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There is a renewed interest in using Alfvén waves (AW) in tokamak plasmas. Previously, AW
were actively explored mostly for current drive and plasma heating in tokamaks. Presently, the
possibility of the anomalous and neoclassical transport suppression by AW in tokamak plasmas is
being vividly discussed. AW can also induce poloidal and toroidal plasma rotation. Toroidal plasma
rotation can reach the subsonic level. These flows can substantially affect neoclassical transport
both in collisional and weakly collisional plasmas. In this paper, the effect of plasma subsonic
toroidal flows induced by Alfvén waves on transport processes in the edge of elongated tokamak
is investigated. The dependence of poloidal plasma rotation and ion heat conductivity on the
elongation parameter and the ratio of induced toroidal velocity to the sonic speed are analytically

obtained.

I Introduction

It is well-known that Alfvén waves are one of the basic
methods of current drive (AWCD) and plasma heating
(AWPH) in tokamaks.!=® These methods were clearly
demonstrated in numerous experiments® 8 and will be
anew applied in forthcoming experiments in TCABR
(Tokamak Chauffage Alfvén Brasil) tokamak.>!? The
comparatively recent applications of AW in toka-
maks are creation of transport barriers and suppres-
sion of anomalous and neoclassical transport by these
waves.!1 714 The main idea is to induce a sheared radial
electric field that can take apart the turbulent plasma
eddies and thus suppress anomalous transport.'>=!'7
Suppression of neoclassical transport in weakly colli-
sional tokamak plasmas is connected with ion banana
orbit squeezing by the sheared radial electric field.'819
Alfvén waves can be used to efficiently induce the
strongly sheared radial electric field!'—'4 thus achieving
suppression of anomalous and neoclassical transport.
The first experimental evidence that AW can be use-
ful to create plasma rotation, and, consequently, the
radial electric field, was obtained in the Phaedrus-T
tokamalk.2°

Besides these very attractive topics, there is also
the additional physical mechanism where AW can play
a substantial role, i.e., the ion neoclassical transport in
the tokamak edge (collisional) plasma. The importance

of this mechanism was emphasized in the papers by
Rogister,! =23 where the experimental results in mod-
ern tokamaks were carefully analyzed. Rogister con-
siders the transport processes in tokamak edge plas-
mas to be in the H-mode (the so-called high regime),
when the characteristic length of plasma macroscopic
parameters L, is of the order of the ion Larmor radius,
pip = cvr; M;/e;By,, calculated on the poloidal mag-
netic field By, i.e., Ly ~ pijp. Here e; and M; are the
ion charge and mass, respectively, By, is the ”physical”
component of the magnetic field, to differ it from co-
variant or contravariant components that appear below,
and vp; = /2T;/M; is the ion thermal velocity. How-
ever, there are some relevant problems that need to be
investigated in collisional tokamak plasmas, in the L-
mode (the low regime), when the condition L, > p;g is
fulfilled.

The ion neoclassical transport in tokamak collisional
plasmas?* was originally investigated by Shafranov. He
used the well-known approach by Pfirsch and Schliter
to calculate the ion heat conductivity in tokamak plas-
mas with circular magnetic surfaces. These results were
later generalized for arbitrary geometry of the magnetic
field.?> The next step in this direction was taken by
Mikhailovskii and Tsypin,2® who considered the effect
of sonic toroidal flows on transport processes in colli-
sional plasmas. The very interesting effect of chang-
ing the sign of the ion poloidal velocity at a specific
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value of the ratio of toroidal velocity U;¢ to sound ve-
locity ¢2 = (T. + T;) /M;, and the importance of the
collisional parameter b = ¢>R?/)\? were brought up
in this paper. Here, ¢ is the inverse rotational trans-
form, R is the tokamak major radius, A\; = vrp;/v; is
the ion mean free path, T, and T; are the electron
and ion temperature, respectively, and v; is the ion-
ion collision frequency.?” This study was later contin-
ued to determine also the ion heat conductivity taking
into account of large values of the collisional param-
eter b, 1 < b < M;/M,,*®? external forces,* and
elongation.?! In this paper we carry on this investi-
gation studying the effect of plasma subsonic toroidal
flows induced by Alfvén waves on poloidal plasma ro-
tation and ion heat conductivity in collisional plasmas
of elongated tokamaks, with smooth profiles of macro-
scopic plasma parameters, L, > p;g.

IT Magnetic field and metric

To solve our problem, we need to choose the coordi-
nate system to carry out the calculations for a toroidal
plasma column with elliptic cross-section. As the cal-
culations of the metrics have been repeatedly presented
in many previous publications, we here show only main
steps to obtain it. Initially, we take the coordinates p',
A" and ( to be attached to the geometrical center of the
magnetic surfaces, where p' is the radial coordinate in
the tokamak cross-section and 6" and ¢ are the poloidal
and toroidal angles, respectively. The length element in
these coordinates is

di* = dp” + p"do" + (R — p' cos§")?d¢*. (1)

The next step is the ”encircling” of the magnetic sur-
faces by means of the transformation

pcost’ =exp(n/2)p' cos”,

]

g11 = coshn — sinh 7 cos 26 + 2A" exp(—n/2) cos b, (7)

g2z = r?(coshn + sinh 7 cos 26)[1 — 2 cosB(e* + A’ exp(n/2))], (8)

g12 = go1 = r{sinhnsin 26 — sinfcoshn(e* + rA" exp(n/2)) + A" exp(—n/2)]}, 9)
gs3 = R*(1 —2e*cosh), /g =rR(1—2e*cosh), (10)

where the parameter €* is €* = eexp(—n/2), and
e = r/R is the tokamak inverse aspect ratio. The angle
dependence of the magnetic field can be obtained from

the expression By = +/g;x B B*; we have

By= B, [1+¢* cost + (A="/2) cos? 6], (11)
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psinf’ = exp(—n/2)p sinf", (2)

where p = v/I1l2,7 = In(l2/11), and I3 and [; are semi-
major and semiminor axes, respectively, of the mag-
netic surface. Then, we choose new coordinates to be
attached to the geometric center of the tokamak cross-
section, and straighten the magnetic lines of force:

pcos® =rcos[f +(0,r)] + A(r),

psinf’ = rsin[f + 6(0,r)], (3)

where A(r) is the shift of the geometric center of the
magnetic surface, determined from equilibrium condi-
tions.

The straightening parameter § can be found from
the condition that the radial component of the current
density vanishes, 77 = 0, by taking into account the
expression for the magnetic field with the straight lines
of force,

Bo={0; X'/2nvg;  ¢'/2mvg),  (4)
(here x and ¢ are the poloidal and toroidal magnetic
fluxes, respectively, and g is the metric tensor determi-
nant), and after finding the metric tensor components
gik, after the substitution of Egs. (2) and (3) into Eq.

(1),
9 (933/+/9) /08 = 0. (5)

As a result, the parameter J is equal to
§ = —sinf(e* + A’ exp(n/2)). (6)

Then, we find the metric covariant tensor compo-
nents and their determinant

where
e* l1 l%
A= Sl -1= 25 (F-1), )

and ¢ = ¢'/x’ is the inverse rotational transform de-
fined in general geometry.
We also need a component of the Cristoffel’s symbol

;gl = glmrm,kla
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_ 1 Ogme . OGmi Ok
L = 2(637’ + oz  Qgxm )’ (13)

namely,
Fgg =¢e"siné. (14)

The non-orthogonal coordinates are ' = (r,6, ().

IIT  Starting equations

As we mentioned in the Introduction, our main goal is
to calculate the surface averaged ion heat flux I'r; and
the ion poloidal rotation velocity Uy as functions of the
ratio a = U}, /c; (the squared Mach number) and the
elongation parameter A. The ion heat flux is defined
by the expression

L7 = (q;), (15)
where o o
()= / (.)vgde) [ vgae (16
0 0

and the heat flux radial contravariant component ¢} is
equal to

2pivig"t OT; 5 pigssh OT;

M;w?, Or 2 Mwei\/g 00

'

q; =

(17)

]

and F” is the radio frequency force affecting elec-
trons and ions. Using the ambipolarity condition,

2T 2m
/V-jdr :/ / JT/gded¢ ~ 0,  (21)
0 0

which can be obtained from the current continuity
equation V -j & 0 averaged over the magnetic surface,
one obtains from Eq. (19)

op diV;
_<% (Vo) + M <”° i >0> +rfip 0.
(22)
picUic = F,. (23)

Here, p;c is the coefficient describing the ion toroidal or
anomalous viscosity or friction with neutrals, and thp

]

1 3

2mr
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Here, p; is the ion isotropic pressure, w.; = e;B/cM;
is the ion cyclotron frequency, g'! is the contravariant
component of the metric tensor, and h¢ = B¢/B is the
(-contravariant component of the unit vector h = B/B.
The conventional relation between vector covariant and
contravariant components B, = gaB” is also used be-
low. The physical poloidal component of velocity Usjg
is defined by the expression Ujy = rV{’, where V is
the f-contravariant component of the ion macroscopic
velocity V.

From Egs. (15)-(17) we find the surface averaged
ion heat flux,

2p;v; coshn OT;

Iy =
)
M;w?,

5¢BsT; [*" . no OT;
or Zﬂ'seiR/o B2 06"
(18)
Here, ng is the particle density.
Further, to find the poloidal rotation velocity Ujg
we employ the one fluid momentum equation

d;V; 1..
M;ng Zdtz:—Vp—V-ﬂ—l-E[_]xB]—l—Fh, (19)

where p = p; + pe is the plasma pressure, 7 is the ion
viscosity,?” in which we take into account only parallel
viscosity ), therefore,

{[h(V-h)—l—(h-V)h]ﬂ'|+h(h-V)7r||—%V7r||}, (20)

and Fchp are ”physical” poloidal and toroidal compo-
nents of the radio frequency force F”, respectively.

The plasma density poloidal perturbations ng in Eq.
(18) can be found from the momentum equation (19),
taking into account the ion inertial terms connected
with the subsonic toroidal flow, U;c < ¢s, and the ion
and electron temperature perturbations,

ng (Tz + Te) + %H
T; + T,

~

Nnog ~

— ag"ng cosb. (24)

Using Eq. (24), the expression for the Cristoffel’s sym-
bol Eq. (14), and the parallel component of Eq. (19),
one obtains from Eq. (22),

2T _ 6 N N _ N
i i df {5”'% InB — ae [no (Te + Ti) + 7TH] smt‘)} + Fy, = 0. (25)
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Thus, our basic equations for the problem under study
are Eqgs. (18) and (25).

IV  Poloidally perturbed quanti-
ties
We see from Eqs.(18) and (25) that we should find the

perturbed ion and electron temperatures and ion par-
allel viscosity. To find the particle temperatures, we

37
proceed from the heat transport equations,?”
3 d.T,
5” o;ita +paV Vo=~V -qy+ Qq, (26)

where a = i, e, the heat exchange @, between ions and
electrons is equal to

3M,
Qi - _Qe - Mz

NoVe (Te - Tl) ) (27)

and particle heat fluxes are

]
’n()Ti 8TZ nng BTe 5 C’n()Ta
i = —3.91 — =-316—— == h x VT,]. 28
2l M;viqR 06’ Qell M.v.qR 00’ ol =75 eaB [hx Vo] (28)
Then, we obtain equations for perturbed quantities from Eqs. (26)-(28)
Up ONn 1 aqu 3M nove /.~ ~
Ii——+———+V-qiL — T. —T;) =0, 29
r 00 + qgR 00 + il M; ( ) (29)
Uep ON 1 aqu 3M.nove /.~ ~
—Te—— — V e e_Tl :07 30
r 00 qR 00 + et + M; ( ) (30)
|
The terms with the poloidal velocities Uy and U,y in As a result, we have
Eqgs. (29) and (30) can be obtained using the quasista-
tionary continuity equations 3‘72»9 - Uy O

njV . V]' + Vj : V?’Lj =0 (31)

and the frozen-in condition

o= (n0Vg) . (33)

Using equation (33) and solving the system of Egs.(29)

V x[V; x B] = 0. (32) and (30), we find the perturbed particle temperatures
]
~ e*bTy M, «
T; = 0.51 o | 1 . — 14+ =) — 4
i=051 T {an < +76bMi> 5UTZ( + 2) (34)

M; \ geing

M, j . 0.32e*bAT; .
—3.8ab— (E 2l + Up> } sinf — #Um sin 20,

~ ~ €*bT0
T,+T. =0.51
* rv;d(b)
M, (€ J)
—76abe (€
O, (q €ing

M.
{ana <1 + 15.21)M

’I"I/idl (b)

) ~ 5Urs (1 + %) - (35)

(3

0.32e*bAT,
+ U,,) } sinf — —o 2017 5in 20,

rv;d; (b)

where d(b) = 1+ 2.2b\/M./M;, d(b) = 1 + 0.54b/M./M;, and b = ¢> R? /2. We have also used

€ J| 1
Uep = Uip — qems Up, Up

B ap 1 T, 20,
T Mnow.; Or’

Ur;

Ve = Vj

- MiwciW’ Me
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with Tog & Tjp = Tp. The expression for U,y in Eq.
(36) can be obtained from momentum equations for
electrons and ions.?”

We also need to calculate the parallel viscosity 7
in Eqs. (24) and (25). Note, that the Braginskii’s
approach?” for viscosity (the Navier-Stokes type of the
viscosity) is not relevant for problems to be under study
in this paper. Therefore, we take the parallel viscosity
7| in the form derived in Refs. 26, 32, and 33. This
type of viscosity is the so-called Burnett type of the

]

2

1 2
ﬂ_s{mh-vwﬁfh(h-wqi—g (v-vi+5—piv-qi)},

(3

6

v=—7 {h(h-V) (qi +0.27q;)) +

Brazilian Journal of Physics, vol. 31, no. 1, March, 2001

viscosity.?* Besides the spatial derivatives of the ion
velocity, it also includes the derivatives of the ion ther-
mal fluxes q;. These additional terms are similar to the
thermal force terms in the ion-electron friction in the
momentum equation.?” Thus, we have,?6:32:33

Using Eqs.(28) and (33), we simplify Eqs. (38) and (39)

_3 ] 8 2/3 1 ] 8922 8 B
B—;{‘Ul%‘“(ﬁ" B) + Ui g +Urigghn g

3

0 0 0
v = - {0.34Ui9% Inn + Urp; <1.36% InB —0.84— lnn) } .

| = —2% (0.968 — 0.597) (37)
where
(38)
1
3 (Vlnpi -q; — V- (qi + 0.27qi|))} ) (39)
(40)
90 (41)

Finally, we obtain the expression for the parallel viscosity Eqs. (37), (40), and (41), employing Eqgs. (8), (11), and

(24),

- 1.92e*p;
=

ry;

{Uip [(1 + 0.19c) sin 6 + 0.5A sin 26] +

(42)

+Ur; [(1.83 4+ 1.52a) sin 6 + 0.92A4 sin 26]} .

This expression gives us the possibility to find the
ion ambipolar poloidal velocity Usg.

|
V  Ion fluxes and their analyses

Now, we can derive the final expressions for plasma ro-
tation velocity and the radial ion heat flux and analyze
them. The poloidal velocity U;p can be obtained from
Eqgs. (25), (35), and (42),

J

Usp = Gt (0, A)Uri + Gule A) [ S9L 1 0,) +1.39— 7" Goa(a, A)ED (43)

i = Gu1\Q, T u2 (&, q €imo P . E*QMinO'U%i u3 (&, )

where fo(en A) v 22 i)
Gui(a, A) = 22870 o (0, A) =135 G, A) = —22 44
von )= =7 ) S VA NP (o A) = )

2 M,
fila, A) = d(b) [ 1+ §a> (1+0.19a) + 0.25,42} +0.18a% <1 + 15.2bﬁ> : (45)
2 5 a

folew A) = d(B) | (14 50 ) (183 + 1.52) + 0.464% | - 0.88ab (1 + E) . (46)
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To plot functions Gyi(a, A), Guz(a, A), Gus(a, A)
in Fig. 1, we choose the parameter b = 50. One can
observe that function G;(a, A) (figure 1), as in the
case of an axially-symmetric tokamak,? changes sign
at ag = 2d(b)/b. This quantity coincides with our pre-
viously obtained results.26-28=3! Tt is a very interest-
ing and important result that inertial forces, affecting
ions, enforce ion poloidal rotation velocity Uy to change
its sign in the absence of radio frequency waves in a
plasma. This effect, which was originally obtained in
Ref. 26, is also relevant for weakly collisional plasmas
but sign changing takes place at the Mach number of
the order unity.>> The maximum of function Gy (a, A)
occurs at A ~ 0 and is Gy1(e, 0) = 2.4. Increasing the
parameter A, the maximum of the quantity G, («, A)
decreases and shifts to supersonic values, a > 1. Never-
theless, only the case a < 1 is of the practical interest.

The function Gua(a, A) characterizes the role of
the parallel current and diamagnetic drift in the ion
poloidal rotation velocity. This function increases
with the parameter «, but stays at a small level,

]

*2
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Guz(a, A) << 1for a < 1.

The function Gyu3(a, A) describes the role of ex-
ternal forces in inducing the ion poloidal rotation.
This function decreases with the growth of the plasma
toroidal rotation, and, correspondingly, so does the role
of external forces on the ion poloidal rotation. The in-
duced radial electric field, which is currently supposed
to be the dominant quantity for transport barrier cre-
ation in tokamaks,'?>~!7 can be found using the expres-
sion which is defined via the ion velocity from the ion
motion equation,?”

B
Er ~ ? (Ui(hGp + Upi - UzG) y
1 ap,»
i = — . 4
Up Minowci or ( 7)
Using Eqgs. (11), (24), (34), (42), and (43), we derive

the magnetic surface averaged radial ion heat flux from
Eq. (18). It is convenient to write the final equation in
the Shafranov form,?42°

2T, oT; € Jj
Iy = — M7, Or {coshn +1.6¢°— {Gn(a A) + Gr2(a, A) O (5% Up> - (48)
I/Z'T2
_1.395*2Uﬂ —y 5 Gr3(a, A)Fy } }
where F ( )
_ 3
Gri(4) = (1+3) RO (49)
B M. ab(1+ a/2) 2 »  0.180%b
Gra(a,A) = AR AT [(1 + 3a> (14 0.19a) + 0.25A4 aw | (50)
« 7.6bM, «
Grs(o, A) = SACW) <1+ i, > (1+ 5), (51)
fa(a, A) = % (1 +7. 6bM ) Kl + §a> (1.83 + 1.52a) + 0.46A2] + (52)
(140.190) +0254%| +1.4 (14 5) T M, o707
M; d(b)

In a supposition that the collisional parameter b satis-
fies the inequality 1 < b < /M;/M,, one obtains the
well-known result for the radial ion heat flux.24:2%

The coefficients G (a, A) and Grs(«, A) are plot-
ted in Fig. 2. The quantity Gr2(a, A) is small under
the condition b < M;/M., therefore, it is not presented
in Fig. 2. The functions Gri(a,A) and Grsz(a, A)
characterize the neoclassical contribution and the in-
fluence of external forces, respectively. The function
Gri(a, A) is a growing function of the elongation A
and the squared Mach number a. The role of external

forces increases with the Mach number, nevertheless,

less intensively for larger elongations [see the function
Grs(a, A) in Fig. 2].

VI Conclusion

We have studied the effect of plasma subsonic toroidal
flows induced by Alfvén waves on poloidal rotation and
ion heat conductivity of collisional plasmas of elongated
tokamaks with smooth profiles of macroscopic plasma
parameters. This study is important as ion neoclassical
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fluxes are sometimes in a satisfactory coincidence with
the experimental results,?® as opposed to the electron
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Figure. 1 The dependence of the functions Gui(a, A),
Gu2(a, A), and Gy3(a, A) on «, for different magnitudes
of the parameter A: A; =0, A> =1, Az =2..
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Figure. 2 The dependence of the functions Gri(«, A) and
Grs(a, A) on a, for different magnitudes of the parameter
A:A1:0, Azzl, A3:2

anomalous transport. This paper is a generaliza-
tion of our previous results for the case of elongated
tokamaks.?6:28-31 Tt is shown that a tokamak elon-
gation can substantially affect ion neoclassical fluxes.
These fluxes are presented in the paper as functions of
three quantities to be proportional to 1) the conven-
tional ion temperature gradient, 2) the parallel current
and diamagnetic drift, and 3) radio frequency forces.
The proper coefficients are plotted on the Fig. 1 and
Fig. 2. Once more, the importance of the collisional
parameter b is emphasized in the paper (see also Refs.
21-23, 26, 28-31). It is also demonstrated that the very
interesting effect of changing the sign of the ion poloidal
rotation velocity in collisional tokamak plasmas, which
depends on the square of the Mach number «, obtained
previously,?® also takes place in elongated tokamaks.
The poloidal velocity has a maximum as a function of
the Much number. This sign changing and maximum
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of the ion poloidal rotation is the consequence of tak-
ing into account inertial forces affecting ions. It is also
shown that the radio frequency forces can in some cases
determine the ion neoclassical fluxes in elongated toka-
maks.
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