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The nonextensive statistical mechanics proposed by Tsallis is today an intense and growing research field.
Probability distributions which emerges from the nonextensive formalism (g-distributions) have been applied
to an impressive variety of problems. In particular, the role of g-distributions in the interdisciplinary field of
complex systems has been expanding. Here, we make a brief review of g-exponential, g-Gaussian and g-Weibull
distributions focusing some of their basic properties and recent applications. The richness of systems analyzed

may indicate future directions in this field.
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1. INTRODUCTION

Common characteristics of complex systems include long-
range correlations, multifractality and non-Gaussian distribu-
tions with asymptotic power law behavior. Typically, such
systems are not well described by approaches based on the
usual statistical mechanics. In this scenario, a new formalism
capable of providing a better description of complex systems
is welcome. This is the case of the generalized (nonextensive)
statistical mechanics proposed by Tsallis - nowadays, an in-
tense and growing research field[1-4].

Concepts related with nonextensive statistical mechanics
have found applications in a variety of disciplines including
physics, chemistry, biology, mathematics, geography, eco-
nomics, medicine, informatics, linguistics among others[5—
7]. Probability distributions which emerge from the nonex-
tensive formalism - also called g-distributions - have been ap-
plied to an impressive variety of problems in diverse research
areas including the interdisciplinary field of complex systems.

In the present work we focus on g-exponential, g-Gaussian
and ¢g-Weibull distributions. We summarized some of their
basic properties and provide useful references of recent ap-
plications. The richness of systems analyzed may indicate
future directions in this research line.

2. ¢-EXPONENTIAL DISTRIBUTION

The g-exponential distribution is given by the probability
density function (pdf)

1/(1—q)
"] (1)

pqe(x) = Po {1 - (1 _Q) -

X0

for 1 — (1 —q)x/x0 > 0. If po = (2—¢q)/x0, eq. (1) is normal-
ized.

In the limit ¢ — 1, eq. (1) recovers the usual exponen-
tial distribution in the same way in which the g-exponential
function, defined as e,* = [1 — (1 — q)x]"/1=9) recovers ex-
ponential function in the limit g — 1 (e; " =e™). If g < 1,
eq. (1) has a finite value for any finite real value of x since,
by definition, pg.(x) =0for 1 — (1 —g)x/a <0.If g > 1, eq.
(1) exhibits power law asymptotic behavior,
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FIG. 1: g-exponential distribution. a) Plot of p,.(x) versus x, with
po = xo = 1 and typical values of ¢. b) Log-log plot of the curves in
a). ¢) Ing pge(x) versus x for pg = 1 and typical values of xo.

Note also that pg.(x) ~ 1 +x for small x, independently of the
g value. Figures la and 1b show pg.(x) versus x for typical
values of g.

The g-exponential distribution, for ¢ > 1, corresponds to
the Zipf-Mandelbrot law[8] and a Burr-type distribution[9].
In this sense, the g-exponential is a generalization of these
distributions for ¢ < 1. Thus, by choosing suitable values
for g, g-exponentials may be used to represent both short and
long tailed distributions. This feature also holds for the other
g-distributions.
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FIG. 2: Population of cities. a) Empirical cdf R(P), where P is the population of USA cities. The solid line is a g-exponential, given by eq.
(3), with ¢/ = 1.7 (g ~ 1.4), x;; = 21,250 and ¢’ =2,919. b) Iny R(P) versus P, with ¢’ = 1.7, for the same data shown in (a). The solid line
is a linear fit to the data. ¢) Empirical cdf R(P), where P is the population of Brazilian cities. The solid line is a g-exponential, given by eq.
(3), with ¢’ = 1.7 (g ~ 1.4), x;; = 7,073 and ¢’ = 6,968. d) Iny R(P) versus P, with ¢’ = 1.7, for the same data shown in (c). The solid line is

a linear fit to the data.
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FIG. 3: Circulation of magazines. a) Empirical cdf R(S), where S is the circulation of 570 USA magazines in 2004. The solid line is a
g-exponential, given by eq. (3), with ¢’ = 1.65 (g ~ 1.4), xy, = 255,204 and ¢’ = 594. b) Iny R(S) versus S, with ¢’ = 1.65, for the same data
shown in (a). The solid line is a linear fit to the data. ¢) Empirical cdf R(S), where S is the circulation of 727 UK magazines in 2005. The
solid line is a g-exponential, given by eq. (3), with ¢’ = 1.65 (g ~ 1.4), x, = 37,493 and ¢’ = 860. b) Iny R(S) versus S, with ¢’ = 1.65, for

the same data shown in (c). The solid line is a linear fit to the data.

The cumulative distribution function (cdf) associated to eq.
(1) is given by

Rqe(x) = /prqe(wdy

1/(1-¢')
] . 3)

X
= o {1—(1—4')x,

0
defined for ¢ < 2, with ¢ =1/(2—gq), xj = x0/(2 — ¢) and

Py = Poxo/(2—q). Observe that Ry (x) and pg(x) exhibit the
same mathematical form.

It is possible to visualize g-exponential distributions as
straight lines in graphs with appropriate scales. Applying the
g-logarithm function, defined as In,x = [x(!=9 —1]/(1 - ¢),
with Inj x = In(x), in both sides of eq. (1), we have

X
Ing pge(x) =1Ing po — [1—|—(1—q)1nqpo]x—0. %)





