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Current and magnetic �eld pro�les of bent strips in external magnetic �elds and with applied
currents are numerically calculated. The 
at strip is correctly obtained as the limiting case of bent
strips when the bend angle is zero. The Meissner response and the 
ux penetration are studied, the
latter under the consideration of high critical currents and small bends. The dependence of these
pro�les on the creep exponent (by a material relation E / (j=jc)

n) is also studied. In the presence
of an external magnetic �eld the 
ux penetration is delayed in bent strips compared with 
at strips.
In the case of an applied current the 
ux penetration from the strip edge is also delayed, but a 
ux
front starting from the corner is also observed.

I Introduction

The electromagnetic response of superconductors in ex-
ternal �elds has been extensively studied, and special
attention has been given to the role of the specimen
shape. The Meissner state can be studied by London
theory and is easily obtained in specimens with negligi-
ble demagnetization factor (long bars and cylinders in
parallel �elds). However, it turns out to be a diÆcult
task when specimens with large and/or non-uniform de-
magnetization factors are considered in the perpendic-
ular �eld geometry (in this case, the �eld is applied per-
pendicular to the specimen larger dimensions). In the
limit where � is much smaller than the sample dimen-
sions, analytical solutions are known for a few cases,
e.g., the Meissner response in perpendicular �eld in 
at
thin strips [1, 2] and disks [3, 4], long bars with ellip-
tic [5] and rectangular cross-section [6].

The understanding of vortex penetration and evolu-
tion inside a type-II superconductor in the mixed state,
can become a very diÆcult problem, due to the vortex-
vortex and vortex-defects interactions, besides the in-

uence of thermal 
uctuations [7, 8]. At �nite tem-
perature vortices can be depinned from their prefer-
ential positions by thermal 
uctuations. This gener-
ated motion of vortices, known as 
ux creep, induces
an electric �eld,E, related to the current density, j, by
E(j) = Ec exp(�U(j)=kBT ), where U(j) is the pinning
potential [10, 11].

The critical state approach can be used to study the
way how magnetic 
ux evolves into the superconductor
without carrying out the more fundamental London and
Ginzburg-Landau theories. Again, for long supercon-

ducting bars and cylinders in parallel �eld geometry,
the critical state is well understood. However, few ana-
lytical results are known for specimens in the so-called
perpendicular geometry [1, 2, 9].

Although analytical results are important, numer-
ical methods can be employed in order to obtain the
Meissner response and the 
ux penetration into su-
perconductors of several shapes [12, 13]. In this way
Brandt formulated a numerical method which calcu-
lates the current density, j, inside cylinders and long
bars (with �nite aspect ratio) in external magnetic �eld
or with applied currents [12, 14]. The magnetic �eld
and the magnetization are also obtained from the cal-
culated j. A material relation E = E(j) also allows the
investigation of 
ux creep e�ects, which are absent in
the original critical state approach and are analytically
calculated only in parallel �eld geometry.

In this work we present the eletromagnetic response
of superconducting bent strips in external magnetic
�elds and with applied currents. The Meissner state
and the 
ux penetration are obtained applying Brandt's
method [12, 14] with the appropriate change of coordi-
nates for bent strips. As a result points on the bent
strip are described by a unique coordinate, �. The nu-
merical calculated current and magnetic �eld pro�les
are also � dependent. The dependence of these pro-
�les and of the magnetic moment on the bend angle is
studied. The 
ux front coming from the strip edges is
delayed for bent strips compared with 
at ones, both
in external magnetic �elds or with an applied current.
In the later case, however, a 
ux front coming from the
bend is observed.
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II Numerical method

The numerical method starts from the integral formu-
lation of Amp�ere's law, Faraday's law and a relation
E = E(j) borrowed from microscopic theories about

ux creep and 
ux 
ow. The external magnetic �eld
is applied along the y-axis. The transport current re-
sults from an uniform external electric �eld along the
z-axis. The current density, j, the electric �eld, E, and
the vector potential, A, are also assumed to be par-
allel to z-axis. This assumption is reasonable for long
cilinders with symmetry axis along z-axis and arbitrary
(uniform) cross-section in the x�y plane. This leads to
the following equation of motion for the current density,

�0
@

@t
j(r) = �

Z
d2r0Q�1(r; r0)

�
E(j) +

@

@t
Aa

�
; (1)

where j = jẑ, r = (x; y), Aa is the vector potential
of the applied �eld. For applied magnetic or electric
�elds, Aa = �xBa or Aa = �

R
dtEa(t), respectively.

The inverse kernel, Q�1(r; r0) can be obtained by the
following identity,

Z
d2r00Q�1(r0; r00)Q(r00; r) = Æ(r� r0); (2)

where Q(r; r0) is the kernel relating the vector potential
at a point r with the current density at all points inside
the superconductor,

A(r) = Aa + �0

Z
d2r0Q(r; r0) j(r0): (3)

For long bars (long cylinders with rectangular cross-
section) this kernel is obtained from the integration of
the 3D kernel 1=(4 � �jr� r0j) along the symmetry axis
z, furnishing

Qbar(r; r
0) = �

1

4�
ln
�
(x� x0)2 + (y � y0)2

�
+

+
1

2�
lnL; (4)

where L is the bar length along z. The Meissner re-
sponse may be found by formula 1 taking E = 0 (no
vortices present) and integrating in time. This yields

�0 jM (r) = �

Z
d2r0Q�1(r; r0)Aa: (5)

We consider a thin bent strip, shown in Fig. 1, a
thin strip sharply bent in the middle by an angle �,
with thickness d and at �a � � � a. Thus the strip
cross-section is \V" shapep. The following change of
coordinates,

x = � cos�� sign(�) � sen�

y = j�j sen�+ � cos�; (6)

may be used into equation 4 in order to obtain the ker-
nel for thin bent strips. Hence, Amp�ere's law can be
written as

A(�) = Aa + �0

Z a

�a

d� 0Q(�; � 0) Js(�
0); (7)

where Js(�) =
R d=2
�d=2 d� j(�; �) � d j(�) is the sheet cur-

rent (the current density integrated over the thickness)
and the kernel Q(�; � 0) is given by

Q(�; � 0) = �
1

4�
ln
�
(� � � 0)2 cos2 �+(j�j � j� 0j)2sen2�

�
+

+
1

2�
lnL: (8)

The vector potential of the external �elds is Aa =
�� cos�Ba, for an external magnetic �eld Ba, or Aa =
�
R
dtEa for an applied electric �eld. Notice that the

dependence on the coordinate � { along the thickness {
is dropped out, since we consider thin bent strips. This
leads to an equation of motion for the sheet current

�0
@

@t
Js(�) = �

Z a

�a

d� 0Q�1(�; � 0)
h
E
�Js
D

�
+
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i
; (9)

and to the sheet current for the Meissner state

�0 J
M
s (�) = �

Z
d� 0Q�1(�; � 0)Aa (10)

where the inverse kernel is found similarly to eq. 4 for
the bar, but integrating over �, i.e.,Z

d� 00Q�1(� 0; � 00)Q(� 00; �) = Æ(� � � 0): (11)

By discretizing the coordinate along the bent strip, �,
one can numerically solve the above equation for the
Meissner response and integrate the equation of motion
for Js.

Figure 1. Schematic picture of a bent strip. The thickness
is magni�ed in order to better visualization. The coordinate
along the strip is � and the direction perpendicular to � is
denoted by �.

In the calculations the following symmetry rela-
tions for Js were used: in external magnetic (along
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y) or electric (along z) �elds, Js(��) = �Js(�) or
Js(��) = Js(�), respectively. Thus the above integral
ranges from 0 to a allowing for greater accuracy. Hence,
the kernel (eq. 8) becomes,

QB(�; � 0) = �
1

4�
ln
h �2�
�2+ cos2 �+ �2� sin2 �

i
; (12)

for an applied Ba = Baŷ and

QI(�; � 0) = �
1

4�
ln
n�2�[�2+ cos2 �+ �2� sin2 �]

L4

o
: (13)

for Ea = Eaẑ (equivalent to apply a transport current),
where �� = � � � 0. When an external and a trans-
port current are present, the kernel given by equation 8
should be used.

The magnetic �eld is obtained from the curl of A,
which reads

B = �̂B� = r�A = �̂ Ba cos�� �̂
@AJ

@�
; (14)

where �̂ is a unit vector parallel to the coordinate �. For
the case of an external magnetic �eld (no applied cur-
rent) the magnetic moment is found from the following
formula

m =
1

2

Z
d3r r� j = �ŷ 2Ld cos�

Z a

0

d� � Js(�):

(15)
In this equation it is considered the contribution to
the magnetization from the U-turning currents near the
strip ends, at jzj � L=2 [2]. When an applied electric
�eld is present,

I = 2

Z a

0

d� Js(�): (16)

gives the total current 
owing through the bent strip.
We chose a grid of N = 100 points to represent

half of the bent strip (i.e., 0 � � � a). It was also
adopted d = 2:5 � 10�4 a. In this way �, Js(�) and
B�(�) become one dimensional arrays, and the kernel
Q(�; � 0) becomes a square matrix. Hence the integrals
shown above are converted into sums over the index of
these arrays and the inverse kernel Q�1(�; � 0) can be
computed by matrix inversion.

III Results

The calculated magnetic �eld lines for the Meissner re-
sponse are depicted in Figs. 2 and 3, the former for an
external magnetic �eld Bakŷ and the latter for a trans-
port current (which is the same as applying an electric
�eld parallel to ẑ). Bend angles � = 0o; 30o; 60o and
90o are shown. The magnetic �eld lines are obtained
from the equipotencial lines of the vector potencial, A.
For the external magnetic �eld case the magnetic �eld

lines tend to be uniform as the distance from the strip
increase. For the transport current, the magnetic �eld
lines circulate around the strips, becoming more spaced
farther from the strip. In both cases it is observed
that the magnetic �eld lines bend sharply at the edges.
These lines are also not allowed to enter the strips as
expected in the Meissner state. The case � = 90o cor-
rectly results in 
at with width a [half of the width (2a)
for a 
at strip, when � = 0o]. Interestingly, in the cases
0o < � < 90o the magnetic 
ux is shielded in the inner
wedge of the bent strip.

Figure 2. Magnetic �eld lines for bent thin strips in an ex-
ternal �eld Bakŷ. Four bend angles are shown: � = 0o,
corresponding to a 
at strip, (top left); � = 30o (top right);
� = 60o (bottom left) and � = 90o (bottom right).

Figure 3. The same as Fig. 2, but for a transport current

owing along ẑ.

The 
ux penetration is presented in the Figs 4 and 5
for an external magnetic �eld and for a transport cur-
rent, respectively. The magnetic �eld pro�les are de-
picted in the top and the current pro�les in the bottom
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of the �gures. Because of the symmetry of the pro�les
(the magnetic component, B�, and the sheet current,
Js, are, respectively, even and odd functions of � for an
external magnetic �eld, while B� and Js are odd and
even functions of � for the transport current case), the
�gures show the � > 0 branch only. The Bean critical
state assumption (jc = constant) [15] was considered
in all cases treated in this article. In the external �eld
case the increasing and decreasing branches are shown
in the left and right of the Fig. 4 for n = 101. The con-
tinuous (dashed) line presents the pro�les taken from
the � = 00 (� = 300) case.
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Figure 4. Sheet current, Js, (bottom) and the perpendicular
component of the induction, B�, (top) dependence on the
coordinate parallel to the bent strip, �, for bent strips in ex-
ternal magnetic �elds. Left: increasing branch. Right: de-
creasing branch. The thin and dashed correspond to � = 0o

and 30o, respectively. Each group of two pro�les, indicated
by the arrows, are obtained at the same external �eld. Js
and B�=�0 are in units of jcD, and we used d = 2;5�10�4 a.
Notice that Js and B� are, respectively, odd and even func-
tions on �.

The pro�les for these two bend angles were calculated
for the same external �elds, where the arrows indi-
cate the direction in which the external �eld increases.
The divergence of the magnetic �eld at the strip edge
� = a, which had already been obtained for a 
at strip
(� = 0o) [1, 2, 9], is also observed when � > 0o. As the
external �eld increases, magnetic 
ux penetrates deeper
into the strip, and the shielded region becomes nar-
rower. The di�erence between the � = 0o and � = 30o

cases appear as a delayed penetration in the later case.
In fact, the penetration is more delayed as the bend an-
gle increases [16]. In the region the 
ux has penetrated,
the sheet current is almost constant, as expected for
the Bean critical state (the small deviation from the
constant value occurs due to the �nite creep exponent,
n = 101). Js decreases towards zero, in the shielded re-
gion, as one walks to the middle of the strip, although
the decays for � = 0o and � = 30o present di�erent
behaviors. For each external �eld, there is a crossover
separating a region where Js(0

o) > Js(30
o) from the re-

gion where Js(0
o) < Js(30

o). In the decreasing branch
the same features observed in increasing branch are ob-
tained. The di�erence comes from the fact that 
ux

starts to leave the strip through the edges � = �a and
a region where magnetic 
ux is trapped appears.

In the transport current case the pro�les were ob-
tained at increasing time, keeping an uniform electric
�eld in the ẑ constant (Fig. 5). This makes the to-
tal current (which is the applied current) 
owing in
the strip increase with time. The thin dashed, dash-
dotted and thick lines represent the bend angles � =
0o; 15o; 30o and 45o, respectively. Each group of four
pro�les, indicated by the arrows, are obtained at the
same time (or, for the same transport current). In the
left(right), n = 101(n = 11) was adopted, correspond-
ing to weak (strong) 
ux creep. The in
uence of creep
is evidenciated by the smoother pro�les and the larger

ux di�usion into the strip for n = 11 compared with
n = 101. For both cases the 
ux penetration from
the strip edges � = �a is more delayed as the bend
angle increases. However, a new feature is observed:

ux penetrates from the middle of the bent strip, at
� = 0, where the strip bends. This does not happen
for a 
at strip and occurs in bent strips because of the
nonzero perpendicular magnetic �eld component at the
bend (see Fig. 3). This penetration is more pronounced
for larger � values. After the critical current is attained
the sheet current becomes uniform through the strip [2],
which corresponds to the full 
ux penetration. This is
depicted in the last pro�le in the right of Fig. 5 (al-
though it is not shown in the left of this �gure, this
stage is also present for n = 101).
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Figure 5. Sheet current, Js, (bottom) and the perpendicular
component of the induction, B�, (top) dependence on the
coordinate parallel to the bent strip, �, for bent strips with
an uniform electric �eld. Left: n = 101. Right: n = 11.
The thin, dashed, dash-dotted and thick lines correspond
to � = 0o; 15o; 30o and 45o, respectively. Each group of
four pro�les, indicated by the arrows, are obtained at the
same time. Js and B�=�0 are in units of jcD, and we used
d = 2;5 � 10�4 a. Notice that Js and B� are, respectively,
even and odd functions on �.

IV Conclusions

We obtained the magnetic response of superconduct-
ing bent strips under the in
uence of external magnetic
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or electric �elds (the later corresponding to an applied
current). A change of coordinates is used in order to
transform a two dimensional problem in an one dimen-
sional problem. The sheet current Js dependence on
the coordinate along the strip, �, was calculated em-
ploying a numerical procedure [12, 14]. In the Meissner
state the resulting magnetic �eld lines correctly show
the magnetic shielding bent strips should present. We
also compared the 
ux penetration for bent strips with
that for a 
at strip. For both the external magnetic �eld
and transport current cases the penetration of magnetic

ux from the strips edges, � = �a, is delayed in bent
strips. However, 
ux penetration from the strip bend,
� = 0, is observed when a transport current is applied,
being more pronounced as � increases.
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