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A brief review of inflation is presented. After having demonstrated the generality of the inflationary mechanism,
the emphasis is put on its simplest realization, namely the single field slow-roll inflationary scenario. Then, itis
shown how, concretely, one can calculate the predictions of a given model of inflation. Finally, a short overview
of the most popular models is given and the implications of the recently released WMAP data are briefly (and
partially) discussed.

1 Introduction peaks strongly suggests that a phase of inflation took place
in the early universe, see Ref. [6].

The inflationary scenario [1] has been invented in order to
solve and explain some observational facts (isotropy of the
Cosmic Microwave Background Radiation—-CMBR-, flat-

ness of the space-like sections, etc ...) that could not be . .
properly understood in the context of the standard hot Big 2.1 Basic equations

Bang theory. Therefore, at the beginning of its history, the The cosmological principle implies that the universe is, on
inflationary scenario was only able to make postdictions but, |arge scales, homogeneous and isotropic. This simple as-
given the problems of the standard model at that time, this symption drastically constrains the possible shapes of the
was already a success. However, soon after its advent, it wag)njverse which can solely be described by the Friedman-
realized [2, 3] that inflation, when combined with quantum | emgtre-Robertson-Walker (FLRW) metridis? = —d¢2+
mechanics, can also give a very convincing mechanism for o

(3) 310 i 3) ; i
. . 2 . t)y,;; dz*dz’?, where~;;” is the metric of the three-
structure formation. In particular, for the first time, it was giégzzsjionil gpace-like chtions of constant curvature. The
understood how to generate a scale-invariant power spec

. . . time-dependent function(t) is the scale factor. If the spa-
trum. Therefore, the inflationary mechanism was able to P (*) P

establish a beautiful connection between facts which, be-fidl curvature vanishes the1;7|fj3) = 0;j, whered;; is the

fore, were considered as independent. However, since thé(ronecker symbol'. The Previous expression 1S written in

Harisson-Zeldovich was already known to be in agreementf[erms of the cosmic t|mebL_Jt Itis al_so interesting to work

with the observations, it could be argued that, somehow, this" €rms of the conformal timg defined bydt = a(1)ds.

was again a postdiction. In fact, the inflationary scenario 1 Nen: the metric can be re-expressed as

does not predict a scale invariant spectrum but a nearly scale ) ) ) (3) 1 ia i

invariant spectrum, the deviations from the scale invariance ds® = a*(n) | —dn” + ;5 da’da’ | . 1)

being linked to the microphysics description of the theory.

This constitutes a definite prediction of inflation that can be In terms of conformal time, the Hubble parameter= a/a

tested [4]. can be written agl = H/a whereH = a’/a, a dot deno-
Slightly more than twenty years after the invention of ting a derivative_ Wit_h respect to cosmic time Whil_e a prime

inflation, the situation has recently changed because, thankStands for a derivative with respect to conformal time.

to the high accuracy CMBR data obtained, among others,  Matter is assumed to be a collection§fperfect fluids

by the WMAP sateliite [5], we can now start to probe the and, as a consequence, its stress-energy tensor is given by

details of the inflationary scenario and check its predictions. € following expression

The goal of this short review is, after having tried to jus- N

tify why the inflationary mechanism is generic (section 1), _ () _

to show how, in its most popular and simplest realization, L = Z;TW = (p+ P)untw + PYpuv ; @)

one can calculate concrete predictions (section Il) and com- -

pare them with the recent observations (section Ill). Thesewherep is the (total) energy density andthe (total) pres-

proceedings, due to the lack of space, do not cover manysure. These two quantities are linked by the equation of

important topics. Among them and since this is particularly state,p = w(p) [in general, there is an equation of state

relevant for the present article, we just would like to signal per fluid consideredi.e. p;, = w;(p;)]. The vectoru,

the discussion of why the presence of the CMBR Doppler is the four velocity common to all fluids and satisfies the

2 The inflationary mechanism
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relationu,u* = —1. In terms of cosmic time this me- hast > 0 forp > 0 andt < 0 for p < 0. On the other
ans thatu# = (1,0) whereas in terms of conformal time hand, in the case of a contractidi, < 0, we havet > 0 for
one hasu* = (1/a,0) andu, = (—a,0). The factthat p < 0andt < 0forp > 0. The link between the two times,

the stress-energy tensor is consernveéd,,, = 0, implies dt = adn, takes the form
p' + 3H(p + p) = 0. This expression is obtained from

the time-time component of the conservation equation. The n = 1 P, i t>0 ©)
time-space and space-space components do not lead to any a,(1—p) ’ ’
interesting equations for the background. -1 1y

We are now in a position to write down the Einstein = o) L, if t<0, (1)
equations which are just differential equations determining
the scale factor. In terms of cosmic time, they read from which we deduce that, if > 0, thenn < 0 forp > 1

2 ko i @k andn > 0 for p < 1 and that, ift < 0, thennp > 0forp > 1
—+ 5 =2p, _<2+2+2>:,€p, ©) andn_<0f0rp<1. . _ _
a a 3 a a a Finally, let us also examine some cases of particular in-
terest. The case = 2/3 corresponds to an expanding mat-
ter dominated universe and = 0. Therefore, we have
> 0 andt¢ > 0. The same conclusion applies for the case
= 1/2, i.e. the case of an expanding radiation dominated

wherex = 87G = 87/m? , m,, being the Planck mass and
wherek = 0,+1 is the normalized three-dimensional cur-
vature. Combining the two expressions above, one obtains’

an equation which permits to express the acceleration of the”

scale factoti/a = x(p + 3p)/6. From the above equation, universe withw = 1/3. The casef = —2 correspongls o
one sees that any form of matter such that 3p < 0 will p = oo, that IS to say to an exponential scale factor: this is
cause an acceleration of the scale factor (this is only true, of]USt the de Sitter solution wity = —1. For§ < —2, one

course, if the matter component satisfying 3p < 0 is the hasp > 1 andn < 0, ¢t > 0 if we are interested in the case

dominant one). The energy density is always positive but, in ©f ©XPansion.

some situation, the pressure can be negative and the inequa- Tale evocliunotn o(fjtge backgrou?ijhspace-pme cart1 b(fa very
lity p + 3p < 0 may be realized. This simple remark is at roughly understood by means ot the previous set ot sim-

the heart of the inflationary scenario. Let us notice that the pIe_ equations. The .hOt B_|g Bang ”f‘o.de' befo_re the advent
above property is deeply rooted into the fundamental prin- of inflation just consisted into a radiation dominated epoch

— i i i i~ 104
ciples of general relativity. It is because all forms of energy (w = 1/3) taking place at high redshifts, until, =~ 10°,

weighs in general relativity that the pressure participates tofl_?IIOWed byl a %hastetﬁ_orrlnnafe?h_by cold _matlterf(: 0). K
the equation giving the expression@fThis has to be con- owever, already at this [evel, this very simpie framewor

trasted with Newtonian physics where the same expressiorieads to unacceptable conclusions. Wg now describe w.hai
readsi/a — —rp/6, i.e. only the energy density affects are (some of) the problems of the pre-inflationary hot Big

the expansion. As a consequence, the expansion can only bgang scenario ar_1d how postulating anew phase Of. accele-
decelerated. rated expansion in the very early universe can avoid these
A class of solutions of particular interest is that for which problems.

the equation of state = p/p is a constant. In this case, the

conservation equation can be immediately integrated and le o The horizon problem

ads top o a—31*%) Then, the scale factor is given by

a power law either of the conformal or of the cosmic time, The horizon problem consists in the following. The furthest

namely event that we can directly “see” in the universe is the
(re)combination,i.e. the time at which the electrons and

7 () the protons combined to form hydrogen atoms. Since the

photon—atom cross-section (Rayleigh cross-section) is much

h the si fth ¢ | and ic 1 0 b smaller thgn the pho_ton—electron cross-section (Thom§on

where thé sign of the conformal and cosmic times, 1o ecross-sectlon),the universe became transparent at that time

discussed below, can be negative or positive. The parame=y. ~ogg [7] and WMAP [5] maps of the sky are pho-

tersp and § are related by3 = (2p — 1)/(1 — p) and 0004 0f the universe at this epoch. The recombination

p = (14 ()/(2 + (). The link betweens and the para- took place at a redshift af;; ~ 1100, i.e. within the epoch

meters5 andp can be expressed as dominated by the cold matter. Before, the universe was opa-

tp

a(ﬁ) = £U|n|1+ﬁa a(t) = a, t

0

1-3 92 que and therefore it is not possible to observe it directly at
w= g7 =14+ —. (%) earlier times from the Earth. Since no physical process can
31+ 5) 3p : .
act on scales larger than the horizon (see below for a precise
The caseg = —1 and/orp = 0 are obviously meaningless definition of the horizon), we typically expect the universe

since they do not correspond to a dynamical scale factor. to be strongly inhomogeneous on those scales. Seen fror
Let us now come back to the question of the sign of the the Earth, this means that the COBE map should look ex-

conformal and cosmic times. For the class of models undertremely different on angular scales larger than the angular

consideration, the Hubble parameter can be easily calcula-scale of the horizon at recombination.

ted and is given byd = p/t. Let us first consider the case In order to investigate the consequences of the above sta-

where we have an expansidre. H > 0. In this case, one  tement, let us calculate the angular diameter of the horizon
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at recombination, seen by an observer today. Roughly spea- Another question is to calculate the distance to a point
king, this is just the size of the horizon at the last scattering where a photon emitted at= ¢.,, has just arrived on Earth
surface divided by the present (angular) distance to the lasthow, at timet = ¢,. Writing again that the photon is re-
scattering surface. In other words, it can be expressed ageived now, one obtains the corresponding co-moving coor-
AQ = dy(tss)/d, (tiss), where we now discuss precisely  dinate of emissiome, = ff‘) dr/a(7). From the previous

the meaning of the terms in the above formula. ~ equation, one can deduce that the corresponding angular dis-
For this purpose, it is convenient to choose the _coordl- tance to the point of emission is given By = a(tem)rem-
nates system such that the origin is located on Eamh, |ndeed, the FLRW metric can be written as (for flat space-

such that “our” co-moving coordinate is= 0. Suppose like section)ds? = —c?dt? + a?(t)(dr? + r2dQ3) and the-
that a photon is emitted at spatial co-moving coordinates refore the proper distande across a source B ~ arAf)
(Tem, Oem, Yem) @nd at cosmic time.,. The path followed  at timet,,, (obtained fromit = dr = 0 since it is supposed
by the photon can be chosen such that cst andy = cst that the source is located on a sphere of radiascte). As
since this is a solution of the geodesic equation. In this a consequence, one ha$) = D/(ar) from which we de-
case, the path is completely characterized by the functionduced, = a(tem)r(fem ). Notice that the proper distance to
r = r(t). This quantity is given by the point of emission is(t)rem. FOr very high redshifts,
as for instancey,, these two distances are of course very

t + :
r(t) = rem—/ dr =d,(t) = a(t) |:rem_/ dT} 7 different.
t tem

o @(T) a(r) We can now deduce the general expression of the angu-
_ _ _ (8) lar diameter. It is given by
whered, (t) is the physical (proper) distance from the “po-
sition” of the photon at time to the origin. e to gy 171
This equation can be used to define the horizon. Indeed, AQ = [/ } [/ ] (10)
the question that one may ask is the following. At a given o a(r) s A7)
(reception) time{ = t,.c, what is the proper distance to the In the previous expression, the factal(s,s;) have canceled

furthest point where a photon, sent to us from there, could
have reached the Earth (the point of co-moving coordinate
r = 0) before or at the time,..? This proper distance is
called the size of the horizon at tinte= t,... Clearly the
distance is maximized if the time of emission is the Big-
Bang and if the photon has just reached the Earth at the tim
trec. Hence the co-moving coordinate of emission is obtai-
ned by writing thatd,, (t...) = 0 and by taking a vanishing
lower bound in the previous integral. This implies that

out.

Let us now try to evaluate the above solid angle in a re-
alistic case where matter and radiation are present [8]. For
simplicity, we assume that the universe is radiation domi-
enated before recombination and matter dominated after. In

reality, as already mentioned, equivalence between radia-
tion and matter takes place before the recombination but
this does not introduce important corrections. Since we are
going to study the influence of a phase of inflation, we also
trec 7 assume that the epoch dominated by radiation can be inter-
Tem = /0 m . 9) rupted during the periotl < ¢ < t.nq. During this interval,
we assume that the universe is dominated by an unknown
This means that the distance to the horizon, at the timefluid the equation of state of which is constant and given
t = trec, IS given byd,, (trec) = a(trec)rem- In this equa- by w,. To recover the standard hot Big Bang case, where
tion, ... can be for instance the time of recombinatign, this epoch does not occur, it is sufficient to consider that
or the present time&, depending on whether one wants the t; = t.nq, i.€. to switch off the phase dominated by the unk-
evaluate the size of horizon at the last scattering surface omown fluid. The scale factor is not known exactly but its

now. piecewise expression reads:
]
3 2/[3(1+wx)]
a(t) = ai(ZHit)l/2 , 0 S t < ti s CL(t) = ai |:2(1 + wX)Hi(t — fl) —+ 1:| s ti S t < tend R (11)
3l 2/3
a(t) = aend[2Hend(t — tena) + 1]1/2 y tend St <teq, a(t) = Qeq {;q(t — teq) + 1} s leq St <tg .(12)

At each transitions, the scale factor and its first time derivative are continuous. A straightforward calculation leads to the
expressions of the horizon at decoupling and of the angular distance to the last scattering surface. One finds

to dr 2 a 1/2
d, (tiss = ss — — Qlgs — |1 - =

Iss

t1ss dr 1 (s 1/2 1—3w. a a a (1+3wx)/2
d t — " = ss - SS 1 7}( en 1 _ 1 . 14
i) (s /0 a(r) (s X agHy ( ag > + 14 3wy ajss <aend> (14)

; (13)
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From the aboves equations, we deduce the expression of the solid angle

A= L1
2

where N = In(acnd/a;) is the number ok-foldings du-
ring inflation andz.,,q is the redshift at which inflation stops
(corresponding t@® = tenq).

Let us first suppose that there is no phase of inflation,

i.e. N =0. Then,AQ ~ 0.5 x (1 + z155) "%/ ~ 0.85°. As
a consequence, one expects the last scattering surface to

made of~ 1° patches whose physical properties are com-
pletely different (let us remind that the angular diameter of

the moon seen from the Earth4s0.5°). This is obviously
not the case: up to tiny fluctuations of orddr/T" ~ 105,

the CMB radiation is extremely homogeneous and isotro-

pic. This paradox is called the horizon problem. A solution

to this problem is to assume that the initial conditions were
identical in all the causally disconnected patches but this se-

ems very difficult to justify. Another solution is to switch
on the inflationary phase. To significantly modify the solid
angle in Eqg. (15), the unknown fluid responsible for infla-
tion must have an equation of state such that< —1/3.
Indeed, ifl + 3w, > 0, then the argument of the exponen-
tial in Eq. (15) is negative and the correction coming from
the phase driven by the unknown fluid becomes negligible
On the other hand, if + 3w, < 0, then the correction can

—1
(1 + 2155)1/2] (1 =+ les)1/2{1 +

1 —3w, 14 215
1+ 3wy 14 2zeng

_ eN(1+3wx)/2} } ’ (15)

number of e-foldsV. Writing that the last scattering surface
looks very isotropic, that is to sa¥{2 > 4, allows us to put
a constraint on this quantity. One obtaiNs> —4+1n zepq.

Notice that it is necessary to assume thatis not too

close to—1/3 otherwise terms likd + 3w, , that we have
heeglected, could also have an effect on the constraint derivec
above.

Let us now try to better understand and to physically in-
terpret what has been done. This is summarized in Fig. 1
that we now describe in more details. The proper distance
to the last scattering surface is given by

1/2
2 ) ] . (16)

to qr
oo [ 2

This is approximatively the Hubble distance today, defi-
ned by ¢, H; ', since we havel,, ~ 2H;*!
6000~ Mpc O(1)¢, where we have usedi,
100hkms~'Mpc™!. Obviously, this number does not de-

.pend on the fact that there is a phase of inflation or not. On
the other hand, the size of the horizon today is given by the

Qlss
ag

1

~

be very important, depending of course on the value of thefollowing expression

]
to dqr 1 Alss 1/2
dy (to) = —_— = =
H( O) ag/o G(T) a0 aoHy ( ao )
1—
+agp X aoHy [ (

If there is no phase of inflation (or if + 3w, > 0) then one
hasd,, (to) ~ 2H, ' ~ diss =~ £,,. Thisis why, in the left pa-

Alss
ag

14 1 — 3wy dend
1+ 3wx Alss

]

1

a ) (1+3wx)/2‘| }

Gend

g

17)

circles are small in comparison with the blue circle repre-
senting the last scattering surface. This is also the heart of

nelin Fig. 1, the (black) horizon and the (blue) last scattering the horizon problem: without a phase of inflation, the ho-
surface have about the same size. The horizon at recombifizon at recombination is too small in comparison with the
nation has been calculated in Eq. (14). If there is no phase oflast scattering surface and, as a consequence, its angular siz
inflation then one hag, (tss) ~ Hgl(1+zlss)*3/2 < djgs- is only ~ 1° as we have calculated previously.

This is why in the left panel in Fig. 1, the red and the green
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horizon

Figure 1. Left panel: Sketch of the evolution of the horizon. The origin of the coordinates is chosen to be Earth. The red circles represent th
size of the horizon at the time of equality,, ~ 10*. The green circles represent the horizon at the time of recombination- 1100. The

black circle represents the horizon today. The dotted blue circle represents the surface of last scattering viewed from Earth.Afie angle

is the angular size of the horizon at recombination viewed from Earth. Right panel: Sketch of the evolution of the horizon in an inflationary
universe. The conventions are the same as in the left panel. The horizon at recombination now includes the last scattering surface and th
is no horizon problem anymore.

Let us now turn to the inflationary solution and the right 2.3 The flatness problem
panel in Fig. 1. The proper distance to the last scattering
surface is not modified. But, and this is the crucial point,
the size of the horizon is now completely different. Using This problem becomes more apparent if the Friedman equa-
Eq. (14), with nowl + 3w, < 0, we obtain tion is cast into a different form. Let us define the parameter
Q;, which gives the relative contribution of the fluid “i” to
1 _ Zss [ Qond the total amount of energy density present in the Universe,
dy (tiss) = Fo(l + 2156) 2/ [1 + Zond (alﬂ > diss - by Qi(t) = pi(t)/pari(t), where the critical energy density
(18) iS peri = 3H?/k. This last quantity is nothing but the to-
This is why in the right panel in Fig. 1 the (green) ho- tal energy density of a universe with flat space-like sections.
rizon now encompasses the (blue) last scattering surfaceThis is a time-dependent quantity. The Friedman equation
Another consequence is that the (black) horizon today istakes the formk/(a?H?) = Zf\il Qi(t) —1=Q.(t) — 1.
now much bigger than the Hubble scale which, as alreadyThe parametef)_(¢) directly gives the sign of the curva-
mentioned, is still approximatively equal to the size of the ture of the space-like sections. Sincés not a function of
blue last scattering surface. For the purpose of illustration time, the sign of2,. — 1 cannot change during the cosmic
let us take the example of chaotic inflation. In this case we evolution. In general, it is difficult to solve the differential
havezenq =~ 10%® andaenq/a; ~ exp(10?®) from which we equation giving the time evolution 6f . (t) and to obtain the
deduce that (1)d,, (to) ~ 3 x 103429421 =1Mpc. Clearly explicit time dependence &t,.. However, it is possible to
this scale is totally different from the Hubble scale and, in expres<2.. in terms of the scale factar(t), at least in the
the context of an inflationary universe, one should carefully case where all the fluids have a constant equation of state
make the difference between those two scales. parameter. One obtains

S0 (t0) (“)SM) 9, (t0) — 1 () T
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If one assumes that only radiation and matter are presennucleosynthesis, one has,q/a; ~ 108 that is to say~ 19
then, asi/a goes to zero, it is clear that radiation becomes e-foldings. Forzenq ~ 2.y, ON€ 0btaiNSie,q/a; ~ 1026,
dominant. In this case, a good approximation of the previous namely~ 60 e-foldings.
equation is The main lesson of the previous calculations is that, as-
9 9 suming an epoch in the early Universe dominated by a fluid
Q. ()1~ Q. (to) — 1 (“) O () -1 ( 1 ) ) the equation of state parameter of which is negative, provi-
* Qraalto) \ao Qraa(to) \z+1 des an elegant way to solve the problems of the standard ho
o _ Big Bang model. Here, the important point is that the detai-
Today it is known thaf€, (to) — 1| < 0.1. This clearly  |ed properties of the unknown fluid and/or its physical nature
means that, at high redshifts, the quanfity. (z) — 1| was  are unimportant, at least at the background level, provided
extremely C|Ose to zero. For InStance, at the redsh|ft Of nu- the equation Of state parameter iS negative_ Th|S makes thE

cleosynthesiszye ~ 3 x 10% one hagQ, (znuc) — 1| =~ inflationary solution quite generic.
O(10~'%) where we have takef,.q(to) ~ 107%. ltis

difficult to understand why this quantity was so fine-tuned ) _ _ )
in the early Universe. At Grand Unified Theory (GUT) 2.4 Single scalar field inflation

scale €., ~ 102%), the constraint becomes even worse . . . o
10, (2000 ) — 1| ~ O(10~52). To explain this fact, we have We have seen in the previous sections that inflation can be
T GUT - " ’

two possible solutions: (i) we simply assume that the ini- c@useéd by any fluid such thatt- 3p < 0. We now discuss

tial conditions were fine-tuned in the early Universe or (iij & concrete realization of the inflationary mechanism. Infla-
we find a mechanism which automatically produces such alion IS supposed to take place in the very early universe, at
small value at high redshifts. Since, as already mentioned'€"Y Nigh energies. At those scales, the fluid description of
for the horizon problem, the first explanation seems artifi- Matter is not expected to hold anymore and (quantum) field
cial, let us concentrate on the second one. Thus, we assum{1€0TY Séems to be the most appropriate way to describe the
that, for redshifts > z..q, the Universe was dominated by behavior of matter. The simplest gxa_mple, companble with
another type of matter, different from matter o radiation. As the symmetries of the FLRW metric, is a scalar figldn).
before, we simply characterize this unknown fldidby its This field vv_|II be caIIed_the inflaton in what follows. The
equation of state, . The equation of state should be chosen C0'Tésponding Lagrangian reads

such that, from any reasonable (i.e. not fine-tuned) initial 1

conditions in the very early Universe:s e, it automa- S = _ /d%, /=g {gwau%&,% + V(%)} . (29)
tically produces &2 — 1 close to zero, with the required 2

accuracy at = zenq. €2, can be written as

whereV (¢, ) is the potentiala priori a free function but we

Qy (ai) will see that, in order to have a successful inflationary phase,
QT (a’) = 1+3 ) (21) i i i
a wx its shape must satisfy some constraints. The stress-energ
Q (@) + [1 — Qp(ai)] (a_> tensor can be written as

where q; is the value of the scale factor at some initial L s
P - T = Oy by — Guv | =9’ 00, O v . (24
redshiftz;. Sinceaena/a; > 1, the conditior,, (aepg) ~ 1 a @000 G0 =9 [29 909590 T (qb“)} (24)

is clearly equivalent td + 3w, < 0. Then, from any initial

conditions at: = z;, the value of2. (acnq) Will be pushed From this expression, one sees that the scalar field can alsc
toward one as long a¥ dominates. Therefore, one recovers be viewed as a perfect fluid. The energy density and the
the fact that a fluid with a negative equation of state parame-pressure are defined accordingtq, = —p andT”; = pd’;

ter can solve a problem of the hot Big Bang model. One and read

can even derive the constraint that the parameters describing 19 o

the epoch dominated by the fluil must satisfy. If one re- p= l(d’o) +V(8,) — 1 (¢5) —V(d,). (25)
quires that,. has been pushed so close to one during the 2 a? o 2 a? ’

phase dominated by that the remaining difference,. — 1 The conservation equation can be obtained by inserting the

will not sufficiently increased during the radiation and do- . . . _
minated epochs t)(; compensate thegfirst effect and to be disPr€VI0US expressions of the energy density and pressure intc

L . the equatiorp’ + 3H(p + p) = 0. Assumingg’ # 0, this
tmgwshablg from zero today, one arrives at [from Egs. (20) reproduces the Klein-Gordon equation written in a FLRW
and (21) written at = zenq]

background, namely

dV(¢,)

d
which can also be expressed &Es> —4 + In zenq, Where %
we have assumed for simplicity that+ 3w, | = O(1). It As already mentioned before, the other equation of conser-
is quite remarkable that this constraint be the same as thevation expresses the fact that the scalar field is homogeneou:
one derived from the requirement that the horizon problem and therefore does not bring any new information. Finally,
is solved. To conclude, let us give some numerical exam-a comment is in order about the equation of state. In gene-
ples: forze,qa ~ 10'9, i.e. two orders of magnitude above ral, there is no simple link betwegnandp except when the

143wy
Qend — o NV(143wy) < 10t « ,2 (22)
a; ~ end ’

/
¢g’+2%¢g + a2 —0. (26)
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kinetic energy dominates the potential energy where 1, caused by a scalar field.

i.e. the case of stiff matter or, on the contrary, when the po- In general, the equations of motion can be integrated
tential energy dominates the kinetic energy for which one exactly only for a very restricted class of potentials. On
obtainsw ~ —1. This last case is of course the most interes- the contrary, one would like to able to characterize this mo-
ting for our purpose. This shows that inflation corresponds tion for any given, sufficiently flat, potentials. To reach this
to a regime where the potential energy dominates the kineticgoal, we clearly need a scheme of approximation. Since the
energy:V (¢,) > (¢/)? see Egs. (25). We also note in pas- kinetic energy to potential energy ratio and the scalar field
sing that an equation of stgte~ —p implies that the energy  acceleration to the scalar field velocity ratio are small, this
density of the field will be almost constant during inflation. suggests to view these two ratios as parameters in which a
The fact that the kinetic energy is small during inflation me- systematic expansion is performed. The slow-roll motion of
ans that the potential should be very flat which is the main the scalar field is controlled by the three “slow-roll parame-
requirement for a successful model of inflation if this one is ters” (at leading order, see e.g. Ref. [9]) defined by:

.9 ) -1 . y . . . .
6:3%(mv) B N S S Lt ) -

Some remarks are in order at this point. First of all, we have which comes directly from the definition ef= 1 — H’/H?
introduced a third slow-roll parameters, This is necessary  written in terms of the conformal time. An integration by
if one wants to establish the exact equations of motioa of parts and the use of the equation of motion of the slow-roll
andd. Secondly, the slow-roll conditions are satisfied if parametet allows us to reduce the previous equation to
andd are much smaller than one andsit= O(e2, 62, €).

Since the equations of motion ferandé can be written as: 1 B / 2¢(e — 5)d 1 (31)
. ; TTTaeon ) -\
€
— =2¢(e—0), — =2ele—0)—E¢, 28 N ;
H e(e=9) H cle=d)=¢ (28) So far, no approximation has been made. At leading or-

der, ¢ is a constant and the previous equation reduces to
tants. This property turns out to be crucial for the calcu- ¢H =~ —(1+¢)/n. This tsls;\(juwalent to a scale factor which
lation of the perturbations. Thirdly, inflation stops when Pe€haves aa(n) = £,[n|~ . Therefore, the slow-roll ap-

¢ = —H/H? = 1. Finally, itis also convenient to re-express proximation consists in slightly modifying the de Sitter ex-

the slow-roll parameters in terms of the inflaton potential. Pansion by changing the power index in the expression of the
One can show that scale factor. Interestingly enough, the effective power index

(at leading order) only depends en We will see that the
m2 (V' 2 m2 (V' 2 m2 V" second slow-roll parameters will show up in the calculation
(V) ) == 167 ( ) + st V' (29) when we consider inflationary cosmological perturbations.
Finally, it is also useful to make use of the set of hori-
where, here, a prime means a derivative with respect to thezon flow functions, first introduced in Ref. [10]. The big
scalar field (as expected, the third slow roll parameter invol- advantage of these parameters is that there are defined in
ves the third derivative of the potential). This suggests a newterms of the scale factor only and thus do not rely on the
interpretation of the slow-roll approximation: the slow-roll fact that inflation is caused by one scalar field. In particular,
parameters controls the deviation of the inflaton potential these parameters could still be used in a multi-fields model
from perfect flatness (the case of a cosmological constant)of inflation whereas the set introduced previously should be
and hence are given by the successive field derivatives ofmodified. The zeroth horizon flow function is defined by
the potential. €, = H(N;)/H(N), whereN is the number of e-folds af-
Yet another way to see the slow-roll approximation is ter an arbitrary initial time. The hierarchy of horizon flow
the following. The perfect slow-low regime is when the in- functions is then defined according to
flaton potential is a constarite. is exactly flat. In this case,
one hasx = § = 0 and the corresponding solution of the dln|ey,|
Einstein equations is the de Sitter space-time with the scale en1 = —— 120 (32)
factora(n) o |n|~t. Somehow, the slow-roll approximation
is an expansion around this solution. To illustrate this point, The link between the horizon flow functions and the set
let us consider the exact equation: {€,0,&} can be expressed as

1 1 1 1
n:_/l—ed(H>’ (30) €=€1, 6:61—562, 5256263. (33)

it is clear that this amounts to considerand § as cons-

~

T 167

%
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The fact that is of higher order than the two first slow-roll  a(n) « (—»)'*#. In particular, it is zero for the de Sitter

parameters is now obvious which is another advantage of thespace-time since, in this caseé,= —2. The equation of
horizon flow parameters. motion of the quantity:, reads [11]
. . " 2 (a\ﬁ)” _
3 Inflationary cosmological pertur- Hs [’“ gy ) =0 (39)
bations wheref is the co-moving wavenumber of the corresponding

. . . Fourier mode. This equation is similar to a Satinger
3.1 Gauge-invariant formalism time-independent equation where the usual role of the ra-
The perturbed line element can be written as [11]: dial coordinate is now played by the conformal time (this

is why the name “time-independent Sotlinger equation”
ds? = a®*(n){—(1 —2¢)dn? + 2(8; B)dz'dn is particularly unfortunate in the present context!). The ef-

fective potentiallU; = (a./7)"/(a,/7) involves the scale
factora(n) and its derivative (up to the fourth order) only.

In the tensor sector (which is gauge invariant by defini-
tion) we define the quantity.. for each modé according to
h;' = h;;) = 0, represents the gravitational waves. There hij = (1 /a)Qij, WhereQ;; are the (transverse and trace-
are no vector perturbations because a single scalar field canl€SS) eigentensors of the Laplace operator on the space-like
not seed rotational perturbations. At the linear level, the two S€ctions. The equation of motion of is given by [15]:
types of perturbations decouple and thus can be treated se- "
parately. i+ <k2 — a) r =0. (40)

The scalar sector suffers from the gauge problem. This a
means that an infinitesimal transformation of coordinates
(i.e. a “gauge transformation”) could mimic a physical de-
formation of the underlying background space-time and thus
could be confused with a physical mode of perturbations. In
order to deal with this problem and to retain only the physi-
cal modes, one can either fix the gauge or work with gauge
invariant quantities. Here, we choose the latter solution.

Scalar perturbations of the geometry can be charactenzeclhe equation of motion of an harmonic oscillator whose fre-

by the gauge-invariant Bardeen potenti@l$12] and fluc- uency explicitly depends on time, namely the equation of a
tuations in the scalar field are characterized by the gauge—q Y EXplcitly aep ' y q

invariant quantity (s parametric oscillator [14]

(1 — 20)8i5 + 28,0, E + hyjldatda’} (34)

In the above metric, the functions, B, ¢ and E' repre-
sent the scalar sector whereas the terfsgr satisfying

This formula is similar to the equation of motion of den-
sity perturbations. The only difference is that the effective
potential,U.. = a’/a, now involves the derivatives of the
scale factor only up to the second order.

Therefore, we have shown that both types of perturbati-
ons obey the same type of equation of motion. The “time-
ndependent Scbdinger” equation can also be viewed as

1 / M/S/,T + WS,T (ka U)#S,T =0, (41)
e = o+ la(B—E)], (35)
H 2 2 " 2 2 "
&) — "(B—FE' with w? = k% — (a\/7)"/(ay/7), wi = k% — d” /a.
PO = 0040 (BB (36) Finally, the mode functiong,, . are quantities of inte-

rest because the power spectra of density perturbations ant
gravitational waves, which are observables, directly involve
them. Explicitly, one has

We have two gauge invariant quantities but only one de-
gree of freedom sinc@ andd¢(&) are linked by the per-
turbed Einstein equations. As a consequence it~ 0,
then the whole problem can be reduced to the study of a 13
single gauge-invariant variable (the so-called Mukhanov- £ p; (k) = —
Sasaki variable) defined by [2] 8

2
. E3Py(k)

2
Hs Bl (42)
a

a3

2%
-5

) @ The spectral indices and their running are defined by the co-
v=a [5¢(gl) + ¢, H] : (37)  efficients of Taylor expansions of the power spectra with res-
pect toln k, evaluated at an arbitrary pivot scalg

In fact, it turns out to be more convenient to work with the dl
rescaled variablg, defined by, = —v/2xv. Density per- ng—1= n P
turbations are also often characterized by the so-called con- dInk

served quantity [13, 14] defined by

_dlnPy,

, Ny =
b, T dlnk

, (43)

k=k.

are the spectral indices. The fact that scale invariance cor-
QIH 1D + ® responds tax, = 1 for density perturbations and to. = 0
3 1+w +o. (38) for gravitational waves has no deep meaning and is just an
historical accident. The two following expressions

¢

The quantityu is related to¢ by pg = —2a./7(, where
v = 1 — H'/H?. The background function reduces to d*In P
a constant(2 + 3)/(1 + ), for power-law scale factors 57 d(Ink)?

_d?InP,
k:k‘*’ o= d(In k)

;o (44)
k=k.
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define the “running” of these indices. In principle, we could
also define the running of the running and so on.

In order to compute:® P (k) and k3P (k), one must
integrate the equation of motion (41) and specify what the
initial conditions are. We now turn to these questions.

[ ... Hubble radius without inflation
L A
D P W

3.2 Qualitative behavior of the solutions P e e ;

The advantage of the previous formulation is that it allows
to guess the form of the solutions very easily. It is essenti-
ally determined by three scales. Firstly, one has the physical
wavelength of a given Fourier moden) = (27 /k)a(n).
A second length scale important for the problem is given
by the effective potential. To be specific, one liaén) =
a(n)//Us.+(n). Finally, a third scale is the Hubble scale [ Inflation
whose definition read§, = a?/a’. A priori, the Hubble —
scale and the potential scdle are different.

Let us now investigate how these scales behave in a typi- _ _ _
cal model of slow-roll inflation. For the purpose of illustra- Figure 2. Evolution of the Hubble radius and of three physical
tion, we only consider the scale factefn) « ||~ during wavelengths with different comoving wavenumbers during the

. : : _inflationary phase and the subsequent radiation and matter domi-
Irr;f|=Elit|':%2tis(;20(e;avr\]/eb2a;/§eslf]e22 geémzlrzegfgp%;ggeéf Ihséoéve nated epochs. Without inflation, the wavelengths of the mode are

g ; g ] - super-Hubble initially whereas in the case where inflation takes
Sitter space-time. One immediately obtains that the Hubblep|ace, they are sub-Hubble which permits to set up sensible initial

radius is constant during inflation while it variessas:? du- conditions.
ring the radiation era and as a®/? during the matter domi-
nated era. Initially, the physical wavelengths are therefore ~ Looking at the equation of motion, one sees tlagpri-
smaller than the Hubble radius (in principle even smaller ori, the behavior of the solution is not controlled by the Hub-
than the Planck length, see below) but because of the infla-ble scale as often said in the literature (sometimes, it is also
tionary expansion of the background they become, at someclaimed that the horizon determines the qualitative behavior
point, larger than the Hubble radius. The time at which a of the solutions!) but by the scalg, i.e. by the shape of the
Fourier mode exits the Hubble radius depends on the co-effective potential. However, it turns out that, for slow-roll
moving wavenumber of the corresponding mode. They will inflation (in fact for power-law inflation), the behaviors of
re-enter the Hubble radius later on, either during the radi- £, and/,; are similar and, therefore, the concepts of Hubble
ation or matter dominated epochs because the Hubble ra@nd potential scales can be used almost interchangeably in
dius behave differently during those eras. It is worth no- this situation. This is not the case in general. For instance,
ticing that, without a phase of inflation, the modes would this is incorrect in a bouncing universe, see Ref. [16].
have always been outside the Hubble radius. The fact that Let us now study in more details the shape of the effec-
there is a regime where the modes are sub-Hubble is thetive potential. The functiony is a constant for power law
refore a specific feature of the inflationary background and scale factors and, as a consequence, the two types of per-
plays a crucial role in our ability to fix well-defined initial ~ turbations acquire the same potential during inflation, na-
conditions. The evolution of a Fourier mode is represented mely Us () ~ n~2 ~ H2. During the radiation domi-
in Fig. 2. nated epoch, the scale factor behavea(@3 « 7 and the-

It is also interesting to remark than the physical wave- refore the effective potential vanishes. As a consequence,

lengths are always inside the horizon which they never exit. € typical form of the potential is given by the solid line

It is therefore mandatory to distinguish the horizon from the 1" Fig. 3. The exact form of the potential during the transi-
Hubble scale. In fact it is possible to prove that, as soon astion (i-e. during the reheating) is very complicated and has
a scale is inside the horizon, it will remain so for ever. This NOt been taken into account here. A smooth interpolation

is simply due to the fact that the ratio of the horizon to the has been assumed between the two eras. The two regimes
physical scale at timeis given by described pefore re-appear in a dnfferent way. Initially, a gi-
ven mode is above the barrier. This corresponds to the case
: . where the mode is sub-Hubble. Then, due to the inflatio-
d k o dr k dr : : :
o G — 4+ = —, (45) nary evolution, it crosses the potential at some (scale depen-
A2m )y alr) 2wy a(T) dent) time and becomes “sub-potential”. This corresponds
to a super-Hubble mode. The times of Hubble and poten-
where k is the co-moving wavenumber of the scale un- tial crossings are not the same but, as already mentioned,
der consideration. The first term is by assumption greaterin the case of slow-roll inflation they are of the same order
than one and the second one is positive, hence the aboveef magnitude. Therefore, in this case, we have the appro-
mentioned statement ximate correspondence “inside the Hubble scale/above the

Hubble radius
T

Radiation Matter

Time
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potential” and “outside the Hubble scale/below the poten- (dU/dn)/(k* — U)?/? < 1, which expresses the fact that
tial”. Let us notice that this is valid as long as the details the WKB approximation breaks down at the turning point
of the reheating process only modify the shape of the poten-and is valid when the potential does not vary too rapidly.
tial such that the modes of interest always remain below the  Let us now test this criterion for the two regimes des-
potential during the transition from inflation to radiation. cribed before. In the case of slow-roll inflation, we will see
The two previous regimes correspond to two types of that the effective potential, either for density perturbations or
solution. In the first regimek® > U(n), and the mode  gravitational waves, is of the fori®?(1) /n%. Therefore, on

function oscillates, sub-Hubble scales, in the limlij| — +oo, one hasv ~ k,
_ _ which impliesQ ~ 0 and therefore théQ/w?| < 1 is sa-
fis p = Ar(k)e™ ™7 4+ Ay (k)e™. (46)  tisfied. On the contrary, on super-Hubble scaigs, in the
_ _ limit || — 0, one hagQ/w?| ~ |Q/w?|, = O(1). Thus,
On the contrary, when the potential dominates< U (n), the WKB approximation is not a good approximation in this
the solutions are of the form regime.

o dr The fact that the WKB approximation works in the limit
pg =~ Ci(k)ay/~y + Cg(k)aﬁ/ S, (47) In] — +oo allows us to fix well-motivated initial conditi-
(a®y)(7) ons and is the reason why the inflationary mechanism for

and possess a growing and a decaying modes. For graVi_structure formation is so attractive. Indeed, within the fra-

tational waves, the solutions are the same except that ondn€Wwork described before, the natural choice is to take the
should takey = 1 in the previous equation. It is interesting adiabatic vacuum as the initial state. Since, on sub-Hubble

to notice that the previous solutions are general and do notS¢@€sw(k) — k, Eq. (48) implies that this corresponds to
depend on the specific form of the scale factor. coefficientsA, (k) and A(k) in Eq. (46) such that

The only thing which remains to be discussed are the

initial conditions,i.e. the choice of the coefficientd; (k) Ay (k) L , Ay(k)=0. (51)
and Ay (k). V2k
) ) o This completely fixes the initial conditions and allows us to
3.3 WKB approximation and the initial con- calculate the power spectrum unambiguously.
ditions Before turning to this calculation, let us quickly come

) ) back to the fact that the WKB approximation breaks down
It has been established before that the mode funcians  on super-Hubble scales. In fact, this problem bears a close
and .. obey the equation of a parametric oscillator. This resemblance with a situation discussed by atomic physicists
strongly suggests to use the WKB approximation to study at the time quantum mechanics was born. The subject deba:
the solutions of this equation [17]. For this purpose, let us ted was the application of the WKB approximation to the
define the WKB mode functiony,,, ., by the following ex-  motion in a central field of force and, more specifically,

pression how the Balmer formula, for the energy levels of hydroge-
" nic atoms, can be recovered within the WKB approximation.

1 ﬁ:i/ w(k,7)dr The effective frequency for hydrogenic atoms is given by

P (K, 1) = e (48) (obviously, in the atomic physics context, the wave equation
2w(k,mn) is not a differential equation with respect to time but to the

The mode function.,,, represents the leading order term radial coordinate)

of a semi-classical expansioie. it is only an approxima- om ( 762 00 +1)
E ) -

tion to the actual solution of Eq. (41). This can also be vi- WA(E,r) = = (52)

h2 rz

ewed from the fact that,,, ., satisfies the following diffe-
rential equation

pn o (k) + [w? (R, m) — Q(K,n)] pryien (kim) = 0, (49)

which is not similar to Eq. (41). In the above formula, the
quantity@(k,n) is given by

whereZe is the (attractive) central charge afithe quantum
number of angular momentum. The symioldenotes the
energy of the particle and is negative in the case of a bound
state. Apart from the terrde? /r and up to the identification

r < n, the effective frequency has exactly the same form as
ws . (k,n) during inflation. Therefore, calculating the evo-

3(W)? W lution of cosmological perturbations on super-Hubble scales
Qk,n) = 7=~ — 55 (50)  (i.e. || — 0) is similar to determining the behavior of the
hydrogen atom wave function in the vicinity of the nucleus
and only depends on the time dependent frequeriéyr). (i.e. r — 0). The calculation of the energy levels by means

From Egs. (41) and (49), it is clear that the mode func- of the WKB approximation was first addressed by Kramers
tion u..s(k,n) is a good approximation of the actual [18] and by Young and Uhlenbeck [19]. They noticed that
mode functioru(k, ) if the following condition is satisfied: ~ the Balmer formula was not properly recovered but did not
|Q/w?| < 1. If, for simplicity, we only keep the firsttermin  realize that this was due to a misuse of the WKB approxi-
the expression giving(k, n), see Eq. (50), the above equa- mation. In1937 the problem was considered again by Lan-
tion can also be re-written under the more traditional form ger [20]. In a remarkable article, he showed that the WKB
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approximation breaks down at smajlfor an effective fre-  the mode functions of regions Il and lll. In order to evaluate
guency given by Eg. (52) and, in addition, he suggested athe mode function of region Il only the calculation of the
method to circumvent this difficulty. Recently, this method

has been applied to the calculation of the cosmological per-

turbations in Ref. [17]. This gives rise to a new method of

approximation, different from the more traditional slow-roll

approximation. 1 [T
3.4 Simple calculation of the inflationary 8 nflation Radiation ]
power spectrum - i 1 1 ]
Let us now evaluaté® P in a very simple way in order to 5 or p
understand why inflation leads to a scale invariant power I . S
spectrum. On super-Hubble scaleg. in region Il in G A4 Regon! iRegion Il/Region Il 8
Fig. 3, the growing mode is given hy, ~ C;(k)a,/7, see 5 , 3 : Mode k 4
Eqg. (47). Inserting this expression into Eq. (42), one obtains ok 3 3 L
1 Pe o K3|Cy (k)2 (53) : ]
Or 3 3 ]
The next step is to relate the constait(k) to the initial
conditions,i.e. to A; (k). This can be done by writing the 5 4 _3 _2 _1 0 ] 2
continuity of the mode functiop, at the time of potential ]
crossingj.e. at the time wheré&? = U[n;(k)]. In this case, Time

one does not consider the details of region Il in Fig. 3. One

just matches by brute force the solutions of regions | and Ill. Figure 3. Sketch of the effective potential of Egs. (39) and (40).

This gives During the inflationary phase the effective potential behaves as
U ~ n~2 while during the radiation dominated era it goes to zero.

Al(k)e_m’i = Cl(k)(aﬁ)(nj) . (54) A s_mooth transition t_)etween these two ep_ochs has been_assumed

which does not take into account the details of the reheating (and

In order to calculate the function;(k), one needs to as- Preheating) process.

sume something about the scale factor. Here, we consider

power-law inflation with the scale factor(n) o |n|' 5.

In this case the effective potential is given byn) o« 72 effective potentials is necessary. Using the definitions of the

(and in fact the equation of motion can be integrated exac-slow-roll parameters, one can show tiat(n) can be re-

tly in terms of Bessel function) which amounts to take written as

n;(k) o< k~'. Using also the fact thaf is a constant for

power-law inflation, the constari; (k) can be easily de-

termined from the above equation. Inserting the result into (ay/7)"
Eq. (53), one arrives at Us(n) = N A’H?[2— e+ (e —0)(3—08)+¢ .
a\/y
k3 Py oc kKPT2P Ay (k)% (55) , . (56)
It has already been established that, at leading oudér=
For the de Sitter case3 = -2, one obtainsk3P; «  —(1+e€)n~'. Therefore, one obtains that

E|A1(E)|> « k° becaused; (k)  k~'/2, i.e. a scale inva-

riant spectrum. The role of the adiabatic initial conditions, 24 6e—30
namely the fact thatl; (k) oc k~1/2, is clearly crucial in Us(n) = 2
order to obtain this result.

(57)

where one recalls that and § should be considered as
3.5 The slow-roll power spectra constant. As announced before, the potential has the form
. U, o< O(1)n2. For gravitational waves, similar considera-
We now evaluate the power spectra of density perturbationstjons |ead tol, = (2 + 3¢)/5%. Then, the crucial point is

and gravitational waves at leading order in the slow-roll ap- that the mode function can be found exactly. It is given in
proximation which gives a more accurate description than tayms of Bessel functions

the previous back-to-the-envelop calculation. For this pur-

pose, the details of region Il, see Fig. 3, are now taken into

account [21]. Instead of matching the mode function of re-  Hu (n) = /kn [B(k)J, (k) + Bz, (k)] (58)
gion | directly to the mode function of region IIl, we now

carefully calculate the mode function in region Il and per- where the orders are now functions of the slow-roll parame-
form two matchings. The first one is between the modesters,v, = —3/2 — 2¢ 4+ ¢ andv,, = —3/2 — ¢. Performing
function of regions | and Il and the second one is betweenthe two matchings and expanding everything at the leading
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order in the slow-roll parameters, one obtains

3 H2
P = 1-2 1)e—2C (e —
k° P; Wemf,l[ (C+1)e—2C (e —9)
k
—2(2¢ —9)In k} , (59)
2
P, = 16H [12(C+1)6261nﬂ , (60)

2
7T'7’np1

where C' is a numerical constanty ~ —0.73. Several
remarks are in order at this point. Firstly, the amplitude
of the scalar power spectrum depends on the Hubble para
meters during inflation and on the first slow paraméiter,
H?/(wem? ), while the amplitude of the tensor power spec-
trum only depends on the scale of inflatid6,H>/(7m? ).

The ratio of tensor over scalar is just given1s¢. This me-
ans that the gravitational are always sub-dominant and that

Jerbme Martin

radius exit and the end of inflation (not to be confused with
the total number of e-folds). The number of e-fol¥s is
given by the formula
) —1
(64)

Pend dv

do,

8

2
my, Je.

N, = 1n(“e“d> ~
O
whereg.,q is the value of the field at the end of inflation and
¢. the value of the field at Hubble radius crossing. Inflation
stops where = 1 which, for chaotic inflation, is equivalent
t0 wena = My, p/(44/7). The above integral can easily be
performed and, using the explicit expression¢gf,, one
N.+2

arrives at
(+5).

(65)

a6,v(0,)

8t 1

¢ _p

2 A7
Pl

/d)end

do, ¢ =
P} 0%o
me, P Jg.

when we measure the CMBR anisotropies, we essentially|nserting this formula into the equations giving the two

see the scalar modes. This is rather unfortunate because th

iSlow-roll parameters, one obtains

implies that one cannot measure the energy scale of infla-

tion since the amplitude of the scalar power spectrum also
depends on the slow-roll parameterOnly an independent
measure of the gravitational waves contribution could allow

v
(N, +p/4)

p

AN ) o

€9 =

us to break this degeneracy. Secondly, the spectral indiced herefore, in the space;, 2), a given model is represen-

are given by

ng = 1-— 261 — €2, n. = —261 . (61)

As expected, the power spectra are always close to scale in
variance and the deviation from it is controlled by the mag-

nitude of the two slow-roll parameters. Thirdly, at the next-

to-leading order there is no running of the spectral indices
sincea, anda,. are in fact second order in the slow-roll

parameters.

4

We now calculate the slow-roll parameters for typical mo-
dels of inflation [22].

Inflationary predictions

4.1 Large field models

These models typically appear in the chaotic inflationary
scenario. The potential is simply given by a monomial of

the inflaton field
P
M4( ) .

The calculation of the slow-roll parameters is then straight-
forward if one uses Eqs. (29). One obtains
-2
) . (63)

(2) e

my, 167
To go further, it is convenient to express the slow-roll pa-
rameters at Hubble crossing (remember that, at leading or-

%o

m

V(o) (62)

Pl

_ P

?o
‘= T6r

m

Pl

der, they must be considered as constant) or, equivalently,

in terms of the number of e-foldd’, between the Hubble

ted by the straight line; = (p/4)e2. However, in order

to know precisely where a given model lies on the straight
line requires the knowledge d@f, which, in turns, depends
on the parameters describing inflation like, for instance, the
energy scale of inflation or the reheating temperature. We
will come back to this point below.

4.2 Small field models

These models are characterized by potentials the shape o
which, for small values of the inflaton field, can be approxi-
mated by the following equation

o (3]

We assume that inflation takes place for values of the field
smaller than the characteristic scalg.e. ¢, < u. The two
slow-roll parameters are given by

(67)

S G 0 S V0 i
_1%(u>u—mmm” ©9
o plp=1) (my (6
= S (u>u—mmm”w

The value at which inflation stops is given y,a/u ~

(167 /p%) " " (u/m,,) /=Y. The next step is to ex-
press everything in terms df,. Here, the modep = 2
requires a special treatment and we start with this case. The
integral giving the number of e-folds can be performed ex-

plicitly
2 p¢ena/p 1
o) L e Ge)
m b ¢*//"' z

MM( (70)

Pl
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from which one obtains

¢

* N*
=~/
I

47

I

Pl

(71)

exp l—

From the above equation, we immediately deduce that

me, \ 2 1 /my\2
<P1> <1, ezz(PI) )
n 2T\ w

(72)

We already see an important difference from the chaotic in-

flation case. Since, is tiny, the observational properties of
the model will only be determined by the quantitywhich
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4.5 Hybrid inflation potentials

Hybrid inflation typically proceeds with two fields, the role
of the second field being just to stop inflation. During the
slow-roll phase, the potential has the following shape

o = e (3]

with ¢, < p. Since another mechanism must be used in
order to stop inflation, one cannot calculatg, in the sim-

ple context considered here. However, if one assumes that
¢« < p, which is the case in concrete models of hybrid
inflation, then one can deduce some general features of the

(77)

is a N, independent quantity. Therefore, we do not need to Mmodel. In particular, one can calculate the ratio of the two

calculateNV, in order to know where the model lies in the
plane(ey, e2).
Let us now turn to the cases> 2. The method is exac-

tly the same, the only change being that the integral giving

N, is now different but can still be performed analytically.
After straightforward calculations, one arrives at

_2(-1)
= m] =
12

2
p Mpi\ 2
~ (2 1, (73
“ 167r(u> 8 <L (73
2 p—1
S — 74
€2 N.p 2 (74)

As for the casep = 2, the first slow-roll parameter is ne-
gligible. However, the second slow-roll parameter is now a
function of N, as for chaotic models.

4.3 The linear potential

The linear potential is simply given by the expression

o =l (3]

and we still assume, < u. Since we havd”’ = 0, we
deduce thab = —e or ¢; = e2/4 which is consistent with
the result already obtained for chaotic inflation. The first
slow-roll parameter is independent &f, and is given by

€1 = 1/(1677)(mr’1//1')2-

(75)

4.4 The exponential potential

slow-roll parameters

4(p-1)
p

p

i

— . (78)
(=)
This means that this type of models are such¢hat 0 and
ng > 1.

The results are summarized in Fig. 4 where the plan

(€1, €2) is represented.

0.04 oy T T "', T 3 L'. T o T T T ) ]
101 ne=1 099 098 097 |0.96 : 95/ 094 093 092 ]
S T Y S
0.03 - \\ .,»Exponb‘entlal r‘bnodelslz V\»\qﬁ)dqﬁ E
Loz o : . i ‘ ]
" i 1
r - g \ |
G002 i .
:1‘.;?3 AN “ ‘ : ‘ ' (OSTI.
\ . . M - -
r \ ; i : ]
Eo i
0.01F  Hybrid models % [y 3
roa o - KRN s ]
\ | 4
, \ o . - . -
000k e ) : Small field models ]
-0.10 -0.05 0.00 0.05 0.10

€2

Figure 4. The various models discussed in this article represen-
ted in the plan(e1, e2). The dotted lines are the lines of constant

spectral index. The full lines represent the location of the large
field models. The small field models are concentrated along the

This is an important potential since, in this case, everything e1 = 0, 2 > 0 axis whereas the exponential models are along the

can be done exactly. The potential is given by

NG

Pl

V(o) = M'exp

\ﬁ(¢o - qj)l) ’ (76)

The expression of the slow-roll parametersis= 6 = ~
which meanse, = 0. The parametery can be written
v = (24 6)/(1 + B) whereg is the power index of the
exact scale factai(n) o |n|'*”. The case3 = —2 corres-
ponds to the exact de Sitter case for whick= 0. In this

e2 = 0 line. Hybrid models have, > 1 ande; < 0.

4.6 Comparison with the WMAP data

The aim of this section is to illustrate the fact that the high-
accuracy data that are now at our disposal are now starting
to discriminate among the various models of inflation pre-
sented in the last sections. The constraints coming from the
most recently released CMB data. the WMAP data [5],

are represented in Fig. 5 following the analysis performed

case the amplitude of the slow-roll density power spectrum in Ref. [23]. Very roughly speaking, we have the constraints

is not valid.

€1 <0.05 and|62| <0.1.
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As is clear from the previous analysis, except for a few Unfortunately all the details of this history are not known
models (like, for instance, the quadratic small field model or and hence there exits important uncertainties with regards to
the exponential potential), the determination of the slow-roll the precise value a¥, in a particular model. This question
parameters requires the calculatiomdf which in turns de-  has been recently re-analyzed in Ref. [24].
mands the knowledge of the whole history of the universe.

0.04
0.035r
0.03}
0.025+
i
@ 0.02t
0.015¢
0.01f

0.005¢

-0.1 —-0.05 € [¢] 0.05 0.1 0 0.02 0.04 0.06 0.08 0.1
2 2

Figure 5. Left panel: allowed region in the plés, e2) coming from the recently released WMAP data as analyzed in Ref. [23]. Right
panel: zoom of the left panel. The modé(¢,) gbé is now under big observational pressure. These two figures are from Ref. [23].

Here, we just consider some examples to illustrate that,gime where quantum field theory is expected to break down.
nevertheless, there exists now stringent constraints on theSince the standard calculation of the power spectrum is ba-
models. For instance, for the quadratic small field model, sed on quantum field theory, this questions the validity of
le2] < 0.1 implies thatu/m,, = 1 which is problematic its derivation. It is not easy to predict to which modificati-

Pl ~

for this model. For the exponential mode], < 0.05 me- ons this could give rise since quantum gravity is not known.
ans thatd < —2.053. In terms of the equation of state Fortunately, one can show that “reasonable” modifications
parameter, this means (since one must hdve< —2), of high-energy physics can leave an imprint on the obser-

-1 < p/p < —0.966 during inflation. More importan-  vables [27] like the CMBR multipole moments. Therefore,
tly, the chaotic models are now severely constrained. Inthere is a hope to constrain the new physics with (future)
Refs. [23, 24], it has been shown that there is a limit\an high accuracy cosmological observations. This would be a
which implies that, > 0.02 (for chaotic models). This me-  concrete realization of the idea that cosmology can help us
ans that the modelg oc ¢”', with n > 4 are now under big  to understand high energy physics.

pressure, as summarized in the right panel in Fig. 5. Other

important conclusions can be obtained (in particular on the Acknowledgments
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