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We find high overtones of the Dirac quasi-normal (QN) spectrum of a Schwarzschild black hole (Sbh), by
Leaver’s method. At high overtones, the spacing of the imaginary part of the QN spectrum is equidistant
(Im ωn+1 − Im ωn = i/8M , where M is the black hole mass). This can also be analytically obtained by means
of a Born approximation. At high overtones, the real part of ωn goes to zero. Finally, we comment this result in
the context of Hod’s conjecture on highly damped QNMs and the area spectrum of (quantum) black holes.

Introduction.
Quasinormal Modes (QNMs) are an important characteristic of a black hole. They dominate the late-time response of
a black hole to external perturbations, being independent on
the way of its excitation. They provide the “fingerprints” of a
black hole, feasible to be seen in the detection of gravitational
waves (for a review, see [1]). Furthermore, the importance of
black holes QN spectra is not limited by the observational aspects of gravitational waves. In fact, QNMs of black holes in
Anti-de-Sitter (AdS) spaces have an interpretation in the dual
Conformal Field Theory (CFT) which “lives” on the (conformal) boundary of the space [2]. So, QNMs of black holes
in AdS spaces provide a test of the AdS/CFT correspondence
[3]. For de-Sitter (dS) space-times, there is also a similar result, since QNMs due to scalar perturbations in the bulk of an
empty dS space correspond to decaiyng modes in a dual CFT
on the boundary [4], what gives support in favor of the existence of a dS/CFT correspondence. Since (A)dS/CFT correspondences are considered as realizations of the Holographic
Principle [5], QNMs play some hole in the description of
quantum aspects of gravity. Furthermore, there was also a
suggestion that the asymptotic, highly damped QNMs of black
holes are connected with a free-parameter that appears in the
ensuing area spectrum of Loop Quantum Gravity (LQG). This
parameter must be fixed in order that LQG can reproduce the
Bekenstein-Hawking entropy [6]. This stimulated considerable interest in the study of QNMs of black holes in flat, dS
and AdS backgrounds (for reviews, see [7]). The idea that
the QNMs of a black hole might fix the spacing of its quantum area spectrum was suggested by Hod [8], who, based on
Bohr’s correspondence principle, proposed that the real part
of the highly damped QNMs of a Sbh could fix the spacing of
its area spectrum. Hod’s work relies on Bekenstein’s heuristic result that the area spectrum of a stationary quantum black
hole would be given by An = γ~ · n , with n = 1, 2, ... , where
~ = lP2 (in units G = c = 1) and γ , a dimensioless constant,
is the spacing of the spectrum (for a review, see [9]). Hod
then proposed that if we consider that the mass (energy) of
a (quantum) Sbh undergoes a variation δM = ~Re ω , where
Re ω is the real part of the asymptotic, highly damped QNMs,
the area spacing can be fixed as γ = 4 ln 3 . At the time of
Hod’s work, only an expression obtained numerically for the

(gravitational) asymptotic, highly damped modes was known
[10], namely, Re ω = 0.0437123M −1 . Hod expressed this as
Re ω = (ln 3)/8πM (in units G = c = 1). Such a result was
later analytically obtained by Motl and Neitzke, who showed
that it is valid also for asymptotic QNMs due to a scalar perturbation [11]. After the works of Dreyer [6] and, specially,
that of Motl and Neitzke [11], Hod’s proposal atracted attention and a plenthora of works appeared in the literature, addressing the issue of the area spectrum of quantum black holes
and QNMs (for reviews, see [7]). Nevertheless, most works
have been mainly concerned on QNMs due to perturbations
of integer-spin fields only (gravitational, electromagnetic, and
scalar). Although perturbations of half-spin fields were considered by some authors, they were limited to low overtones,
by the time we published our results in [12] (see references
therein). Motivated by this, we investigated the high overtone
behavior of the QN spectrum of the Dirac perturbations of a
Sbh [12].
Dirac perturbations of a Schwarzschild black hole.
The
¡ a µDirac equation
¢ in a curved space is given by [13]
γ ea (∂µ + Γµ ) + mc
~ Ψ = 0 , where m is the mass of the Dirac
µ
field, ea are tetrads, defined through the metric, gµν , by gµν =
ηab eaµ ebν , where ηab = diag(−1, 1, 1, 1) is the Minkowski metric; Γµ is the spin conection, given by Γµ = 81 [γa , γb ]eνa ebν ; µ ,
where γa are the Dirac matrices and ebν ; µ denotes the covariant derivative of ebν [13]. In the background of a Sbh, whose
metric in spherical-like coordinates is ds2 = − f (r)dt 2 +
2
dr2
2
2
2
f (r) + r (dθ + sin θdφ ) , where f (r) = 1 − (2M/r) and M
is the black hole mass, the equation for the time-independent
perturbation of a massless
field can´be reduced to the
³ Dirac
d2
wave-like equation [13] dx2 + ω2 −V (x) ψ(x) = 0 , where
x is defined by dx = dr/ f (r) and V (x) is [14]
Ã
!
r
|µ| d
f (r)
V (r(x)) = V± (r) = |µ| f (r)
±
,
(1)
r2 dr
r2
where µ = ±( j + 21 ) , with j = ` ± 21 , ` being the multipole
index. Since V± are supersymetric potentials, they have
the same associated spectrum of QNMs [14]. So we can
choose, for instance, V+ to make our analysis. In terms
of x , V (x) ≡ V (r(x)) goes to zero at both boundaries, i.e.,
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V (x → ±∞) → 0 . Choosing the phase e−iωt , the QNMs
satisfy the boundary conditions ψ(x) ∼ e±iωx , for x → ±∞ ,
corresponding to purely in-going waves at the black hole
event horizon and purely out-going waves at infinity.
Determination of the QNMs. In [12] we have determined
the QNMs by means of Leaver’s method [15], which resorts
to the Fröbenius method to express the solution of the perturbation equation in terms of the radial variable r . Leaver’s
method consists in expressing the solutions of the perturbation equation, in terms of r , by a power series, with the
boundary conditions for QNMs translated into a convergence
condition to the series, which can be expressed as an equation
involving infinite continued fractions. The coefficients of the
expansion are determined via a recurrence relation whose
coefficients will be functions of ω . Then the QN frequencies
will correspond to those values of ω such that the power
series converges at r = ∞ [15]. Then, following [15], we can
choose ψ(x) = e±iωx u(x) , where u(r) has a regular singularity
at the event horizon and is finite at x → ∞ , such that the series
n/2 converges at r = ∞ . From these
u(r) = f (r)2s ∑∞
n=0 an f (r)
and the wave-like equation, a three-term recurrence relation
can be obtained and when ω is a QN frequency, the ratio
of the coefficients of the series is finite and can be found
through continued fractions [15], such that we are left with
an implicit equation for ω , in terms of inverted continued
fractions. The QNMs are the roots of an inverted continued
fraction (for details, see [12]). High overtones. The main
difference from what we know on the high damping regime
for perturbations of fields of integer spin (scalar, gravitational,
and electromagnetic) is that now the spacing in imaginary
part is not i/4M , as it takes place for integer-spin perturbations, but i/8M . It can be seen numerically that highly
damped QNMs display the following asymptotic behaviour:
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Re ωn ≈ 0 ; Im ωn+1 − Im ωn ≈ −i/8M , as n → ∞ . This formula for the spacing of the imaginary part can be reproduced
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found S(k) ∼ combinations of Γ(4ikM) and Γ((1/2) + 4ikM) .
The poles of the amplitude occur when (1/2) + 4iMk = −n ,
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Concluding Remarks. In [12], we have studied the highly
damped regime of the Dirac QN spectrum of a Sbh. The spacing of the imaginary part were found to be twice less than that
for integer-spin fields. As was shown both numerically and
analytically in [17], the real part of the highly damped QNMs
for scalar and gravitational perturbations of a Sbh asymptotically approaches a constant, equal to (ln 3)/8πM (G = c = 1),
whereas for electromagnetic perturbations, it goes to zero
[18]. For the highly damped QNMs of Dirac perturbations,
we have found that Re ω also goes to zero. According to Hod’s
conjecture [8], this would simply imply a null value for the
spacing of the area spectrum of a Sbh. Thus the black hole
would have a continuous area spectrum. Since the real part
of the highly damped QNMs does not have a universal value
for all kinds of perturbing fields in the case of a Sbh, the simplest spherical four-dimensional black hole solution, it seems
the role of QNMs on the area quantization of black holes is
puzzling.
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