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The ratio of the di�erential cross sections for the reactions 7Li(p; 2p)6He and 7Li(p; pn)6Li, at
incident proton energy of 70 MeV, were analyzed in the framework of DWT approach. FSI and
o�-shell contributions were factorized and compared with appropriate experimental data.

I Introduction

The quasi-elastic knockout of nucleons by protons,
(p; pn) and (p; 2p) reactions, are the source of several,
relatively independent pieces of information: reaction
mechanism, two-particle forces, interactions in the ini-
tial and �nal states, properties of the states of the resid-
ual nuclear systems, and the nuclear wave functions of
the knocked out particles.

For initial proton energies (Eo) below � 400 MeV,
the single-particle character of the proton-nucleon in-
teraction starts to be signi�cantly distorted, even for
light nuclei, as a result of various e�ects. Among them
are o�-shell e�ects, when the two-particle scattering
is a�ected by the presence of other particles in the
medium. Other kinds of distortion are connected with
the interaction of the proton with the nucleus in its ini-
tial state (before the quasi-elastic scattering), and with
the interaction of the outgoing nucleons with the resid-
ual nucleus in the �nal state (FSI e�ects). At these
energies, the agreement between the calculated and ex-
perimental cross sections merely indicates that the wave
functions of the intranuclear nucleon, the two-particle
potential, and the distortion of the incident proton wave
function have been correctly determined.

At Eo < 100 MeV, distortion e�ects are so strong
that they determine the character of the reaction. For
this reason, the study of knockout reactions induced by
protons at these energies deals only with the reaction
mechanism and with the correct estimate of the distor-
tions involved.

In Refs. [1-3] various phenomenological nucleon-
nucleon potentials were investigated and it was shown

that, while giving a satisfactory description of the free
pp scattering, they do not describe adequately the cross
sections of (p; 2p) reactions due to o�-shell e�ects. At
low to intermediate energies, when the incoming par-
ticle energy is of the same order of magnitude of the
separation energy, B, of the outgoing particle, the
(p; 2p) di�erential cross sections depend strongly on the
o�-shell e�ects present on nucleon-nucleon scattering
within the nuclear medium.

O�-shell phenomena are inherent to all many-
particle processes, when the scattering in the two-
particle system is distorted by other particles in the
medium. Only when B = 0 and the kinetic energy of
the recoil nucleus can be neglected, the relative mo-
menta in the initial and �nal channels are equal and
the two-particle amplitude will be determined on the
mass shell.

The o�-shell properties of the two-particle ampli-
tude, which could, in principle, be obtained from knock-
out reactions, can be important in the solution of the
inverse problem (deriving the two-particle amplitude
from data on nucleon-nucleon scattering). Information
about the o�-shell behavior of the two-particle ampli-
tude in knockout reactions would eliminate the ambi-
guity of the problem, since even if a complete set of
data on nucleon-nucleon scattering was available, an
in�nite number of phase-equivalent potentials could be
constructed, giving the same two-particle amplitude on
the mass shell but di�ering o� it. Unfortunately, o�-
shell properties are not easy to obtain, since in most
experiments it is impossible to disentangle them from
other distortion e�ects.

According to the analysis of Redish [3], (p; 2p)
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reactions are not sensitive to the o�-shell behavior
of the two-particle amplitude at energies above 300
MeV. Therefore projectiles above this energy are rec-
ommended for the study of the intranuclear nucleon
wave functions. For projectile energies below 200 MeV,
the (p; 2p) cross section becomes sensitive to the o�-
shell behavior of the nucleon-nucleon interaction, mak-
ing this energy region the most convenient for the study
of o�-shell e�ects.

In Refs. [4-6] it was shown that usual experimental
setups are unable to separate FSI and o�-shell e�ects
on the experimental stage. This situation precludes a
systematic study of o�-shell e�ects, since it is evidently
necessary to separate the distortions and the o�-shell ef-
fects already at the experiment stage [7]. Nevertheless,
as shown in Refs. [8-10], some independent conclusions
about the behavior of o�-shell and FSI corrections can
be drawn from the analysis of the ratio of the cross sec-
tions for (p; pn) and (p; 2p) reactions, accomplished in
the framework of the distorted-wave approximation for
non-local realistic t-matrix (DWTA) approach.

In this work we present an analysis of the ratio of
the cross sections for the (p; pn) and (p; 2p) reactions,
to show that it is possible to factorize the FSI and o�-
shell contributions, studying the behavior of each of
these contributions versus the separation energy.

II Theoretical Model

The cross section for the 7Li(p; pn) and 7Li(p; 2p) re-
action was calculated in the distorted-wave approxi-
mation for non-local realistic t-matrix (DWTA). This
method was developed by McCarthy and co-workers
[11,12] and then improved for the case of arbitrary ge-
ometry, eliminating ambiguities in parameters and in-
cluding an indirect process [13-15]. The indirect process
corresponds to the release of an intranuclear nucleon as
a result of the interaction of the incident proton with

the residual nucleus [16].

McCarthy abandoned the zero-range approximation
and derived a theory of an e�ective non-local realistic
t-matrix suitable for describing the direct (p; 2p) and
(p; pn) knockout reactions. The energy-dependent o�-
shell nucleon-nucleon matrix t(01; 0�1�; e) is an exact so-
lution of the Lippmann-Schwinger equation with a sep-
arable nonlocal two-nucleon potential. Here 0; 1; 0�, and
1�are generalized coordinates of the nucleons (spatial,
spin, and isospin coordinates). A separable non-local
potential with a Gaussian form factor was proposed [11]
to calculate the radial component of the two-nucleon
t-matrix. The corresponding parameters were deter-
mined from the phase shifts for elastic p-p and p-n
scattering over the energy range 0-350 MeV. The s,
p, and d waves were taken into consideration. In the
present study we used a similar potential, constructed
by Levshin et. al. [17], with a tensor interaction. That
potential gives a good description of the energy depen-
dence of the phase shifts when s, p, d, and f waves,
in channels with isospins T = 0 and 1 and correspond-
ing mixing parameters, are taken into account over the
energy range from 0 to 500 MeV. It also describes the
singlet and triplet scattering lengths and e�ective radii.
In general, the quantity e, the relative energy of the
nucleon-nucleon interaction, has not been de�ned rig-
orously for a description of quasielastic processes. In
the three-particle problem at hand, the range of this
uncertainty is set by a sum of two quantities: the sepa-
ration energy of the nucleon which is knocked out and
the energy of the recoil nucleus.

Having a nonlocal t-matrix, McCarthy included in
the matrix element the coordinates of all particles.
Then the matrix element for a transition from the ini-
tial state i (the system consisting of A nucleons and
the incident proton) to the �nal state f (recoil nucleus
and two emitted nucleons) for the mechanism of direct
quasifree knockout is

c
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Here the subscripts 0, 1, 2 specify the incident par-

ticle and the two emitted nucleons, respectively; C

are vector-addition coeÆcients (the �rst isospin coef-

�cients); S� and t� are the spin and isospin wave func-

tions of the particles; � and � are the projections of

the spin and the isospin; j;m; Jf ;Mf ; Ji and Mi are

the angular momenta and respective projections for the

knocked out nucleon, for the core, and for the initial nu-

cleus, respectively.

For convenience in the calculation of multidimen-

sional integrals, McCarthy proposed the use of an an-

alytic form to represent the distorted wave functions

(DWF) for the entrance (+) and exit (-) channels,

which are used in our calculations. They incorporate
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refraction, absorption and focusing, and have an analyt-

ical representation similar to the eikonal approximation

[13]:
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where � + i = D is the complex refractive index of

the optical model. The quantity �k plays the role of a

modi�ed wave number, and  determines the damping.

F;R and S are the focusing parameters. RN is chosen

to be equal to the sum of the charge radii of the nucleus

and the proton.

In our calculations the DWF parameters were un-

ambiguously chosen from the requirement of: 1) a quan-

titatively correct description of the experimental data

for the elastic (di�erential and integrated), �el; reac-

tion, �r , and total, �tot, cross sections for the interac-

tion of the proton (neutron) with the corresponding nu-

clei in the entrance and exit channels [10] and; 2) agree-

ment between the DWF and the exact wave function,

obtained by numerical integration of the Schr�odinger

equation in a range comparable with the size of the nu-

cleus [14]. Since the experimental results were obtained

for two sets of kinematics parameters, corresponding to

the following average energies of the �nal nucleons:

hE1i = 22 MeV

�
hE2i = 22 MeV for1s
hE2i = 40 MeV for1p

hE1i = 30 MeV

�
hE2i = 14 MeV for1s
hE2i = 30 MeV for1p

(3)

and the parameters of the DWF were determined for

these average energies.

The obtained DWF parameters reproduce the ex-

perimental cross sections �el; �r, and �tot [10] with ac-

curacy better than 10%.

The single-particle bound state wave function �jm
was calculated for a Woods-Saxon potential [18], with

parameters chosen from the correct description of the

binding energies and elastic form factors.

In our case, the e�ective quasi-two-particle t-matrix

is the coherent sum of two terms whose squared mod-

uli determine the cross sections of elastic p-p and p-

core scattering [16]. The transition from the matrix

t(01; 0�1�; e) to the quasielastic matrix is made by ex-

panding the t-matrix in partial waves and separating

the relative and the center of mass coordinates. After

this, the 12-fold integral (1) reduces to a 9-fold inte-

gral, and it can be calculated analytically by virtue

of the exponential representation (expansion with re-

spect to a Gaussian function) and the use of generat-

ing functions in the exponential form to calculate the

angular-momentum eigenfunctions. After all the ma-

nipulations, all the integrals in (1) become exponen-

tials, the argument of the product of the exponentials

being a quadratic form that is transformed to a sum of

squares.

III Experimental Procedure

The �rst study of the 7Li(p; pn) and 7Li(p; 2p) reactions

was reported in [10].

The experiment was carried out using the 70-MeV

proton beam from the U-240 isochronous cyclotron of

the Institute for Nuclear Research of the Ukrainian

Academy of Sciences. The experimental facility was

described elsewhere [8,10].

Protons and neutrons were detected in coplanar ge-

ometry by two spectrometers, located on opposite sides

of the initial proton beam trajectory axis. A mag-

netic spectrometer, based on a two-quadrupole and one-

dipole optics, was used for the momentum analysis of

the scattered protons, at a �xed angle (�p1 = 450) with

respect to the initial beam axis. Momentum analyzed

protons were detected in the focal plane by an 8-channel

scintillation counter with momentum acceptance of 3%.

Energies of the secondary protons (Ep2) and neu-

trons (En) were determined, at de�nite angles �p2 ,

by the time-of-ight spectrometer (TFS). The TFS

consisted of �ve scintillation-counter telescopes, posi-

tioned uniformly along a circular arc covering the range

450�690, in steps of 60.

The ight paths for protons and neutrons were 3.4

m or 5.7 m. Each telescope consisted of two plastic scin-

tillators (NE102A), 5- and 200-mm thick, respectively,

coupled to photomultiplier tubes PM-36. Between the

scintillators was placed a lead absorber 8-mm thick to

avoid charged particles arriving at the second scintilla-

tor. The �rst scintillator detects practically only pro-

tons, since its neutron detection eÆciency is very small

(� 0.3%). The second scintillator detects only neutrons

(with about 10% eÆciency, see below), since the pro-

tons were stopped at the absorber. Signals from the

scintillators were used for timing purposes. The ener-

gies of the secondary particles were determined from the

di�erence in ight time between them and the scattered

protons detected by the magnetic spectrometer. The

time resolution, associated mainly with the dimensions

of the plastic scintillators, was about 5 ns, producing

a 7-8 MeV energy resolution for the detected particles.

To keep the background within acceptable levels, the

scintillators were shielded by lead and paraÆn.

The TDC spectra of pn- and pp-coincidences (time

di�erences between signals from the magnetic and TFS
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where d3�(p; 2p)exp and d3�(p; pn)exp are the experi-
mental cross sections fot the (p; pn) and (p; 2p) reac-
tions, respectively.

In Ref. [19] it was shown that, at suÆciently high
Eo, where the impulse approximation is valid, < is de-
�ned by the single-particle bound state wave functions
for protons and neutrons. In the cases where the proton
and neutron distributions are identical, < = 1. Devi-
ations of < from unity at high energies are connected
with di�erences between the RMS radii of the nuclear
shells for protons (rprms) and neutrons (rnrms) [20,21].

This dependence is strong < /
(rnrms)

4

(rprms)4
[19], and small

di�erences in rrms can result in large deviations of <
from unity.

Table 1 shows the values of < obtained from the data
for light nuclei at Eo = 70 MeV and 1 GeV, the last
values being associated with the single-particle mecha-
nism. At Eo = 70 MeV, < presents a strong deviation
from the single-particle mechanism value. This devia-
tion should be connected with FSI and o�-shell e�ects.

Table I - Experimental values of < (see text) for
several nuclei at 70 MeV and 1 GeV.

<
Eo (MeV) 70 1000
Nucleus Shell
4He 1s 2.1(2)b)

6Li 1p 3.5(4)c) 0.95(8)d)

1s 3.6(4)c) 1.03(10)d)

7Li 1p 2.3(4)c) 1.05(4)d)

1s 2.3(4)c) 1.08(15)d)
9Be 1pa) 3.9(1.5)f) 1.58(5)d)

1s 3.9(1.2)f) 0.97(12)d)

a)Bn = 18,1 MeV, b) [13], c) [22, 23], d) [19], e) [10],
f) [8].

In order to separate FSI and o�-shell e�ects in
the cross section ratio it is necessary to calculate the
(p; 2p) and (p; pn) cross sections with a hypothetical �-
nal state interaction (d3�(p; 2p)hyp and d3�(p; pn)hyp).
This is done using, for the DWF in the exit channel,
the set of parameters obtained for an isotone of the
residual nucleus, instead of the set parameters for the
residual nucleus itself, keeping unchanged all another
DWTA parameters (o�-shell nucleon-nucleon interac-
tion t-matrix, and DWF parameters for the entrance
channel).

Then the ratio in eq. (2) could be presented as a
product of two factors:

< =
d3�(p; pn)exp

d3�(p; pn)hyp
�

d3�(p; pn)hyp d�(pp)N `
p

d3�(p; 2p)exp d�(pn)N `
n

(5)

or,

< =
d3�(p; 2p)hyp

d3�(p; 2p)exp
�

d3�(p; pn)exp d�(pp)N `
p

d3�(p; 2p)hyp d�(pn)N `
n

: (6)

The de�nition of the hypothetical cross sections
d3�(p; 2p)hyp and d3�(p; pn)hyp implies that the �rst
factors in eqs. (3) and (4), are the ratios:

<FSI
1 =

d3�(p; pn)hyp

d3�(p; pn)exp
(7)

and

<FSI
2 =

d3�(p; 2p)hyp

d3�(p; 2p)exp
; (8)

which characterize the relative contribution of
the distortions caused by FSI e�ects, since
in both ratios d3�(p; pn)exp=d3�(p; pn)hyp, and
d3�(p; 2p)exp=d3�(p; 2p)hyp, there are no changes con-
nected with possible di�erences in o�-shell e�ects, but
only changes connected with the di�erence in the exit
channels. If FSI e�ects were negligible (or identical for
that pair of isotones) this ratio should be equal to 1.
Moreover, directly from the de�nition of d3�(p; 2p)hyp

and d3�(p; pn)hyp, follows that the ratios:

<off�shell
1 =

d3�(p; pn)hyp d�(pp)N `
p

d3�(p; 2p)exp d�(pn)N `
n

(9)

and

<off�shell
2 =

d3�(p; pn)exp d�(pp)N `
p

d3�(p; 2p)hyp d�(pn)N `
n

(10)

characterize the relative contribution of o�-shell e�ects
only, since in d3�(p; pn)exp and d3�(p; 2p)exp we have
the same entrance and exit channels as in d3�(p; pn)hyp

and d3�(p; 2p)hyp,respectively, the only change being
connected with the di�erence in o�-shell e�ects due to
the di�erence in the p and n separation energies. If the
o�-shell e�ects were negligible (or identical for those

isotones) these ratios should be equal to
(rnrms)

4

(rprms)4
. In

particular for the 1p and 1s shells in 7Li, these ratios
should be equal to 1 [19] for Eo = 1 GeV (Table 1).

Summarizing, the choice of the hypothetical �nal
states is ruled by the need to separate o�-shell and FSI
e�ects. So, if we want to study o�-shell e�ects, we ar-
ti�cially choose a realistic �nal state of one of the reac-
tions to make the �nal states of both (p; 2p) and (p; pn)
reactions exactly the same, so that the deviations of
<off�shell from unity will be due to o�-shell e�ects.
On the other hand, if we want to study FSI e�ects, we
arti�cially choose a realistic �nal state in order to make
the same reaction produce di�erent �nal states, like in
eqns. (7) and (8).

Using the experimental and hypothetical cross sec-
tions, it was possible to calculate <FSI and <off�shell

for 7Li(p; pn)6Li and 7Li(p; 2p)6He reactions at Eo =
70 MeV (Table 2).
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Table II - Values of <off�shell, <FSI , and < (see text) for several nuclei at 70 MeV.
Nucleus 7Li 4He 9Be
Shell 1p 1s 1s 1p 1s
B (MeV) 9 25 21 18 28

<off�shell
1 =

(p;pn)hyp(pp)e`N
`
p

(p;2p)exp(pn)e`N`
n

1.14(16)d) 0.68(5)d) 0.57(5)a) - -

<off�shell
2 =

(p;pn)exp(pp)e`N
`
p

(p;2p)hyp(pn)e`N`
n

1.15(5)c) 0.65(7)c) 0.58(5)a) [0.86(8)] 0.68(8)b)

<FSI
1 = (p;pn)exp

(p;pn)hyp
2.0(1)d) 3.3(2)d) 3.6(1)a) - -

<FSI
1 = (p;2p)hyp

(p;2p)exp 1.7(3)c) 3.1(2)c) 3.6(1)a) 3.0(8)b) 6.0(14)b)

< =
p;pn)exp(pp)e`N

`
p

p;2p)exp(pn)e`N`
n

2.3(4)c) 2.2(3)c) 2.1(2)a) 3.9(15)b) 3.9(12)b)

<FSI
1 � <off�shell

1 = <t
1 2.3(3) 2.1(2) 2.1(2) - -

<FSI
2 � <off�shell

2 = <t
1 2.0(3) 2.0(2) 2.1(2) 4.1(12) 3.6(8)

a) Reference [9,13]. b) Reference [2]. c) Reference [10,22]. d) This work.

V Discussion and conclusions

Results of standard DWTA calculations for the reac-

tion 7Li(p; pn)6Li are shown in Fig. 1, for both 1s

and 1p shells, by the solid curves, which correspond

to the coherent sum of the direct and indirect mech-

anisms. DWTA calculations quantitatively reproduce

the experimental data for both shells within absolute

uncertainties (� 15%).

For the reaction 7Li(p; 2p)6He it is impossible to

carry out the DWTA calculations using the standard

calculation scheme used in the case of 4He(p; pn)3He,
4He(p; 2p)3H [13] and 7Li(p; pn)6Li [10], since the data

of elastic and total cross sections for the reactions

(p;6He) and (n;6He) do not exist. To circumvent this

problem we used a di�erent DWTA calculation scheme,

described in [13], and calculated the DWF parameters

using the cross sections for a hypothetical residual nu-

cleus (a neighboring stable isotope, for which data ex-

ist) and then �tted the focusing parameter R. Using

this procedure it was possible to deduce the RMS ra-

dius of 8Be [8].

In this calculation scheme, as a �rst step, we include

in the calculation of the di�erential cross sections for

the 7Li(p; 2p)6He reaction the interaction e�ects of the

outgoing nucleons with a hypothetical residual nucleus

in the �nal state (FSI e�ects) using the cross section

of 4He instead of 6He, and then �t the focusing pa-

rameter R. The results of such calculations are shown

in Fig. 2 by the solid lines. This calculation gives an

adequate description of the di�erential cross sections

for both 1s and 1p shells, which have di�erent relative

contributions from FSI and o�-shell e�ects.

To evaluate the di�erence in FSI e�ects when we

have 6Li or 6He in the exit channel, we can calculate

the 7Li(p; 2p) cross section with a hypothetical �nal

state interaction, using cross sections for 6Li in the �-

nal state, instead for 6He. The results of such calcula-

tions are shown in Fig. 2 by the dashed curves. The

curves obtained using the hypothetical �nal state inter-

action in the calculation present the same shape as, but

overestimate the experimental data.

The results of such hypothetical cross section cal-

culations (FSI for 6He instead 6Li) are shown in Fig.

1 by the dashed lines. It is clear that the hypothet-

ical cross section strongly underestimates the experi-

mental results for three of the experimental data sets,

reproducing one of them (1p;Ep � 30 MeV). This sit-

uation is expected, since the region around Ep � 30

MeV corresponds to the minimum of both the momen-

tum transfer and the 1p proton cross section [24], and

the FSI contribution should �ll this minimum, since it

tends to increase the cross section around the minimum

and to decrease it otherwise. Figures 1 and 2 show that

the change from 6Li to 6He in the �nal state increases

the FSI, and, since the RMS radius of 6He is bigger

than that of 6Li, and all other DWF parameters are the

same, one can conclude that an increase in the RMS ra-

dius of the residual nucleus tends to increase the FSI, as

it was shown in [19-21]. Note that the DWF is sensitive

only to the macroscopic characteristics of the nucleus,

like the RMS radius and, as a �rst approximation, we
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could use for the neighboring nuclei the same values of

other microscopic parameters, changing only the RMS

radius.

Based on the results of the DWTA calculations,

which correctly reproduce the experimental (p; 2p) and

(p; pn) cross sections, we can estimate the order of mag-

nitude of the FSI and o�-shell e�ects in the ratio of

these cross sections and study their behavior as a func-

tion of the separation energy (Table 2).

Table 2 shows that <FSI and <off�shell, obtained

at Eo = 70 MeV, signi�cantly di�er from those ob-

tained for Eo = 1 GeV. This means that the (p; pn)

to (p; 2p) ratios at Eo = 70 MeV contain information

about o�-shell and FSI e�ects.

The values obtained for the pairs <FSI
1 and <FSI

2 ,

and <off�shell
1 and <off�shell

2 , are compatible within

uncertainties, although calculated using completely in-

dependent experimental cross sections. This suggests

that the cross sections are compatible and that the

DWTA adequately describes o�-shell and FSI e�ects.

In Table 2 only the datum for the 1p shell of 9Be

corresponds to a case where there is a di�erent spa-

tial distribution of protons and neutrons in the shell

(�p(r) 6= �n(r)). To keep the compatibility with other

calculations, the value of <off�shell
2 for the 1p shell of

9Be was corrected by a factor (rnrms)
4=(rprms)

4 [19], to

account for the di�erence in proton and neutron distri-

butions. The corrected value is presented in Table 2 in

square brackets.

<off�shell decreases as a function of the separa-

tion energy and nuclear number, while <FSI presents

the opposite tendency. Table 2 also presents prod-

ucts of the ratios: <t
1 = <FSI

1 � <off�shell
1 and

<t
2 = <FSI

2 � <off�shell
2 . These products are com-

patible with the experimental values of <. This indi-

cates that, within the achieved accuracy, the contribu-

tion of two-stage processes [11,25] are not noticeable

in the di�erential cross sections of 7Li(p; 2p)6He and
7Li(p; pn)6Li reactions at Eo = 70 MeV.
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