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We present a simple hydrodynamic model to obtain the profiles of the relevant physical quantities along a nozzle
of arbitrary cross-section in a cutting torch. The model uses a two-zone approximation (a hot central plasma
carrying the discharge current wrapped by a relatively cold gas which thermally isolates the nozzle wall from
the plasma). Seeking for a solution with sonic conditions at the nozzle exit, the model allows expressing all the
profiles in terms of the externally controlled parameters of the torch (geometry of the torch, discharge current,
mass flow of the gas and plenum pressure) and the values of the arc and gas temperatures at the nozzle entrance.
These last two values can be estimated simply appealing to energy conservation in the cathode-nozzle region.
The model contains additional features compared with previous reported models, while retaining simplicity.
The detailed consideration of an arc region coupled to the surrounding gas dynamics allows determining voltage
drops and consequent delivered power with less assumptions than those found in other published works, and at
the same time reduces the set of parameters needed to determine the solution.

1 Introduction current is assumed to circulate through a hot central core in-
side the nozzle (the arc regioy ~ 25000 K), while the
In metal cutting plasma process an arc plasma jet is directedemaining structure consists in a relatively cold neutral gas
on a work piece (the metal to be cut) by generating a trans-(7¢ ~ 1000 — 6000 K) that thermally insulates the nozzle
ferred arc at atmospheric pressure between a cathode and thaall from the arc. Assuming sonic conditions at the nozzle
work piece acting as the anode. A high-quality cut requires exit and a uniform value for the electric field, integral mass
a thin, hot and high-velocity plasma jet. That plasma is cre- and energy balance equations were stated and solved for the
ated by a narrow constricting nozzle inside the torch, into exit pressure, arc radius and nozzle potential. A reasonable
which the gas-plasma system is injected at a high pressuregood agreement with the experimental results was obtained
The fineness of the nozzle creates a large voltage drop infor 74 = 25000 K and 7 = 3000 K. Nemchinsky[4] im-
the plasma along its length, providing intense heating of the proved Ramakrishnan’s work by presenting a more detailed
plasma-gas particles and associated pressure gradient forcesjodel to describe the plasma-gas flow in the nozzle. Again,
which accelerate the fluids to large velocities[1]. hot plasma surrounded by a cold gas flow was considered,
Usually, the development of a plasma-cutting torch is and the axial and radial profiles of the plasma temperature
based on an empirical optimisation of the device. In this and the axial profiles of the other hydrodynamic quantities
respect, plasma modelling is an important tool to confront were calculated in terms of the plasma and gas temperatu-
with experimental measurements and to reduce the amountes and the plasma radius at the nozzle entrance. In Nem-
of experimental work used for design optimisation. chinsky’s calculations the cold gas was assumed to evolve
Although plasma arc cutting processes have had a wi-isothermally, and the arc and gas velocities were assumed to
despread industrial development, only recently their plasmabe the same.
characteristics and properties have received attention. Ra- The most complete theoretical plasma studies in cutting
makrishnan et al[2, 3] measured the arc voltage, the cathodetorches were presented by Gabhez-Aguilar et al[5] and
nozzle voltage, the gas pressure at the nozzle’s entrance (thEreton et al[6]. In Ref.[5], a three-dimensional numerical
so-called plenum chamber) and the diameter of the plasmacode was developed, which allowed to make predictions on
jet emerging from the nozzle as functions of the torch arc arc voltage, heat transfer to the work piece and pressure
current. The authors presented also a simplified two-zoneexerted by the plasma jet on the material at the cutting re-
fluid model in which, owing to the strong dependence of the gion. The code showed good agreement with the experimen-
gas conductivity with the gas temperature, all the dischargetal arc voltage. In Ref.[6], a two-dimensional turbulent code
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was presented and compared with spectroscopic measurevelocity has been neglected, as well as the radial component
ments. It was found that turbulence effects were important, of electric current density. Moreover, viscous effects were
mainly in the outer region of the torch (between the nozzle neglected and axial derivatives Bfwere also neglected as
exit and the work piece). compared to radial derivatives in the heat transfer term (it

We present in this work a one-dimensional model for the was verified in the solutions obtained below that the heat
fluid transport along the nozzle of a cutting torch. This ap- conduction in the axial direction was negligible compared
proach is justified because in all practical nozzle geometriesto the terms retained and that the viscous forces in the core
the nozzle length is much larger than its radius. It should of the flow and in the boundary layer at the wall were small
be borne in mind that the present approach does not replaceompared to the pressure gradient forces).
more complete and detailed results obtained from the quoted ) ) ) )
numerical codes, but it should be taken as a complementary _ Consistent with the above approximations we have the
tool to obtain a zero-order solution for the plasma inside the 0lloWing equation for the electrostatic potential
nozzle.

By employing the two-zone approximation, and seeking
for a solution with sonic conditions at the nozzle exit, the
model gives the spatial profiles of the hydrodynamic quanti- ov j
ties and the plasma voltage along a nozzle of arbitrary cross 9z o @)
section in terms of the externally controlled torch parameters
(discharge current, the geometry of the nozzle, the pressure
value at the plenum chamber, the gas mass flow injected iy nere,; is the electrical conductivity. Note that in this pro-
the torch), and the values @f, andTg a_t the nozzle en-  plem the magnetic pressupg; = 012 /47 R, wherel is
trance. These last two values can be estimated by applying 3¢ total arc current anll 4 the arc radius, is negligible com-

general energy conservation principle in the cathode—nozzlepared to the thermal pressure: for the typical valles100
region. All other quantities at the nozzle entrance are de- 5 andR4 = 5 x 10~* m one obtaing,,; — 1.3 kPa, which

termined by the model, and, besides, it will be shown that jg ¢k smaller than the thermal pressure as the arc operate
their values at the nozzle exit depend only weakly orithe . ; above atmospheric pressure.
andTg values. Radiative and conductive heat losses from
the arc are taken into account, as well as a partial absorption ~ We further consider two well different regions: an in-
of these losses in the surrounding gas. Predictions of theternal region of radiuf?4 (z) where all arc current circu-
model are compared with experimental results taken fromlates, characterised by high temperature and high electrical
Ref.[3] and to some extent, with numerical results presentedconductivity, denominated the arc region, and an external
in Ref.[5]. region betweenR 4 (z) and the nozzle radiu®y (z), of
much lower temperature assumed as an electrically non con-
. ducting gas, denoted as the gas region. We will consider in
2 Equatlons of the model this work only straight nozzled{,y = const.). No mixing
) ) ) ) between the hot arc and the cold gas is assumed, since it ha
If the flow in the nozzle is considered to be stationary and peen shown[7] that turbulence (leading to a mixing between
axially symmetric, the continuity, axial and radial momen- 5rc and gas) develops in the diverging region of the nozzle.
tum, and energy conservation equations can be written resx gketch of the flow geometry is shown in Fig. 1. I Eq. (1a)

pectively as is multiplied by27r and radially integrated between= 0
P 10 andr = R4 (z) one obtains the mass conservation for the
3, pw) + - (rpv) =0, (1a) arc region. Analogously, integrating between= R4 (z)
andr = Ry (z), one obtains the mass conservation for the
pu@ _ 7@7 (1b) gas region. The results are
0z 0z
Ra
9p 2/ 2w purdr =
= _ purdr = 0, 3a
5 =0 (1c) 2z J, (3a)

oh _ op OV 10 [ OT
f’“e)z—“az‘faﬁrar(?“kar)*% (1d)

wherez is the axial coordinate; the radial coordinatey is

the axial velocity,v the radial velocity,p is the fluid den- o B~
sity, h its enthalpy,T" its absolute temperaturgjs the axial =
electric current density/ the electrostatic potentiaj, is the
density of radiation power either absorbed or emitted,/and
the thermal conductivity. In the last three equations, assu-
ming the main flow to be in the axial direction, the radial where it was used that(r = R4) = u(r = Ra)dRa/dz.

5z | 2mpurdr =0, (3b)
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from the arc region, and Eg. (2) was used in Eq. (4c) with
j =1/ (mR%) to rewrite the Joule heating. The expression
of x and the approximation used to model it are

)

wherekg is the thermal conductivity of the gas ands a
numerical constant of order unity used as a parameter of the
model. SinceC;j‘, Cf, kg, 0, a4, and g are given as
functions of the thermodynamic variables of the correspon-
ding regions, the system (4) is closed once the equation of
state is given for each region. A given solution is obtained if
the mass rates: 4, andrihg, and the geometry of the nozzle
Ry (=) are specified, and the values of velocities, densities
and temperatures, compatible with Eq. (4g), given at some
axial position.

As with the much simpler problem of adiabatic flow in
a nozzle, the system (4a)-(4g) has sonic points where some
of the equations become singular. To study this problem it
is convenient to consider the generic equations for either the
arc (Eqgs. (4a)-(4c)) or the gas region (Egs. (4d)-(4f)) written
We further model each region as having uniform charac- as:
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Figure 1. Sketch of the flow geometry in the nozzle.

teristics in the radial direction, so that, for instance, we de- ldp ldu  1d5 (6a)
fine a uniform arc temperatufB, (z) for0 < r < Ry (2) pdz  wudz Sdz

and a uniform gas temperatufg; (z) for R4 (z) < r < du dp

Ry (2). Using these constant by pieces radial profiles Egs. pu— = ——, (6b)
(1b) and (1d) are multiplied bgxr, integrated between d‘;'z ddz

r = 0andr = R4 (z), and then divided byrR% to ob- _dp

tain the equations goz the arc region, while i?integrated puc’”% Y W (6c)

betweenr = R4 (z) andr = R, (z) and then divided by

where Eq. (6a) is the derivative of the logarithm of either

™ (R — R%) one gets the equations for the gas region. The gq. (4a) or Eq. (4d)S is the cross section of the given
final system is then obtained including the integrated versionregion (arc or gas) antV” represents the rate of change of

of Egs. (3a) and (3b), and given by

pauaTRY =14, (4a)
duy dp
— = 4b
pALA dz dz’ (4b)
dTs dp 1/ I \?
CAZL — &=+ = —x — 4
pAuAC, dz UAdZ p (WR%) X — ©a, (4c)
peucT (R — RY) = 1, (4d)
dug dp
——= == 4
pGUG dz d2’ (4e)
dT, dp R3% — R?
lel 2 ¥e p N A
— =yg— + = 4f
pcucCy, ] uG 7 X+ e, (4f)
PA = PG, (4g)

where the last equation expresses the uniformity of pressur

in the radial directionyny andrg (s + g = m =

const.) are the mass flow rates in the arc and gas regions,

respectively,y is the rate of energy density lost by the arc
region by thermal conductiony 4 is the density of radia-
tion power emitted from the argy; that absorbed by the
gas, andC];“ and Cf are the specific thermal capacities

at constant pressure for the arc and gas, respectively, defi-

ned asC;, = 0h/9T),. The heat loss from the gas to the

specific heat (the sum of Joule heating, heat loss by conduc-
tion, and radiated power for the arc region, and heat gained
by conduction plus absorbed radiation power for the gas re-
gion). Given the equation of state, the pressure derivatives
are written as

)&+ 5)

and so Eqs. (6a)-(6c) represent a linear system for the de-
rivatives ofu, T'andp. The condition of zero determinant
of the matrix of coefficients of this system determines the

singular point:
).~ 5)

vhich corresponds to the point where the velocity takes on
the value of the sound velocity defined by

ar o

dz  Op

@
rdz’

dpiﬁ

dz T (™)

_ o
oT

dp
Det = u?* | pC, —p pa—p =0, (8)

T

)
_/r

Op
1— 1 81)) ’
p

pChp T
All physical magnitudes must have finite derivatives at
this sonic point, so that, solving for the derivatives and im-

9)

c§

nozzle wall was neglected as compared to the heat receivegbosing that for each of them the factor that multiplizst !
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must be equal to zero at the sonic point, one obtains the uni-at that point. On the other hand one hias= 14 + g, SO
gue condition for this to happen that once a value of, say; s and a value ofR 4 are chosen
at the nozzle entry, the velocities; andu are determined

. o 177 at that point by Egs. (4a) and (4d), and the system (4a)-(49)

1dS ﬁ)p pPLp — ﬁ)p can be integrated. There are however unique values®f

S ; 5 (10) and of R4 that ensure that either, or u¢ (whichever does
p5/2C§’/ {%)T} it first) becomes sonic at the nozzle exit and simultaneously

condition (10) is satisfied at the same point. In this way, gi-
In this way, if the flow of either the arc or the gas region ven the values of both temperatures at the nozzle entry there

reaches the sonic velocity at a given axial position, the deri- is only a physically acceptable solution for given p, and

vative of the section of the region at that point must be given nozzle dimensions.

by Eqg. (10) for the solution to be physically acceptable. In the Figs. 2 spatial profiles obtained from the model
To solve the system (4a)-(49), equations of state for theare presented for a nozzle with= 100 A, Ry = 0.75

arc and gas must be supplied. Ideal gas expressions werenm, L = 3.9 mm, operated withV, gas,p, = 0.45 MPa,

employed of the form: and with/ = 0.42 g/s. These parameters correspond to
one of the experimental cases presented by Ramakrishnal
pa=(1+0a)paRaTla, (11a) et al[3]. The numerical parameter that regulates the arc-
gas heat exchange by thermal conduction (Eq. (8)) was ta-
pe = pcRcTe (11b) ken A = 1. In Fig. 2a) the arc radiu® (z) is plotted

whereq is the degree of ionization in the arc and it was assu- for T¢(z = 0) = 1000 K and three different values of
med thatT; is low enough so that ionization or dissociation 7(z = 0) = 10000, 15000 and20000 K. The other Figs. 2
(in the case of a molecular gas) are negligible in this region. showp(z) (Fig. 2b)), T (z) (Fig. 2c)),T(z) (Fig. 2d)),
o was evaluated from Saha equation[8] assuming LTE equi-u4(z) (Fig. 2e)), andu(z) (Fig. 2f)), arc Mach num-
librium. Other coefficients of the problem lik&2, C¢, k 4, ber M4 (Fig. 29)), and gas Mach numbéf (Fig. 2h))
ke and o were obtained from Ref.[9] for the temperature for the same entrance temperatures. The values®fn
range300 — 45000 K. Radiative losses from the arc were and of R4 /Ry for the three considered cases resulted to be
included by considering that the total radiation field is com- rivc /= 0.926, 0.923 and0.919, and R4 /Ry = 0.324,
posed by~ 50% of continuous radiation and anoth&3% 0.436 and0.693, respectively, and the corresponding nozzle
of line radiation[10, 11]. The surrounding gas is considered voltage drops AV = V(z = L) — V(z = 0)) were AV
to be transparent to continuous radiation but opaque to line= 69.8, 60 and44.4 V, respectively. The total electrical
radiation. power delivered into the nozzle (6.98, 6 and 4.44 kW, res-
pectively) almost coincides with the power carried by the
arc and gas (enthalpy plus kinetic energy fluxes), indica-
3 Results ting that radiative losses are not very relevant. The power
delivered into the arc is typically 10 times larger than that
The radiation term in Eq. (6c) is always positive in our case carried by the gas, and the enthalpy flux largely exceeds
because, for the arc, the radiated power plus the conductivehe corresponding kinetic energy flux, for both the arc and
heat loss is a fraction of the Joule heating, while the gasgas systems. It can be seen from Fig. 2a) that the arc ra-
always receives heat from the arc. Eq. (10) then imposesdius expands along the nozzle fbg (z = 0) = 10000 or
that the cross section of the region that reaches sonic velo-15000 K, but slightly contracts for the highest temperature
city must be increasing at that point. In the case of a straightconsidered. However, the final arc radius at the nozzle exit,
nozzle if the cross section increases for one region it decrea-R4(z = L) ~ 0.47 — 0.48 mm, results almost indepen-
ses for the other, so that the gas and the arc flow cannot reacdent of 4 (z = 0), (the numerical differences in the values
the sonic velocity simultaneously. Itis well known[12] from of R4(z = L) are indistinguishable from an experimen-
the theory of single flows in finite nozzles of constant cross tal point of view) and its value is close to that measured in
section that if the flow is always heatdd’(> 0 at all points) Ref.[3]. Fig. 2b) shows a decreasing profilepdt), which
it is either subsonic at all points or becomes sonic only at theagain results only slightly dependent @h(z = 0). The
nozzle exit. If more heat is added to a flow that was sonic total pressure drop in the nozzle is approximately 0.2 MPa.
at the nozzle exit, the conditions at the nozzle entry adjustFrom Fig. 2c) it can be seen thHEf (») monotonically incre-
so that again the flow becomes sonic at the exit. We will ases along the nozzle, but reaches a final value again almos
follow the guidelines given by this simpler quoted case and independent of its entrance value. The gas temperature alsc
consider that the strongly heated arc flow becomes sonic aincreases along the nozzle, with a profile only slightly de-
the nozzle exit. This condition is commonly used in torch pending onT4(z = 0). From Fig. 2e) and 2f) it can be
models and is well verified in numerical simulations[5, 6]. seen that the arc and gas velocities continuously increase:
The actual solution of the system (4a)-(4g) then proce- with z, and show also very weak dependencé&ufiz = 0).
eds as follows: the mass flawin the nozzle is a given para-  In Figs. 2.g) and 2.h) the Mach numbers are seen to incre-
meter as well as the plenum presspgeat which this flow is ase continuously; in all the cases considered the arc reache
injected in the nozzle entry. If only the temperatufésand sonic conditions at the nozzle exit, which is not clearly ap-
T are fixed at the nozzle entry, the condition on the pressu-preciated in the figures as the final increase is very steep anc
resps = pg = po also determines the densitieg andpg is not shown.
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Figure 2. Spatial profiles obtained from the model for a nozzle Wwith 100 A, Ry = 0.75 mm, L = 3.9 mm, operated withV, gas,

po = 0.45 MPa, and withrh = 0.4 g/s (A = 1). The quantities are plotted f&f(z = 0) = 1000 K and three different values of

Ta(z = 0) = 10000, 15000 and 20000 K. Fig. 2a): arc radius; Fig. 2b): pressure; Fig. 2c): arc temperature; Fig. 2d): gas temperature;
Fig. 2e): arc velocity; Fig. 2f): gas velocity, Fig. 2g): arc Mach number, and Fig. 2h): gas Mach number.
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TABLE I. Physical quantities at the nozzle entrance and exiffgr= 0.75 mm, L = 3.9 mm.

I Po m Ta Ta mG/m Ra Ra Ta T UA uG P AV
(A) | (MPa) (gfs) | (2=0) | (2=0) (2=0) | (:=L) | (z=L) | (=L) | (:=L) | (z=L) | (=L) | (V)
(°K) | (°K) (mm) | (mm) | (°K) (°K) (m/s) (m/s) (MPa)

40 | 0.31 | 0.42 | 10000 | 1000 | 0.99 0.17 0.27 35400 | 1600 6700 760 0.17 56
15000 | 1000 | 0.98 0.23 0.32 30900 | 1500 6300 740 0.17 49
20000 | 1000 | 0.98 0.36 0.33 30500 | 1500 6300 750 0.18 35
10000 | 2000 | 0.97 0.46 0.34 19700 | 2500 3700 1040 0.21 43
15000 | 2000 | 0.97 0.46 0.35 19800 | 2500 3800 1030 0.20 35
20000 | 2000 | 0.97 0.46 0.34 27100 | 2500 4800 1040 0.21 28
100| 0.45 | 0.4 10000 | 1000 | 0.93 0.24 0.47 29800 | 1900 6200 810 0.24 70
15000 | 1000 | 0.92 0.33 0.47 29500 | 1900 6300 810 0.25 60
20000 | 1000 | 0.92 0.52 0.48 30100 | 1900 6300 810 0.25 44
10000 | 2000 | 0.88 0.58 0.51 18600 | 2700 3800 1100 0.28 55
15000 | 2000 | 0.88 0.59 0.52 19800 | 2700 4100 1100 0.29 47
20000 | 2000 | 0.90 0.58 0.58 26800 | 2800 5400 1100 0.28 37
160 | 0.54 | 0.35 | 10000 | 1000 | 0.87 0.30 0.54 31300 | 2400 6300 880 0.29 75
15000 | 1000 | 0.87 0.39 0.54 31200 | 2400 6300 870 0.29 66
20000 | 1000 | 0.85 0.58 0.56 31000 | 2200 6300 830 0.31 49
10000 | 2000 | 0.86 0.60 0.55 26900 | 3100 5400 1140 0.30 67
15000 | 2000 | 0.85 0.62 0.56 26900 | 3100 5400 1140 0.31 59
20000 | 2000 | 0.83 0.64 0.58 28800 | 3000 5600 1140 0.33 45

To illustrate the results of the model for different in- These values are close to the values shown in Table | for
put parameters, in Table | are presented several quantitied(z = 0) = 1000 K and for the highesT'4 (= = 0) values.
at the nozzle entrance and exit for the quoted nozzle geo-Other values ofR4(z = L) reported in[3] for differentl
metry and forTs(z = 0) = 10000, 15000 and 20000 K, values are also rather well reproduced in our calculations.
T (z = 0) = 1000 and2000 K and I = 40, 100 and160 In practice, the values df4(z = 0) andTg(z = 0)

A. The values of the discharge current correspond to casexan be somewhat determined by applying a general energy
in which the arc radius at the nozzle exit was experimen- conservation principle in the cathode-nozzle region. The
tally determined[3]. It can be seen from the Table that for power supplied into the arc in this region can be estimated
a given value off’4(z = 0), the values of the arc and gas asW., ~ IAV,, ~ I?L.,/onR%(z = 0) , whereL,,
temperatures and velocities at the nozzle exit are only we-is the distance between the cathode surface and the nozzl
akly dependent od. The most important changes in the entrance. In turnj¥,, should be equal to the power car-
guantities appear at the nozzle entrance, where an increasged by the arc-gas system at the nozzle entraficé,(gi-

of I is associated with a thicker arc carrying a higher mass atven as: W’ = 14 (u? /2 + ha) + mg(u /2 + he) (the

z = 0. The total pressure and voltage drops along the nozzleinitial enthalpy and kinetic energy of the gas can be neglec-
both increase as increases. An increase in thig;(z = 0) ted). For instance, taking again the case with- 100 A
value produces also thicker arcs with higher masses at thewith the torch geometry published in[3L{, = 2 mm),
nozzle entrance, and a colder and slower plasma but a hottetV,.,, ~ W’ ~ 4 kW for T4(z = 0) = 18000 K, and

and faster gas at the nozzle exit. The pressure and voltagd;(z = 0) = 1100 K. With these values, the quantities
drops along the nozzle both decrease in this case. The arat the nozzle exit take the following valueg,(z = L) =

in the nozzle can be expanding (for sm&ll (= = 0) and 29700 K, Tg(2 = L) = 1900 K, ua(z = L) = 6300
Ta(z = 0) values), or contracting in the opposite case. m/s,ug(z = L) = 800 m/s,p(z = L) = 0.25 MPa,

To investigate the influence of the heat power exchangedAV = 50 V. It must be noted that the sensitivity of the
between the arc and gas by thermal conduction, the paraequationW,,, ~ W’ to changes ofl4(z = 0) is much
meter\ that regulates this process was varied between 0.2larger than that corresponding to changeslefz = 0),
and 5 (that is, a 25-fold total variation). It was found that due to the fact that the power carried by the plasma is much
the guantities at the nozzle exit depended very weakly,on larger than that carried by the gas. Hence, this equation is
but again the values of the quantities at the nozzle entranceemployed basically to specifys(z = 0). Given the low
changed strongly withk. A large X value produces a thick  sensitivity of the exit values of the quantitiesTa(z = 0),
and slow arc, and, correspondingly, a thin and fast gas atit is not necessary to determine this value very accurately.
the nozzle entrance. However the quantity; /7n remains
practically unaltered. ) ) )

It is worth comparing the numerical results with expe- 4  Discussion and final remarks
rimental data reported in[3] with a similar torch. The ex-
perimental arc radius reported in[3] were: fbr= 40 A, We have developed a simple and low computing time model
Ra(z = L) = 0.33mm; for] = 100 A, Ra(z = L) = which allows to obtain the profiles of the relevant physical
0.51 mm; and for/ = 160 A, Ra(z = L) = 0.57 mm. quantities along a nozzle in a cutting torch, in terms of the
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externally-controlled parameters of the torch (geometry of sions, the assumption of sonic condition at the nozzle exit
the torch, discharge current, mass flow of the gas and ple-reduces the required parameters to only two temperatures,
num pressure) and the values of the arc and gas temperaturesghich in turn can be simply estimated appealing to energy
at the nozzle entrance. From a general energy conservatiomwonservation in the cathode-nozzle region. In this sense the
principle applied to the cathode-nozzle region, these last va-model is predictive, which together with its simplicity, ma-
lues (mainly the arc temperature) are in turn relatively fixed kes it valuable for design purposes.

by the external torch parameters. Although the results pre-

sented in this work are restricted to straight nozzles, it is Acknowledgments

worth noting that the model is valid for nozzles of arbitrary
cross-section.
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