oscilador. Eles possuem as propriedades  

de não-ortogonalidade e completeza. Os operadores escada obtidos  

aqui não dependem do número de quanta. Esta construção nos permite  

várias aplicações em física quantica. Além das possiveis extensões  

daquelas aplicações usadas no tratamento unidimensional 151,  

podemos analisar a fase de Berry (61 sobre uma base constltuida  

destes estados coerentes 3D.  

Este trabalho foi financiado parcialmente pelo CNPq.  
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CALCULA ALC BRICO DE PROPAGADORES EM ESPAÇOS CURVOS  

5..1. RABEl..ID & A. N. VAIDYA  

Universidade Federal do Rio de Janeiro  

instituto de Fisica ,Cx.P. 18.528, 21944 Rio de Janeiro ,Bras11.  

Resumo  .Utilizando a representação de Schwinger, fórmulas BCH ,  

e a Algebra de Lie do grupo !0(2,1) obtivemos as funções de Green  

do campo escalar em alguns modelos cosmológicos.  

O estudo do comportamento de campos quAnticos na presença de  

campos gravitacionais externos é de vital importância no  

entendimento de fenómenos como a evaporação de buracos negros , o  

universo primordial.etc (i3irrel & Davies 1982 (1)). Neste estudo  é 

necessário obter as funções de Green da teoria, através das quais  

podemos obter as diversas quantidades de interesse como as ações  

efetivas e taxas de produção de pares.  

0 que vamos fazer neste trabalho é obter as funções de Green do  

campo escalar com acoplamento conforme em alguns modelos  

cosmológicos , que satisfazem 111:  

( ALB  + m2  + ^R )G(x,x ' ) = - 1  84(x-x') 	(1)  
•/'8  

Onde g = detgpw. R é a curvatura escalar e ALB  é o operador de  

Laplace-Beltrami,  

Ar.d ( -g
) -1i2ap)gllv

1
-g) 112aV)  

(2)  
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Na representação dei Schrringer: temos.•1.1.1:; . 	 _. k: ►  

m  

'G(x,x')=Llm 1 ^ds expl-1(A^^+ ^R ' 'f m2-ic)sl(-g )1f2 8
4 
 ix-x') 

C4 O ^ 	• 
 

(3)• - •  

• :, 	 .,  

^  

. • ^ - 

- O que vamos fazer é obter a atuação da exponencial acima  

sobre a função delta de Dirac 	para tal vamos considerar  

• casos em que o'argumento da exponencial pode ser escrito como uma  

combinação linear de gerndores.da álgebra de Lie 50(2,1):  

IT= ,T2 1 = -i Tr 	I T
4.
T
3

] = -i Ty 	(T1 ,T3 ) = -1  T2  (9)  

Utilizando as relações de comutação acima e fórmulas BCH  

(Baker-Campbell-Hausdorffl poderemos encontrar C(x,x') ,como foi  

feito para a problema de Kepler relativistico par MI1'shtein e  

Strakhovenko 1982 12] e para .diversos potenciais da mecanica  

quantica pór Bosch' e Valdya 1990 (3).  

MODELOS ANISOTRÕPICOS DE BIANCHI DO TIPO I  

Estes modelos são descritos pela métrica (1):  

gpU= d' ag(1. - t2._  t2p1, - t2p2) 
	

0  s t  < ao 	,(51 , . ,  

Onde pie p2  são par&metros constantes que assumem os valores 0 e  

1. Para p r =p2=1 temos um universo isotrápico, espacialmente chato,  

de Robertson-Walker com expansão linear, enquanto que para outros  

valores dos p i 's temos universos anisotrópicos.  
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Como ainda temos simetria por translação podemos escrever:  

4  

	

-1 	-i,  
G(x,x') s 	1 	d3k eik•(x 	x) G(L.L')  (21r1 3  

A equ. (1) assume a forma  

[o 2 .1+P.P 1 8. 1 k 2 + 1 k 2 . i k 2+52+ T ]GLL.
12 	̂ x2 	

^ z
t
a

t 1. 	t 2 	t  

= L-(1`A1^pá )a(t -t' ) 	(7)  

onde 7  é uma constante determinada por p1  e p2  :  

1  •  P1=P2=  1:  

V o 	1/3 , p 1 = 1  . p2=0:  

D , p1=p203 •  

(8)  

podemos identificar na equação (7) o gerador T 1  

8 t 2  +(1 +p 1 +p2 ) ti 8^ + L
2(k^2+p l kv+pzkz+i)  

quando então  (9)  

T2=-^ t8t -i 1̂—(2+p 1 +p2 ) 	 T3a -B L a  

Utilizando o método algébrico (121. 131) pode-su mc,:;l rar que:  

(B)  

2 29  ^  



a

r

s 	-i (t2+t'a) 

G`(t,t') = - f(tt') -iP 1 *P2 )/2  rds 6 
4s 	 l V ( iZs , )x  

o 

exp-1sIm2+(1-pl )ky +(1-p2 )k i-1cI 

onde u= 2I(pi
+pz )2 

-4(k2 + p1 ka+p2k2+T)1 1/2  (10) 

Na expressão acima l u(z) é a função de Bessel modificada 

(Gradshtein e Ryzhik 1965 [41). 

Integrando em s na equ. (10) temos [41: 

Gk (t.t' ) = - 2 (tt' )
-ip1+p2)i2 HVa) (µt) Jv(t' 1 . 	t > t' 	(11) 

onde Hr2) (2) é a função de Hankel de segunda espécie e Ju (z) é a 

função de Bessel cllindrica 14). 

Os  resultados acima conferem com os encontrados por Charach 1982 

[51 e Duru e Onal 1986 161 ,que utilizaram integrals de caminho. 
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GEOMETRIA DOS AUTOESTADOS DE SPIN  

J.R. ZENI1  -  Inst. de Física, UN1CAMP, Campinas. SP  

Depto dc Mat. Aplicada, UNICAMP, Campinas. SP.  

ABSTRACT: usando o fato bem conhecido da' geometria spinorial de que à  úm' 

spinor podemos associar um vetor (por sua vez interpretado como o eixo dá s  

rotaçio associada ao spinor) através do próduto direto do spinor .  pelo seu  

conjugado hermltiano, mostrámos que os operadores de projeçáo de spin da  

teoria quântica tem por autoestados os spinores associados, através do produto  

direto, à dlreçáo espacial definida pelo operador.  

INTRODUCAO - Na mecânica quântica os sistemas físicos sio descritos por  

vetores de estado, enquanto que os observaveis físicos são relacionadas a  

operadores lineares que atuam sobre os estados transformando um estado em  

outro. (Landau e Lifchltz, pg 191 0 principal problema em Mecânica Quântica  é 

obter os autoestados e autovalores dos operadores representando os observaveis  

físicos relevantes ao problema cm questao.  

Na teoria Quântica (nio relativists) de partículas com spin 1/2, os  

estados das partículas no que se refere a variavel de spin são descritos por  

espinures [Rodrigues e Zeni; Landau e Lifchltz, pg 232; Santaló. pg  29-331.  

que sio elementos de um espaço vetorial complexo bidimensional, sendo  

representados por matrizes colunas 2X1. Por outro lado, os operadores de  

projeçáo de spin 1/2 (ou simplesmente operadores de spin) sio representados  

por matrizes hermitianas 2X2 complexas, que podem ser escritas em termos das  

matrizes de Pauli (Landau e Lifchltz, pg 232; Sakurai, pg 163-651.  

Assim, um operador de spin g é definido por  

Sg  = 	 (1)  

onde i é a constante de Planck e N é o operador de spin 1/2 adimensional  

definido como sendo um vetor (real) expandido nas matrizes de Paull:  

1+1 ^ n. Q. = n;  o'1  + n8aa + n3
W3 

a  
n3 	n3  - ina  

rri + 
 ina 	̂n3 

(2)  

A  expresso  acima é conveniente pois associamos a cada direçio do espaço,  

lendereço permanents: Dept. Cleric. Nat., FUNREI, Sãu João Del Rei , MG.  

230  



definida pelo.vetor ii, um operador de projeção de spin ao longo desta direçio.  

AI.TOESTA110S E PRODUTO  DIA W - os autoestados do o perador du spin 0 , serão  
indicados pelo spiner 011. Considerando apenas vetores uni Lérlos  

• ( 31 2  = n2 + nr 
 + 112 = 1), os autovalores do operador de spin 0 est ao  

restritos aos valores tl.  

1'assainus a expor nosso- método para obter o autoustadu du  spin  up.  

Recordamos 1iiiciulmenLe que o produto direto de  uma  matriz coluna 2X1, digo o  

spluur Ih, por uma matriz linha 1X2, cume o spinur conjugado hermilianu 0 t . 

reuulta numa matriz quadrada 2X2 cujas lindas (colunas) sao caracterizadas por  

$ (Ç•), de acordo com a seguinte deflnlçáo: (Wisner, pg 17; Salltalo, pg.991  

	

[

• 	• I 
0 10 1 ^1#2 = 
	• 	.  

	

41+241 1 	11112.2  

undo 0 

▪  

é o conjugado complexo de *1 . Como qualquer matriz 2X2 complexa, a  

matriz resultante do produto direto Oyãpt  pode ser escrita como combinaç o  

linear das matrizes (1, ïr), onde 1 é a matriz Identidade 2X2.  

Agora, considerando o produto direto de ura spinor pelo seu conjugado  

hcrmitiauo, i.e., Ox*t ,  notamos dois fatos importantes que podem ser  

verificados diretamente da eq.(3) (Rodrigues e Zenl):  

(i) as componentes do produto direto 
O,t 

 na base (1,^} são reais (a matriz  é 

l yermitiana). A componente da identidade e igual a 1/2 OtO;  

(11) o spinor s  ei um autoestado da matriz resultante do produto direto  

0x0t , com autovalor  IptO. Simbolicamente este fato eá expresso como:  

(04t)  * _ (0t0 1  * - ( 1,pl  1 2  + 102  1 2 ) 0  (4)  

O fato (I)  nos diz que sempre podemos expressar um operador de spin i  

através do produto direto du um particular spinor e sou conjugado hermiLlano  

cume mostrado abaixo:  

Y4 Q  

t _ t
.6 

14  4  ^h^h 	fa1^11  

O fator 2 foi introduzido na eq.(5) pois deste modo o vetor  
a n 

é unitário se e somente se o spinor 01 .  também o for. As fórmulas relacionando 

(3)  
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a:; coml,oneuLe:; du operador do spin a no spirrur 0  imitem ser deduzidas ► la 

eq.(2) para 4 e da Formula explicita para o última membro da eq.(5). 
Ressaltamos quo cuandu expressamos um operador du spin ulr•ave:s ,do produto 

direto du um slilrwr• pelo seu conjugado hermitlurro, o .t;pireor assim obtido Z. 

 duflnido a monos de uma Faso global, isto é, su trocarmos Ip ` t . por e
le0e1

' unde.e 

é um rriuuum real, onL;io o mesmo operador 1i ír obtido aLravís da eq. (5) 

liludrigue;s e %en11. 1sLa liberdade na escolha du fuse global é também inerente 

na descrição da uurca nica quantica ¡Landau o Lifshllz, pg  ii: liarut, •pg.141, du 

modo que a eq.(5) atribue um único estado flslco porra o sistema. 

I'ur• outro lado, o falo (1 I ), eq. (4), uiu; gr u•arrl.o que o spinor 0 é um 

auloeslndo du operador a, eq.(5), correspondente au autovalor +1. 	
r . 

Ulscutlmos agora uma •inLerpr•eLar;ão geométrica para a eq.(5). que se 

mostrara significativa na anéllse lisica da variável de spin. Inicialmente, 

observamos que podemos relacionar um spinor a uma rotação através dei seguinte 

racloclnlo ¡Rodrigues  e Zeal; Santalu, pg 35; I'enrose e Rindler, .pg.1U-141: o 

eixo de roLaç o eSLÍ na direção do vetor definido pelo spinor através da 

eq.(5); o angulo de rotação c dado pela fase do spinor cm relação a um 

particular spinor, que represenLa a rotação por 2n radianos ao redor do eixo 

cm questão. 

A relação acima entre um spinor e uma rotação leva a seguinte 

lnter•preLação para a l4ccsnica Quântica de par•Liculas com spin 1/2: o 

autoestado de spin up de um dado operador (de projeção) de spin é dado pelo 

spinor associado a uma rotação ao redor do eixo definido polo operador de spin 

cm questão. 

Para completar a discussão dos autoestados du spin, ressaltamos que o 

autoestado dc spin  correspondente au autovalor -1, denominado spin 'down., 

pode ser obtido du autoestado de spin up atravéu da inversao temporal 

Iaakurai, pg 277-81. 

CUIICLUS&O: Os métodos usuais de se obter, os autoestudos de spin (seja 

resolvendo o problema algébrico du uuluvalures (Kessler,  pg. LI-101, seja usando 

u recurso de que o operador de spin i ao•loago dc uma dlreçáo qualquer pode 

ser obLido do operador w3  por uma rúLaçáo e portento us:autoestados de P1-estio 

relacionados aos auloestados do o parla mesma rotação (Sakur•ai, pg 157-81) rio 

fornecem una inlerpreLaç o geométrica nem acru:;centam outra'rolaçao álém da 
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deflnlç o entre o operador de spin c os spinores que r; o seus uutoustadus. 

Por outro lado, neste artigo nus  servimos de uma relaçáo bem conhecida da 

teoria do grupos e geometria spinorial 1R6drigucs e Zeni; Santaló, pg.35; 

Penrose e Rindlur; pg.32-71 entre upinoren o rotações, que resulta no 

seguinte: o uutucslado de  spin  up paru um dado operador de  spin c o spinet. 

associado lima  r•oLaçgo au redor do eixo especial defln1do polo operador do 

spin.  

Além disso, nossa mctodulugla nos  permito concluir que se um sistema 

flsico 6 descrito por um dado spinor, c ome o spin do sistema (ou a projeçno 

do spin) es Lá ao longo da dlreçáo do voter defialdu Ix:Ia eq.(5). 

I'ur  rim,  ressaltamos quo ou resultados aqui discutidos . foram 

or(g(Winrucuite elaborados usando a algebra de Clifford gerada fulos vetores 

euclidianos (Zuni e Rodrigues, 1990 e 10911 e a teoria da spinores algebricos 

I I: i l;uo i rede, Oliveira  e Rodrigues;  Rodrigues  e  Zuni  I . 

A(;l1ADECI Ml:N I US: o outer e grato ao prof. Ur Ge i 1 iscruuo Cabrera por algumas 

observaeoes relevantes, e cm especial no pr•uf. Dr. Waldyr Rodrigues per ursa 

leitura do manuscrito c Lambem pela:: diversas d1scuc oeo sobre o assunto. Este 

trabalho lot Icssl.Imcnle fisaneLado pula  
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QUANTUM CORRECTIONS TO CLASSICAL SOLUTIONS 

Vera Lúcia Vieira Baltar 
Departamento de Física, Pontifícia Universidade Católica do Rio de Janeiro 

C.P. 38071, 22452 Rio de Janeiro RJ, Brasil 

Jorge Liambias and Luis Masperi 
Centro Atômico Bariloche and Instituto Balscciro 

8400 San Carlo de Bariloche, Argentina 

Abstract — In a real scalar field model in 1 + 1 dimensions with quartic and sixtic 
selfcoupling there appears a classically unstable nontopological soliton which, in a 
certain parameter range of the model, is stabilized by quantum corrections. 

1. INTRODUCTION 

The real scalar field theory in 1 + 1 dimensions with quartic and sixtic self 
interactions corresponding to a deepest central well and two lateral ones has a 
static classical solution which takes values in one of these for all the space except for 
a finite region where it approaches the absolute minimum'. In a lattice quantum 
version of the model it has been shown 2  that the condensation of these bubble type 
states, together with the kinks, determines the phase diagram, which exhibits a 
tricritical point that may be related to the He s  — Hc 4  mixture3 . 

The bubble type solution is unstable. Equivalent static classical unstable 
bubbles appear in the non linear Schroedinger equation 4 , but, due to the non 
relativistic nature of the theory, they may achieve stability when they move 
exceeding a critical velocity with respect to the medium. 

The purpose of this work is to indicate that in the relativistic theory bubbles 
may be stabilized by quantum corrections. The problem has two aspects. One 
is that the bubble is classically unstable against small perturbations. The other 
is that the classical bubble lives mostly in a false vacuum which may tunnel into 
the true one. Regarding the former problem, it will be seen in section 2 that if 
higher order terms around the classical contributions are considered, by means of 
a quadratic approximation, all the energies of the excitations turn out to be real, 
and therefore no decay is possible. Regarding the later problem, in will be seed 

in section 3 that quantum corrections at one and two loops give rise to dynamical 

symmetry breaking, turning the false vacuum into it stable one. 
It must be stressed that these indications for the quantum stability of the 

bubble are different from those corresponding to other non topological solitons 
which are always related to a Noether charge. 
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2. BUBBLE STABILIZATION  
Given a Lagrangiiiu in ] + 1 dimensions for a real field  i 

Cae  f ) = 2(4ni791  — v(i)  

whe re.  

v(d+) = 2̀ (0 ^ — p )2 ( ^ !  -- A^^)  

the change of  variables = 	̂, xi,  = pr p  allows us  to  

L(x,f) Ig(ap0) 2   — 11(0J 
 

where 	
V(0)= 22(02-1)2(02—A) 	and  

(I)  

1 2 )  

write.  

(3)  

= 
P3 	

(4)  
If A < 0 there is spontaneous symmetry breaking and topological solitons of  

kink type appear. If 0 < A < 1 the central minimum is the absolute one, the true  

vacuum corresponds to ¢ = 0 and there is a static solution of the bubble type  

= A{1 — (1 — A)tgh 2 1. 	1 — A(x — xo))}
—t 	

(5)  

which satisfies 2(x' )2 = v(¢) .  
The bubble Eq.(5) is classically unstable since a small perturbation Cr) e'W'  

satisfies  
r —  - + V"I0r(x)J1 ^'(_) = w2  ^(x) 	( 6)  

and being the zero mode Oc(x) a one node function, the ground state of Eq.(6)  

corresponds to imaginary w.  
Let us see how Eq.(6) is modified when corrections higher than the quadratic  

ones are included  

0(r,+) = 0c(x) + 	 (7)  

which  

%) = E ^ #llnlf^N (  r) f. 
	
^ ff4^^W(^) f irf  ^ 	 ( 8 ) 

^I^ 
 ti 

where: ia 1e , 	= b„„ lust  (1,0,„(a.)) ih a r.unit ► le'te set of Gaaertie,ns.  

Keeping only Ihe• second order terms  iu ¢(r,1), the  Haaniliuiiiaui turtes out  to  

Hu)  _ l'^,. + 	(fi; n ee I 12") 	 (9)  
11  
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if 0„(r) satisfies Eq.(6). The existence of an imaginary frequency formally  

produces the instability, though the strict treatment of Eq.(8) requires w„ to be  

real. Inspired by ref. 5 we keep the cubic and quartic contribution and approximate  

it as a quadratic expansion around its minimum, which will be valid if 3  is small.  
Now we have  

l4} _ 	45 (V"')' 	1 °2 	1 ^12 	1 	Y B _ Ec+ f d^ [ $ (Vltr)s + 2 ^ + z^ +f(x)^+g( 1 ) ^J  (10)  

with f(x)= I torgifil , 	ex) =V"(qr)+ 54  
Separating from 3  a time independent part  

;(=,f)=JC(s,t)+ Ii(x) 	 (11)  

such that —r}" + gq + f _ 0, we have for the operator term of Eq.(10)  

E(3) = f ds l2 X'  +  X12  + 2 gxx +  912 +; 9712 + fq] 

	

(12)  

The q dependent contribution to Eq. (12) adds a real constant to the energy  

whereas the expansion of the operator x into a complete set produces a  

Schroedinger equation analogous to Eq.(6) but with V"(00 replaced by g(x)•  
To see whether this equation has a negative eigenvalue we use the semiquantum  

methods, which provides a lower bound to the ground state.  

0.654 •/1  

el•
. 

■•• '  

K
2 

K  

Figure 1.  

As shown in Fig. 1, for A > 0.654 	 lower hound  

indicating a stabilization of the bubble.  

is l,risitive  
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3. DYNAMICAL SYMMETRY BREAKING  

The effective potential corresponding:; to Eq.(4) has been calculated, up to one  

loop, in ref. 7  

Zell = V(0) -( ' V8>r
0){ 1-1n ^ V'i ̂)^+ V8

(
r
0) In ( - ) fat } bt^+ l + r t 4  (13)  

where the contribution divergent for A —1 co has been separated and the infinite  

part of a t , b 1  and e1 must be chosen so as to cancel it. The finite part of al merely  

adds a constant. Two of the other three parameters are independent and, replaced  

by In p 7 , and In pi allow us to write  

1 IMO» 	
V"(46) 	15 + l¡ 	(14) Veil ° V(9) + 8tr 

{ 1 — 111
¡-^ + 8w 	pi I  

This approximation is not define. when V"(#) is negative but it is valid close  

to its minima. Therefore, we may obtain the shift e  for the position of the lateral  

minima from V", 1!(ch = 1 + e) = O. Moreover we may define a critical parameter  

A,. equating the values of the two minima at eh = 0 and eh = 1 + e  

A _ 1 + 2A 	¡ 1 + 2A 	4(1 —  A} 	4(1 — ^1) 	15 ¡f•jt (15) 2Ac 	Ser 
{1 - 1n l U'•—^l — Sa 	
^1—ln I U¡ ^} + g^ In  1 U2)  

in terms of dimensiónless parameters U? = pl/K 2 . These may be chosen for fixed  

A so that e = O  and A, is sufficiently small to ensure the validity of the loop  

approximations. Once this is done, A and lï , the last two parameters of Ví  f f ,  are  

determined e.g. by the renormalized mass and quartic coupling at the symmetry  

breaking vacuum  

:11 11 =V„ellI=t '  oR =Ve);6=t 
	 (16)  

For the two loop correction we have ?  

VAC = 8n (i + 2 #2)(ln A7  — Iu V H (0)) — 
991,'11'„60-1 

 

VI” 

+ I2812(131 A i -1331/ 11(0)? + a. + 
17 ¢ 

 + 
1.2

ep4 	(171  

We will not establish the same reuorrnalization rune litiola, at all milers, except  

the one thal e = 0 (Ilse lateral minimum occurs always at ¢ = I ). We may  

establish e.g. that the differe.11re lletween the two minima reduces at each miler  

to as half of that of the previous mar RS a tendency towards symmetry breaking. 

Ohre the eooHterferms are determined in agreemnent with these conditions, the  
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renormalized mass and quartic coupling will be obtained from Eq.(]6). For an 
indication of the convergence of the loop expansion it will be important that each 
correction is smaller than the one for the previous order. 

'OW 010 OW ON   OMõ 100 A 	 4 d 0311 toa A 

Figure 2. 

In fig.(2) the corresponding values for mass and quartic coupling are shown 
indicating that for small enough values of A , and A not too close to 1, the expansion 

seems to converge. 

To compare, in the framework of the loop expansion, the previous renorrnal-
ization with the renormalization done at the origin, we refer the reader to Ref. 8. 
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