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The exact solution of the asymmetric exclusion problem with first- and scond-class particles is
presented. In this model the particles (size 1) of both classes are located at lattice points, and
diffuse with equal asymmetric rates, but particles in the first class do not distinguish those in the
second class from holes (empty sites). We generalize and solve exactly this model by considering
molecules in the first and second class with sizes s1 and s2 (s1,$2 = 0,1,2,...), in units of lattice
spacing, respectively. The solution is derived by a Bethe ansatz of nested type. We give a simple
pedagogical presentation of the Bethe ansatz solution of the problem which can easily be followed
by a reader not specialized in exactly integrable models.

I Introduction

The similarity between the master equation describing
time fluctuations in nonequilibrium problems and the
Schrédinger equation describing the quantum fluctua-
tions of quantum spin chains turns out to be fruitful for
both areas of research [1] - [15]. Since many quantum
chains are known to be exactly integrable through the
Bethe ansatz, this provides exact information on the
related stochastic model. At the same time the clas-
sical physical intuition and probabilistic methods suc-
cessfully applied to nonequilibrium systems give new
insights into the understanding of the physical and al-
gebraic properties of quantum chains.

An example of this fruitful interchange is the prob-
lem of asymmetric diffusion of hard-core particles on
the one dimensional lattice. This model is related to
the exactly integrable anisotropic Heisenberg chain [16]
(XXZ model). However if we demand this quantum
chain to be invariant under a quantum group symmetry
U,(SU(2)), we have to introduce, for the equilibrium
statistical system, unphysical surface terms, which on
the other hand have a nice and simple interpretation
for the related nonequilibrium stochastic system [3, 4].

In the area of exactly integrable models it is well
known that one of the possible extensions of the spin-
% XXZ chain to higher spins, is the anisotropic spin-1
Sutherland model (grading e = €2 = €3 = 1) [17]. On
the other hand in the area of diffusion limited reactions
a simple extension of the asymmetric diffusion prob-

lem is the problem of diffusion with first and second
class particles[18] - [20] . In this problem a mixture of
two classes of hard-core particles diffuses on the lattice.
Particles belonging to the first class ignore the pres-
ence of those in the second class, i. e., they see them
in the same way as they see the holes (empty sites).
In [3] it was shown that for open boundary conditions
the anisotropic spin-1 Sutherland model and this last
stochastic model are exactly related, the Hamiltonian
governing the quantum or time fluctuations of both
models being given in terms of generators of a Hecke
algebra, invariant under the quantum group U,SU(3).
In this paper we are going to derive the exact solution of
the associated quantum chain, in a closed lattice. Re-
cently [15] (see also [14]) we have shown that without
losing its exact integrability, we can consider the prob-
lem of asymmetric diffusion with an arbitrary mixture
of molecules with different sizes (even zero), as long
they do not interchange positions, that is, there are no
reactions. Motivated by these results we are going to
extend the asymmetric diffusion problem with a second
class of particles, to the case where the particles in each
class have an arbitrary size, in units of the lattice spac-
ing. Unlike the case of asymmetric diffusion problem,
we have in this case a nested Bethe ansatz [21].

The paper is organized as follows. In the next sec-
tion we introduce the generalized asymmetric model
with second-class particles and derive the associated
quantum chain. In section IIT the Bethe ansatz solu-
tion of the model is presented in a pedagogical and self
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contained way, which should be simple to follow by an
audience not specialized in exactly integrable models.
Finally in section IV we present our conclusions, with
some possible generalizations of the stochastic problem
considered in this paper, and some perspectives on fu-
ture work.

IT The generalized asymmetric
diffusion model with first-
and second-class of particles

A simple extension of the asymmetric exclusion model,
where hard-core particles diffuse on the lattice, is the
problem where a mixture of particles belonging to dif-
ferent classes (first and second class) diffuses on the
lattice. This problem was used to describe shocks [18] -
[20] out of equilibrium and also has a stationary proba-
bility distribution that can be expressed via the matrix-
product ansatz [22]. In this model we have n; and no
molecules belonging to the first and second class, re-
spectively. Both classes of molecules diffuse asymmet-
rically, but with the same asymmetrical rates, whenever
they encounter empty sites (holes) at nearest-neighbor
sites. However, when molecules of different classes are
at their minimum separation, the molecules of the first
class exchange position with the same rate as they dif-
fuse, and consequently the first-class molecules see no
difference between molecules belonging to the second
class and holes.

We now introduce a generalization of the above
model, where instead of having unit size, the molecules
in the first and second class have in general distinct
sizes s1 and s2 (s1,82 = 1,2,...), respectively, in units

]
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where T'({} — {f'}) is the transition rate for configu-
ration {4} to change to {#’}. In the present model we
only allow, whenever it is possible, the particles to dif-
fuse to nearest-neighbor sites, or to exchange positions.
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of lattice spacing. In Fig. 1 we show some examples of
molecules of different sizes. We may think of a molecule
of size s as formed by s monomers (size 1), and for sim-
plicity, we define the position of the molecule as the
center of its leftmost monomer. The molecules have
a hard-core repulsion: the minimum distance d,g, in
units of the lattice spacing, between molecules o and
B, with a in the left, is given by dy,g = so. In order
to describe the occupancy of a given configuration of
molecules we define, at each site i of a lattice with N
sites, a variable 8; (i = 1,2,...,N), taking the values
Bi; = 0,1 and 2, representing site i empty (size sop = 1),
occupied by a molecule of class 1 (size s1) or a molecule
of class 2 (size s3), respectively. Then the allowed con-
figurations are given by the set {8;} (i = 1,...,N),
where for each pair (8;,3;) # 0 with j > ¢ we should
have j —i > s3;.

Figure 1. Example of configurations of molecules with dis-
tinct sizes s in a lattice of size N = 6. The coordinates of
the molecules are denoted by the black squares.

The time evolution of the probability distribution
P({B},t), of a given configuration {$} is given by the
master equation

=-T{B} = {'HP{BL Y +T{B'} = {BHP({E'}, 1), (1)

wi 2i+1 — 21 ®i+827 (rate FL)7 (3)

and interchange of particles

— 2 1i+52, (rate FR)

(rate T'r). (4)

Li 2545,
2 Ligs, — 1 2444,
As we see from (4), particles in the first class inter-
change positions with those of the second class with
the same rate as they interchange positions with empty
sites (diffusion). We should remark however that unless
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the second class particles have unit size (s2 = 1), the
net effect of the second class particles in those of the
first class is distinct from the effect produced by the
holes, since as the result of the exchange the first class
of particles will move by s lattice size units, accelerat-
ing its diffusion.

The master equation (1) can be written as a
Schrodinger equation in Euclidean time (see Ref. [3]

]

H = D) H
J
2
H; = —P{Z e+ (BY*ESY, — ES“EY,) +
+€+ (E21 El_(")_s2 ‘Ev()is1 _ Ell -EO_(")_S2 E22
with T
R
D=Tgr+Ty, ==
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and periodic boundary conditions. The matrices EF*?
are 3 x 3 matrices with a single nonzero element
(E%8); i = 64,05 (a, B,4,7 € Z). The projector P in
(6), projects out from the associated Hilbert space the
vectors |[{#} > which represent forbidden positions of
the molecules due to their finite size, which mathemat-
ically means that for all 4, j with 8;,6; #0, |i —j| >
sg;(j > i). The constant D in (6) fixes the time scale
and for simplicity we chose D = 1. A particular sim-
plification of (6) occurs when molecules of the first and
In this
case the Hamiltonian can be expressed as an anisotropic
nearest-neighbor interaction spin-1 SU(3) chain. More-
over in the case where their sizes are unity (s = 1) the
model may be related to the SU(3) Sutherland model
with twisted boundary conditions [17].

second class have the same size s; = s3 = s.

]
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for general application for two body processes)

O|P >
ot

=—H|P >, (5)
if we interpret |P >= P({B8},t) as the associated
wave function. If we represent §; as |§ >; the vector
|8 >1 ®|F >2 ®---® |8 >n will give us the associ-
ated Hilbert space. The process (2)-(4) gives us the
Hamiltonian (see Ref. [3] for general applications)

e (BB} — B ER)]
) (E12E2-?-81 Eoisg - E22E0—?-S1 Eliw)}P (6)
'y
= = —_ = 1 7
Ty (e +e )s (7)

IIT The Bethe ansatz equations

We present in this section the exact solution of the gen-
eral quantum chain (6). Since the present paper is go-
ing to appear in a special issue where the main subject
is nonequilibrium physics, we are going to present a
pedagogical and self-contained derivation of the exact
solution, that can easily be followed by a nonexpert in
the arena of exactly solvable models in statistical me-
chanics.

Due to the conservation of particles in the diffusion
and interchange processes the total numbers of particles
ny and ny of particles of class 1 and 2 are good quantum
numbers and consequently we can split the associated
Hilbert space into block disjoint sectors labeled by the
numbers n; and ny (n; =0,1,...,
n1 +n2). We therefore consider the eigenvalue equation

(8)

n; Ng =n—ni, n=

Hny,ny >= E|ny,ny >,

where

-TnaQn >
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Here |z1,Q1;...;2n,Qn > means the configuration terms are 1 and no terms are 2, while the summation
where a particle of class Q;(Q; = 1,2) is at position x; {z} = {x1,..., 2y} runs, for each permutation {Q}, in
(z; =1,...,N). The summation {Q} = {Q1,...,Qn} the set of the n nondecreasing integers satisfying
extends over all permutations of n numbers in which n;

]

Tiy1 > 2 +5g;, t=1,...,n—=1, sg, <zp—21 <N —350,. (10)

Before getting the results for general values of n let us consider initially the cases where we have 1 or 2 particles.
n = 1. For one particle on the chain (class 1 or 2), as a consequence of the translational invariance of (6) it is
simple to verify directly that the eigenfunctions are the momentum-k eigenfunctions

N N
1,0>=>"f(z,D|z,1>, or [0,1>= f(z,2)[x,2>, (11)
z=1 z=1
with
ik 27l
f(w,l)Zf(:U,Q):e ) szalzoala"'aN_la (12)
and energy given by
E=ce(k)=—(e_e®* +epe”® —1). (13)

n =2. For two particles of classes @1 and Q2 (Q1,Q2 = 1,2) on the lattice, the eigenvalue equation (8) gives
us two distinct relations depending on the relative location of the particles. The first relation applies to the case
in which a particle of class Q1 (size sg,) is at position xz; and a particle Q- (size sg,) is at position z», where
2 > x1 + 5¢g,. We obtain in this case the relation

Ef(z1,Q1572,Q2) = — e f(m1 —1,Q1;22,Q2) — e f(21,Q1522 + 1,Q2)
— e f(o1 +1,Q1;22,Q2) — €4 f(71, Q1522 — 1,Q2)
+ 2f(21,Q1;22,Q2), (14)
where we have used the relation e; + e_ = 1. This last equation can be solved promptly by the ansatz
fla1,Q1;m2,Qs) = ehroteiha> (15)
with energy
E = e(kl) + e(kz). (16)

Since this relation is symmetric under the interchange of k1 and k2, we can write a more general solution of (14) as

fz1,Qr;22,Q2) = ZAIQD117IC5222ei(kP1w1+kP2x2)
P
Ag;Qzei(klm-i-Mm) +A2Q&7Qzei(k2x1+k1m2) (17)

with the same energy as in (16). In (17) the summation is over the permutations P = Py, P> 0f(1,2). The second
relation applies when o = 1 + sg,. In this case instead of (14) we have

Ef(x1,Q1;21 +5q,,Q2) = —e f(x1 — 1, Q1521 + 5Q,,Q2) — e f(x1,Q1;71 + 59, +1,Q2)
_ng,sz(xlaQ%xl + stan) + (1 + thQz)f(xlan;ml + 5Q17Q2)7 (18)

where
€171 = €272 = 0, 6172 = €4 and €271 = €_. (19)

If we now substitute the ansatz (17) with the energy (16), the constants A%"?> and A$9?, initially arbitrary,
should now satisfy

> {[Dpy.p, + €72 (1= Eq, q,)] €72 (a1 "D ARIE2 4 &, o, efFr2ma2 AR B = 0 (20)
P
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where
Di,j = —(€+ + E,Ei(ki+k]‘)). (21)

At this point it is convenient to consider separately the case where @)1 = @2 from those where @1 # Q». If

Q1 =0Q2=Q (@ =1,2) eq. (20) gives

> (Drpy + €M) eibratra DA R = 0 (22)
P

and the cases Q1 # Q2 give us the equations

Z { Dp,p, + e*Pe_ epetr ] eikpz(slfl)A}D’sz 0
ik ik ik —1) 42,0 =0
e_e'kpr: Dp, . p, + €1e"F2 etkpy (s2—1) B p,

P

Performing the above summation we obtain, after lengthy but straightforward algebra, the following relation among
the amplitudes

A}geikz(srl) Dyo+ etk €t —ey Aézleikl(srl)
A%:%eikQ(SQ—l) = —77)172 T oik2 {1 — <I’(k1,/€2) —c € } { Ag}leikl(szﬂ) ] >
where
ikt _ giks
Dk, ko) = ————. 23
(k) = 5 (23)
Equations (22) and (23) can be written in a compact form
2 ’ !
AR = —Znm Y SEUG(kp k) AT, (Q1,Q5 =1,2) (24)
1,@5=1
with
_ Dl j + eikl €4 + E,Ei(kl-‘rkj) _ eikl 25
=hi Dyj+etki ey +e_eilhithi) _ gik;’ (25)
where we have introduced the S matrix. From 22 and (23), the only non zero elements of 58'11 8,22 are:
Sll’,ll (kl, k2) — ei(klfkg)(slfl), Sg:g(kl, k2) — ei(k1*k2)(8271),
Syt(k k) = [L—er®(ky,ky)]elFrh2)onml),
Sty (ki k) = [L—e_®(ky, ks)] e'kr—he)ls2=1),
511,’3(]?1,7@) = €1 Bk, ky)etr (27 emihalsr=1),
Syi(kr,ka) = e_®(ky, ky)er(temikalsl), (26)

A graphical representation of the S matrix is shown in Fig. 2a. Equations (24) do not fix the “wave numbers” k;
and k5. In general, these numbers are complex, and are fixed due to the cyclic boundary condition

f(x1,Q1;72,Q2) = f(2, Q2321 + N,Q1), (27)

which from (17) gives the relation
A?é@z — eiklNAgj’Ql, A2Q&,Q2 — eikzNAg%i’Ql. (28)
This last equation, when solved by exploiting (24)-(26), gives us the possible values of k; and k2, and from (16) the

eigenenergies in the sector with 2 particles. Instead of solving these equations for the particular case n = 2 let us
now consider the case of general n.
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Figure 2. Graphical representations of: a) the S matrix (26) and b) the Yang-Baxter equations (34).

General n. The above calculation can be generalized for arbitrary values of n; and ns of particles of classes 1
and 2, respectively (n1 4+ ne = n). The ansatz for the wave function (9) becomes

F@1, Q155 70, Q) Z AR g eltmartt ), (29)
where the sum extends over all permutations P of the integers 1,2, ...,n. For the components |z1,Q1;...;Zn, Qn >
where ;41 —x; > sg, fori =1,2,...,n, it is simple to see that the eigenvalue equation (8) is satisfied by the ansatz

(29) with energy
E=Ye(k;). (30)
j=1

On the other hand if a pair of particles of class @Q;, Qi1 is at positions z;, x;11, where z;41 = z; + sg,, equation
(8) with the ansatz (29) and the relation (30) give us the generalization of relation (24), namely

Qi Qig1, } : Qi,Qi -, Q5,Q0
A...,PhPi_:—ll,... = '_‘P17Pz+1 SQ’ Ql+1 kPi?k/'Pi+1)A___7Pi2+17}3i7___ Qi:Qi+1 = 1727 (31)
Q5

with S given by eq. (26). Inserting the ansatz (29) in the boundary condition

f@1, Q5. 520, Qn) = f(@2,Q2; .- 20, Qnix1 + N, Q1) (32)
we obtain the additional relation
Ag1177"'71%" — lkP1NAQ27 . 71?:77151’ (33)

which together with (31) should give us the energies.

Successive applications of (31) give us in general distinct relations between the amplitudes. For example
Aflﬁkzkg relate to Akagkl by performing the permutations afy — fay — fya — vyBa or afy —
ayB = yaf — yBa, and consequently the S-matrix should satisfy the Yang-Baxter [16, 23] equation

2

ST 820k — ko) ST (ki — ks)Sh (ke — ks) =

7'y =1
2 ’ " 1" ’
>8NS (ke — ks)ST 0 (ke — k3)SY L (ky — ka), (34)
=1

for a,a’, 0", 3,8, 8" = 1,2 and S given by (26). In Fig. 2b we show graphically this equation. Actually the relation
(34) is a necessary and sufficient condition [16, 23] to obtain a non-trivial solution for the amplitudes in Eq. (31).

We can verify by a long and straightforward calculation that for arbitrary values of s; and ss, the S matrix
(26), satisfies the Yang-Baxter equation (34), and consequently we may use relations (31) and (33) to obtain the
eigenenergies of the Hamiltonian (6). Applying relation (31) n times on the right of equation (33) we obtain a
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relation between the amplitudes with the same momenta. Using the graphical representation in Fig. 2a for the S
matrix, we illustrate in Fig. 4 the result of such applications. We then obtain

n
i=2 L@ QY QY
Q1,Qy Q2,QY Qn_1,Q., Qn,QY Q yeen @y
SQ’;’Q’? (kPl,kpl)Ser,Q,j (kPZ’kpl)'.'SQ’n_ll,Q'n'_l(kP"*“kPl)SQ'n,Q',li (kp ,kpl)Apll Py (35)
where we have introduced the harmless extra sum
2
Q1,Q7
1= > dope00.0 = Z Sg: on (ke — kpy). (36)

1Qy=1 1Qy=1

In order to fix the values of {k;} we should solve (35), i.e., we should find the eigenvalues A(k) of the matrix

2
Qlle 1 n ’1’
T(k){S) = Z {(H Soran (kp, —k)> Sareh (kpn,k?)}, (37)

,QII 1

and the Bethe-ansatz equations which fix the set {k;} will be given from (35) by

efik]-N — (_l)nfl (H El,j) A(k]), 7=1,...,n. (38)

=1

Using the graphical representation for S given in Fig. 2a the matrix T in (37) can be represented graphically as in
Fig. 5, and we identify T'(k) as the transfer matrix of an inhomogeneous 6-vertex model, on a periodic lattice, with

Boltzmann weights 58,1 ’8,2 (kp, k) (I=1,...,
chain (6) we should diagonalize the above transfer matrix T'(k).

n). Consequently, in order to obtain the eigenenergies of the quantum

P
Py P, Pt i+2
Q.1 Qj Qiy} Qis2 6 0 0 nQ Qo
0 o O OO - 18 - Y o
Qa1 Qg
OO0 O 0 0o B P e
i-1 i+2
Py Pt i Piw2
i
1
Q] QZ
© QQ
1% 2
— — p—
=— =,2 S o (key ke
Q,Q, 9,
Q‘z Q'l

Figure 3. Graphical representation of the relation (31). The circles represents the particle’s indices {Q} and {Q'}, and the

lines the

wave numbers” {kp, }. The variables represented in the full circles are summed.
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Ry

Q,

Q' Qy=Q,

e

Figure 4. a) Graphical representation of the result of n iterations of relation (31) on the right of equation (33). The
diagramatic representation of Fig. 3 was used. b) A graphical representation of equation (36).

Q»l,

Diagonalization of T'(k)

The simplest way to diagonalize T is through the introduction of the monodromy matrix M (k) [21], which is a
transfer matrix of the inhomogeneous vertex model under consideration, where, instead of being periodic, the first
and last link in the horizontal direction are fixed to the values p1 and ppe1 (w1, et = 1,2), that is

MIGhtmr (k) = 37 It (ke K)SG (koK) - Sar 0 (kp, K SG L (ke k). (39)

Q’n 1oMn—1
K255 fn

The monodromy matrix M}g,}}#:l“ (k) is represented in Fig. 6a and has coordinates {Q}, {Q'} in the vertical space

(2" dimensions) and coordinates 1, tn+1 in the horizontal space (4 dimensions). This matrix satisfies the following
important relations

511:117,511 (k/ )M{’Yl}7u7+1 (k)M{Bl}yyn+1 (k/) — M{Vl}v";;+1 (k/)M{Bl}#"n+1 (k)SVnJrl,unJrl (k/ k) (40)

{al},ﬂl {’Yl},'/i {a1}1 {v}m1 n+17l$n+1

This relation is shown graphically in Fig. 6b; its validity follows directly from successive applications of the Yang-
Baxter equations (34) (see Fig. 2b).

In order to exploit relation (40) let us denote the components of the monodromy matrix in the horizontal space
by

Ak) = AR = ME k), Bk) = BT = MU (),

{ar} {au},1 {aa} 7 " H{ar}1
Clky = C) =MLk, D) = D) = MES k), (41)
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and clearly the transfer matrix T'(k) of the periodic inhomogeneous lattice, we want to diagonalize, is given by
T(k) = A(k) + D(k). (42)

As a consequence of (40) the matrices A, B, C and D in (41) obey some algebraic relations. The elements
(V1 1y Vnt1, 1) = (1,1,2,2), (1,1,1,2) and (1,2,2,2) give us the relations

[B(k), B(K)] = 0, (13)

A ) = ST b gy = S EED b e (44)
15 (k, k') Sis (k, k) ’

DB = 2258 g iy - S2EE) b by (15)
S5 (k' k) S5 (K, k) ’

respectively. The diagonalization of T'(k) in (42) will be done by exploiting the above relations. This procedure
is known in the literature as the algebraic Bethe ansatz [21]. The first step in this method follows from the
identification of a reference state |2 >, which should be an eigenstate of A(k) and D(k), and hence T'(k), but not
of B(k). In our problem it is simple to see that a possible reference state is | >= [{ay = 1} >=1,...n, which
corresponds to a state with first-class particles only. It is simple to calculate

AR > = ak)Q2>, Dk )IQ >=d(k)|Q >,
ckIQ> = o, k)|Q >= 2} )0 >, (46)
where
a(k) = HS (kp., k),  d(k) =[] S5 (kr:, k),
=1 i=1
i—1 n
bi(k) = H‘Sll ke, k H51177§(kpzak)- (47)
l=j

In Fig. 7 we show a graphical representation of the above relation. The idea in the algebraic Bethe ansatz is that
B(k) acts as a creation operator in the reference (“vacuum”) state, i.e., it creates particles of second class in a sea of
particles of first class |2 >, and it is expected that a general eigenvector of T'(k) in the sector with ny second-class
particles will be given by the ansatz

O Kk = BB - BRD)|Q > . (48)

The numbers {kz(l)},i =1,...,ng here play the role of the “wave number” {k;} in the coordinate Bethe ansatz (29),
and are going to be fixed by the eigenvalue equation

TE)TEDY, ... kD) = (AK) + D) T(EY, ... kD) = AR)TED, ... kD). (49)

» o » o » no

Before deriving the relation for general values of ns, let us consider initially the cases where no = 1 and ny = 2.

kp  kp, kp, kp  kp
QI Qz Q3 in Q"

Q; Q’;:Q;‘ Q, | " ‘Q’l’zQ,
T

Figure 5. Graphical representation of the transfer matrix T'(k), of the inhomogeneous 6-vertex model, in a periodic lattice
of size n.
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Figure 6. Graphical representation of the relation (40) between the S matrix and the monodromy matrix M.

noy = 1. Using relation (44) and (45) in (49) we obtain

ghil k,k(l) §2:2 k(l),k
TwRH) = [1’;( e )
Stk ki) Stk k)
Sy1 (k, k() 1. STy (R k) W
- . +d(ky )= B(k)|Q >= A(k)P(ky ), (50)
[Siﬁ(k,k?)) bSh )k !

which is clearly satisfied if the coefficient of B(k)|©2 > (unwanted term) vanishes. This condition, which fixes k%l),
is given by

Stakp, k) =1, (51)
j=1
where we used the relation Lo -
Sy (K, k") _ _51:2(klak) (52)
Sin(k k) Syp(k k)
valid for the S matrix (26). The eigenvalue is given by
Sl,l(k k(l)) 52,2(k(1) ) n
A(k)_ 1,1 s V1 2,2 1 > Sl’z(kpj,k), (53)
Sya(k k') SR, H
provided (51)is satisfied.
1 1 1 1 11 {oy}
Ll ol
A = T
11 1 1 11 {oj}
11 1 1 11 {oy}
alafale ale]
P = 2 T
2 02 2 2 ) {oj}
1 1 1 1 1 11 {o}
n
IR 12 Y 5 Y P Y
POEEE T
1 1 1 1 2; 1 1 {oj}

Figure 7. Graphical representation of the relations (46).
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ny = 2. In this case the application of A(k) and D(k) in the ansatz (48) give us

Sl7l(k, kf(l))SLl(k, k'(l))
ARTED k) = S a(k) U (kY k)
Sva (k, ky')S1s (k, k5
Sy3 (ke k() SH (kY D) (1) (1)
- 1,2 (I o1,2,7.(1) ,.(1) a’(kl )B(k)B(k2 )|Q>
5172(k,k1 )51,2(k1 7k2 )
51,2 k,k(l) Sl,l k(l),k(l)
- SR O B ) Bl Bk 0 >, (54)
Sva (k, k') S1a (ks ki)
and
52’2(k(1), k)S2’2(k(1), k)
D(k)w(k{", k") T (k)W (kY k)
Sa (kY k)Sy5 (k5 k)
S2,1 k(l),k S2,2 k(l),k(l)
- D B D ) Bk B0 >
Sra (k" k)Sya (ks k)
52,1 k'(l),k: 52,2 k'(l),k'(l)
- D R ) By B0 >, (55)
Sy (ks k)S 5 (ky ks )

where besides relations (44) and (45) we have used (43), which implies \I!(k§1), kél)) = \I’(kél), k§1)). From (54) and
(55) the condition (49) gives us

n 2 1,1 (1) n 2 2,2,7.(1)
Sia(k,k;7) 1,2 Sy (k7 k)
Ak) = [T St ke k) [ 55— + [ St ers ) [] 25— (56)
i=1 j=1 Si,’g(ka k]('l)) i=1 j=1 Si,’g(k]('l)a k)
under the condition, which fixes k%l) and kél),
n 2 Ll (1) . (MDyal2/.(1) 2.(1)y n
Sy1 (ke ks ) S5 (ks ke’
[Isiate ki = 11 e m LS (k) a=1.2 (57)
i=1 B=1(#a) Si25 (ko kg )52,2(19/3 vka') 350

In deriving this last expression the relation (52) was also used.
General ng. The previous procedure can be iterated straightforwadly for arbitrary numbers ny of second-class
particles, which gives

AR TED, . kD) = ADEwEDY, . EY)
- ZAEA)(k)\I](kakgl)a7kz(i)17kz(—li-)177ksg))a
=1
DRk, ... kD) = AP R)T*Y,.. kD)
— S AP Rwk, kY, kD R kD), (58)
=1
where
n no 1,1 (1)
(kK 7)
ANE) = ] Siitke, 0 [ =5—2,
rue i1 SUa(k, kM)
n no 52,2(k(1) k‘)
AP k) = J[Statke, . k) [ 25,
j=1 7 i=1 51177§(kz(1)5k)
AN — 5217’12(1%76](1) Jxe = 5117’11(1%(-1)’]?1(1))
i (k) 1.2 6] a(k;) H 1.2,,(0) L)’
5172(]“:]“] 1=1(#5) 5172(]%' vkl )
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Then \I!(kg), ce k7(112)) is an eigenvector of T with eigenvalue A(k) = A (k) + AP)(k), i. e.,

n gb 1(k k&l)) n na 52,2(kg1) k)
A(k) = Sl’l(kpi,k) iV e J + Sl’2(kpi,k] 2727,,
Hsiaten o L gray aamy + Wsistn Ml a0

if the following conditions, which fix {k%l), ..., kn, } are satisfied:
AMYR) + AP (k) =0, i=1,... n. (61)
Using the relations (52), this last condition can be written as

" SL2 (ke kS )_ H St (kS kS s (RS kD)
o1 SUL (ke BS) 5y ST (RS S ST S (RS k)

a=1,...,n9, (62)

)
>
)
)

which concludes the diagonalization of T'(k).

Now let us return to our original problem of finding the eigenvalues of the Hamiltonian (6). The Bethe-ansatz
equations will be obtained by inserting in (38) the eigenvalues evaluated at kj, i. e., A(k;), given in (60), with the
condition (62). Taking into account that Sllé(k, k) =0, we obtain

n na 1,1 (1))
—ik; n— = 171 )
€ LJN: (_) 1H (:‘l7.7 11 kl’ ) 1,2 ) ] = 17"'7”7 (63)
=1 a=1 1,2 k )
with the condition
S kiR T 5171(1@&”,k”)S%;S(kg”,ké“) _
H 1,1 1y ) 22,,(1) (D1’ =1,...,n. (64)
j=1 51,1(kjaka ) =1(#a) 51 2(ka :k )52,2(k5 N

Writing explicitly the S-matrix elements (26) in (63) and (64) we can state that the energies, in the sector with n;
first-class particles and ny second-class particles are given by

n
E=- Z(e_eikf +epemhi 1), (65)
j=1
where {k;j,j = 1,...,n} are given by the solutions of
s1—1 : - -
eik]- (N—nz(s2—s1)) _ n1 1 H ! €4 + e_el(kl+k1) — elkf
= ezkl €+ e etlkitk;) — ik

nz €+(ezk]- _ eikfj))

(1. (1)
aci €4 + e eilkitha?) —

RIS

n ik k(D)
ikj(s2—s1)n n e — e _
€ (€+) ; (1) o
i1 € + e_eilkjtks’) _ gik;

i((D) k(l) (1)
2 €++€_el( o thg )_ezka

_\n1—1 =1
) B=1 €+ + € ei(k‘("l)"'kg)) — eikél) (a - -am2)- (67
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It is interesting to observe that in the particular case
where no = 0 we obtain the Bethe-ansatz equations, re-
cently derived [15], for the asymmetric diffusion prob-
lem with particles of size s1. Also the case s; = s5 =1
give us the corresponding Bethe ansatz equations for
the standard problem of second class particles. The
Bethe-ansatz equations for the fully asymmetric prob-
lem is obtained by setting e; =1 and e_ = 0.

IV Conclusions and generaliza-
tions

We obtained through the Bethe ansatz the exact solu-
tion of the problem of first- and second-class particles
diffusing and interchanging positions on the lattice. We
show that the solution can be derived in the general case
where the particles have arbitrary sizes.

Some extensions of our results can be made. A first
generalization is the problem where M > 2 hierarchical
ordered classes of particles (1st, 2nd, ...,Mth classes),
with sizes s; (i = 1,..., M), besides diffusing on the lat-
tice, interchange positions in such way that particles of
higher hierarchical classes see the lower ones in the same
way as they see the holes (0 class). The allowed pro-
cesses and the Hamiltonians are simple generalizations
of relations (2)-(4) and (6), respectively. The Hamil-
tonian obtained in a open lattice will be U,(SU(M))
symmetric and in the case s; = so = ... = spy = 1 it
is related with the spin S = % Sutherland model [17].
The model is certainly integrable and its eigenspectra
will be given in terms of M-nested Bethe ansatz equa-
tions which are generalizations of (66)-(67).

A further quite interesting generalization of our
model happens when we consider molecules in one or
both classes with size s = 0. Molecules of size zero
do not occupy space on the lattice, having no hard-
core exclusion effect. Consequently we may have, at a
given lattice point, an arbitrary number of them. The
Bethe-ansatz solution presented in the previous section
is extended directly in this case (the equations are the
same) and the eigenenergies are given by fixing in (65)-
(67) the appropriate sizes of the molecules. It is inter-
esting to remark that particles of second class with size
sy = 0, contrary to the case sy > 1, where they “ac-
celerate” the diffusion of the first class particles, now
they “retard” the diffusive motion of these particles.
The quantum Hamiltonian in the cases where the par-
ticles have size zero are written in terms of spin s = oo
quantum chains.

The Bethe-ansatz equations in the case of the asym-
metric diffusion, with particles of unit size [10, 11], or
with arbitrary size [15], was used to obtain the finite-
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size corrections of the mass gap G'n of the associated
quantum chain. The real part of these finite-size correc-
tions are governed by the dynamical critical exponent
z, 1. e.,

Re(Gy) ~ N2 (68)

The calculation of the exponent z for the model pre-
sented in this paper, with particles of arbitrary sizes, is
presently in progress [24].
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