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Traditional field-theoretical methods to study extensive many-particle systems are generalized to
discuss nonextensive situations. In particular, generalizations of Green functions, path integral,
and Gaussian integration are performed in the context of nonextensive Tsallis statistical mechanics.
These developments employ integral representations that connect the usual and the generalized

cases.

I Introduction

The Boltzmann-Gibbs statistical mechanics and the
standard thermodynamics are very useful in the dis-
cussion of extensive systems. However, they are not
good to study situations where nonextensive effects oc-
cur, for instance, systems involving long-range inter-
actions (e. g¢., d = 3 gravitation)[l, 2], long-range
microscopic memory[3], and systems with a relevant
(multi)fractal-like structure. On the other hand, the
investigations based on the Tsallis entropy[4] mainly fo-
cuses on the study of nonextensive problems. Examples
of these applications are the Lévy superdiffusion[5, 6]
and anomalous correlated diffusion[7], turbulence in
a two-dimensional pure electron plasmal[§], thermal-
ization of an electron-phonon system[9], astrophysi-
cal applications[10], dynamical systems[11, 12], among

others[13].

It is important to remark that the Tsallis entropy
extends the Boltzmann-Gibbs (BG) one, because it de-
pends on a real parameter ¢ and it is reduced to the BG
one in the limit ¢ — 1. Consequently, it is natural to
investigate how the formalism based on the BG entropy
can be enlarged in order to incorporate the Tsallis one,
i. e. in order to contain the case ¢ # 1. In this direc-
tion, it was verified that the Legendre structure[14, 15]
is preserved, dynamic linear response theory[16], per-
turbation and variational methods for calculation of

thermodynamic quantities[17, 18], and Green functions

can be generalized[19, 20, 21], among others[13].

This work is dedicated to discuss generalizations
that employ field-theoretical methods. More precisely,
generalizations of the Green functions that incorpo-
rate the nonextensive Tsallis statistical mechanics are
focused here as well as the corresponding path inte-
gral formulation. Furthermore, a generalization of the
Gaussian integrals based also on the Tsallis statistics
is analyzed. In order to naturally relate a generalized
case with the usual one, integral representations are
employed. Before starting the discussion about field
theoretical methods applied to the generalized Tsallis
statistical mechanics, a brief review about Tsallis statis-
tics, including integral representations, is presented in
Sec. II in order to mainly establish the notation em-
ployed in this work. By using integral representations,
the generalized Green functions are discussed in Sec.
III. The Hartree and Hartree-Fock approximations for
the generalized Green functions are considered in Sec.
IV. The path integral formulation for Tsallis statistics
is presented in Sec. V. In the context of the normal-
ized version of the Tsallis statistical mechanics, Green
functions are discussed in Sec. VI. The generalization
of the Gaussian integrals is the main focus of Sec. VII.

Sec. VIII contains a summary and concluding remarks.
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ITI Tsallis statistics and integral
representations

The nonextensive entropy (Tsallis entropy)[4]

=i
Sq =k Tr Y (1)

is a fundamental object in the discussion of the so
called generalized statistical mechanics. In Eq. (1)
p 1s the density matrix, ¢ € R characterizes the de-
gree of nonextensivity, and k is a positive constant.
In order to obtain the statistical weight, the entropy
(1) is maximized subject to some constraints. In the
grand-canonical ensemble, for instance, the constraints

are chosen as[4, 14]

Trp=1, (2)
Tr p!H = U, , (3)

and
Tr N =N, , (4)

where H and N are respectively the Hamiltonian and
number operators. In this way, the generalized grand-

canonical statistical matrix becomes
. - N/ (-9
pz[l—(l—Q)ﬁ(H—uN)] /Zq, (5)

with the generalized grand-partition function defined as

Zy="Te [1= (1= g8 (- pN)] R

Thus the probabilities in the grand-canonical ensemble

becomes
pr= = (1= )3 (B — puN )]0 [ 2, (1)

where it was supposed that [lf], N] =0. In Eq. (7)
it is also assumed that 1 — (1 — q)ﬁ_(En — puNy) > 0.
When this condition is not satisfied, p, = 0 must
be used in order to retain the probabilistic interpre-

tation for p,. In this way, there is a cut off when

bz/ de 2" texp(—bx) =, (2)
0
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1—(1—-¢)B(F,—pnNy) < 0. The Lagrange multi-
pliers @ and g in the above equations are considered
respectively as the inverse of the generalized tempera-
ture, 1/(kT), and generalized chemical potential. Fur-

thermore,

(4), = Tr p2A (8)

is usually referred as the ¢ expectation value of A. Note
that the above equations reduce to the usual ones in the
limit ¢ — 1. Thus [1—(1—¢)z]"/("=® can be considered
a generalization of exp(—z). A normalized definition of
generalized mean values that also reduces to the usual
in the limit ¢ — 1 is discussed in Sec. VI.

Powerful tools to calculate the generalized partition
functions, and consequently other important statistical
quantities, are the integral representations. By using
an integral representation, 7, can be written in terms
of the usual partition function, Z;. In fact, the contour
integral[22]

i

bl—z_ d A1
o7 /.. u (—u)

1
exp(—bu) = NEh
Withbzl—(l—q)ﬁ(f]—ul\?) and z=14+1/(1-¢q)

leads to
Zy(B, 1) :/ du KV Zy(=pu(l = q),p) ., (10)
C
where

KM = % (=)~ exp(—u) . (11)
In Eq. (9) b > 0 and Re z > 0, where the contour
C starts from +oo on the real axis, encircles the ori-
gin once counterclockwise, and returns to +oco. This
representation is very general from which others can
be obtained. For instance, the Hilhorst representation
(private communication to Tsallis)[23] is based on the

Euler definition of the Gamma function,

(Re b > 0 and Re z > 0) | (12)

and the Lenzi representation[24] employs the integral identity[25]

b1=% exp(ab) /Oo &

27

exp(ibt)
Y Ty

1
(%)

for 4>0,
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= 0 for b<O, (13)

|
where a > 0, Re z > 0, and —7/2 < arg(a + it) < 7/2. IITI Green functions

The Hilhorst representation is usually useful in the

. . . Thi ti is divided in t ts. First, it 1 -
g > 1 case and it was applied to study a set of particles 15 SEChion 15 divided 1 tWo parts.  Tirst, 1t 15 pre

without interaction[23]. On the other hand, the Lenzi sented a brief review of the Green functions in the usual

.. . text = 1. In th d t 1t is introduced
representation is usually applicable to ¢ < 1 and accom- context, ¢ 1 Bhe second part 1t 15 mtroduce

plishes the cut off condition previously discussed. It was the generalized Green functions, ¢ # 1. Subsequently,

employed to obtain the exact solution of the blackbody by using integral representations, the generalized Green

radiation[26] and to establish the perturbative and vari- functions are expressed in terms of the usual ones. This

ational methods for quantum systems in the context of trick enables to obtain several properties of the gener-

Tsallis statistical mechanics[18]. The first discussion alized Green functions in terms of the usual ones.

bout int 1 tation f 1 ted .
about integral representation for ¢ < 1 was presente A. Usual Green functions

by Prato[27] and it was employed to study the classical

ideal gas. A natural formalism to study many identical par-

ticles systems is the second quantized one[28]. In this
context, the creation operator, 1/A)T(X,t), and annihila-

tion operator, ¥(x,t), are of fundamental importance.

For instance, the number operator is given by

N(t) = /ddx a(x,1) (ﬁ(x,t) - w(x,t)qzl(x,t)) (14)

and the Hamiltonian becomes

f‘if(t) /ddx VJJT(XJ) i V1/A)(X,t)

2m
b [atxaly d i 00 Vix - y) S 0ix) (15)

It was employed 2 = 1, m and d to represent respectively the particle mass and the spatial dimension, and for
simplicity a two-body potential V(x —y).
The creation and annihilation operators obey the equal time (anti) commutation relation
([A,BL :AB:FAB),
e, 40| = [Hee ity 0] =0, (16)
and
e 0,0y )] = 8- y) (17)
In these last two expressions, the upper sign (—) refers to Bose-Einstein particles and the lower sign (4) refers to

Fermi-Dirac particles. Furthermore, the dynamics of any operator @(t) is dictated by the Heisenberg equation,

= = ow, ) . (18)

Thus H(t) and N(t) are time independent because [f](t), f](t)] =0 and [N(t), f](t)] =0.
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In the usual statistical mechanics the expectation value of any operator (’j(t), when the grand-canonical ensemble

i1s employed, is given by

, | Trexp (= (H - N )) O
(©),= Trexp (= (H—pN))

By using this notation, the n-particle Green function is defined by

(19)

G(ln)(xlatla"'axnatnaylatlla"'aynat;;ﬁaﬂ):
(1 (B 1)t 1) (1) (3, £) ) (20)
in ’ 7y YN ’¢1 ) 'n 1

The symbol T represents the Wick time-ordering operation, and arranges the product of operators in chronological

order, for instance,

T(bxt) Dy t)) = et Py t) for >
+ PNy, t) v(x,t) for t<t . (21)
The sign (+) is used for bosons, when the order between ¥ and ¥ is changed. On the other hand, the sign (—)
is used for fermions. The upper sign will be employed for bosons and the lower sign is used for fermions in the

following discussions.

In connection with one-particle Green function, it is employed the correlation functions

Gos (e oyt o) = 7 (D600 1) (22
and

Gre(x, 3,138,000 = = (9 5,000 x,0)) (23)

Thus, G(ll) = G4 for t > 1 and G(ll) = (G« for t < t'. Because of the time and spatial translational invariance of
the Hamiltonian (15), G(ll) depends only onr =x—y and t =t —t', i. e. G(ll) = G(ll)(r,f; 3, p). Furthermore, it
is introduced the spectral function defined by

A(ysw; Bop) = Gis(xy;w;8,0) F Gia(x,y;w; 8, 1)

/éTI))d exp(ip -r) Ai(p,w; 3, 1) (24)

d
/(Gzlwl;d exp(ip 1) [G1>(p,wi B, 1) F Gre(pws B, )] |

where

Gis(p,w; B, p) = i/ddr/ dt exp(—ip - v 4 iwt) G5 (r,1; 3, 1) , (25)

and

Gic(p,w; B,p) = :I:i/ddr/ dfexp(—ip ¥+ dwt) G1<(r,f;6,ﬂ) . (26)

From these definitions and Eq. (17) the sum rule follows

d
/%Al(x,y;W;ﬁ,u) = ;1_;: /(;wl))d exp(ip -r) Ay(p,w; B, 1)
d R - n t
— %/_ di exp(iwt) (%(r,1)%7(0,0) F ¥1(0,0)u(x, D), @)

([¢0,0).610,0)] ) = b(x—y) .
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or alternatively

/ o [G1s(p,w; B, 1) F Gic(p,w; B, )] = 1. (28)

o 27

It is important to emphasize also that correlation functions satisfy the fundamental relation

G1<(Xatayat/;6’ﬂ)|t:0 =+ eﬁu G1>(Xatayat/;6’ﬂ)|t:—lﬂ : (29)

In terms of the spectral function and the Fourier transform of the correlation functions, this relation can be written

as
Gis(p,w; B, ) = [1£ f(w; 8, p)] Ar(p,w; B, 1) (30)
and
Gic(p,w; B, p) = flw; B, p) Ar(p,w; B, 1) (31)
where
fw; B, p) = ! (32)

exp(Blw—p) F1°
Here the function f(w; /3, ) is the average occupation number in the grand-canonical ensemble of a mode with
energy w, and the spectral function A;(p,w; 8, 1) is a weighting function with total weight unity (see Eq. (27)).
For free particles, for instance, the weighting function is given by A;(p,w; 8, 1) =27 é (w - pz/(Qm)).

The density of particles (see Eq. (14)) can be obtained from the correlation function G;<. Indeed, for a uniform

system,
(0,0, = {alx0), = (Hx b 0)
= +iGie(x,6,x,t5,1)= _00 ;—i/(;lTI))d Gic(p,w; B, pt) - (33)

From (1< the expectation value of the Hamiltonian (15) can be also obtained. To verify that this affirmation

is true, first, note that the equation of motion (18) leads to

(% N QV_;;) deet) = [dly Vix—y) P0G, 00050 (34)
and 5 V2
(—i% + ﬁ) W(x, 1) = &T(x,t’)/ddy Vix—y) dy, )y, 1) . (35)

Second, the multiplication of Eq. (34) by 1/3T(x,t) on the left, and the multiplication of Eq. (35) by 1[)(X,t/) on the

right can be combined to form

1 4 7 A NG 1 d
Z/d X [(Za —z%)ﬁﬂ(x,t)d)(x,t)]tl:t: Z/d X
[t aly vl e, Vix-y) vl o) (36)
2 AvE& R R
(—Z—;; - ﬁ) wy,th,w] (37)

1
Z / ddX
y=X

is added to both sides of Eq. (36) and the statistical average (19) is taken, it follows that

I 00 VXN Lty
= g fas|(ig-igg ) (Gonien) |

? 0.0 VxV
= iz/ddx [(Za - Z% + u) G1<(Xatayat/;ﬁ’ﬂ):| : (38)

m y=X, t'=t

2m 2m

(55 3) niie)

y=X
_|_

N | —

Finally, when
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Similarly, by using the definition of one and two-particle Green functions, Eq. (20), and equations of motion,

Eqgs. (34) and (35), it can be verified that

.0 A\
(5 + 3 ) 617 (ot v, 0 = o0 = 6)00x )
+i /ddy Vix—y) G (x1,t1, %o, ba, 31, 1), y2, 8575 B 1) : (39)

to=t1

The notation t/2+ is used to represent 14 + €, where ¢ is an infinitesimal positive number. Similar equations can

be obtained for others n-particle Green functions, giving a hierarchical structure.
B.Generalized Green functions

By taking into account the previous discussions, a natural way to define a generalized n-particle Green function
is to replace the usual mean value, Eq. (19), with by the generalized one[19], Eq. (8). For instance, the generalized
one-particle Green function becomes

/ 1 - A
Mty 1) = - (T (1/)(x,t)1/)T(y,t’))>q . (40)
However, as it is demonstrated in Sec. TV, this Green function do not obey the usual equation of motion. In order
to circumvent this difficulty, it is convenient to define a normalized one-particle Green function[20], i. e.
GV(x,t,y,1) = Gty t) 1 (T (ix, 0067 (v,1) ) (41)
ooty @, o, Ve,
where (1), = Trp? = 14 (1 — ¢)S,. A further definition of Green functions is discussed in Sec. VI.

As in the case of the generalized partition function (see Eq. (10)), the above one-particle Green function can be
obtained from the usual one by using an integral representation. Indeed, by using the definition of the usual Green
function, Eq. (20), Eq. (9) with b =1—(1— q)ﬁ(f] — /1]\7) and z = 1/(1 — ¢), and the partition function (10), Eq.

(41) can be written as

Gy, 15 p) = /C du K(P(u) Zy(=Bu(l = q).p) G (e by, 1 =fu(l = ), ) | (42)
e (1/(1—4q))
(2 e — 49 —1/(1—q

Of course, (1), can be expressed employing an integral representation. In this case, it must be chosen 6 =1 — (1 —
Q)B(H — uN) and = = 1/(1— q).

In a similar way, the correlation functions, Ggs for t > ¢’ and Gy« for t < ¢/, can be introduced as follows

Goslety i) = gy (Ue 00 (v.1),

_ /Cdu K(®(u) Zy(=fu(l - q), 1) Gis(x,t, .t —fu(l — g), 1) (44)
and
IR _ =+ ot AU
Gq<(xatayata6aﬂ) — m<’l/} (yat)’l/)(xat)>q
_ /Cdu K{D(u) Z1(=Bu(l — g), 1) Gre(x, 1,3, —Bu(l — g), 1) (45)

From Eqgs. (44) and (45) it follows that the sum rule (28) is ¢ invariant. In fact, Eqs. (44) and (30) leads to
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G (0, 8) = [ du K Z3(=0u(1 = ). ) Girs (i1 = 0).1)
= [ K ) [ S =01 = 0.09] Z2(=Full = 1)) A (posi =501 = 0).p) (46)
and similarly
Gyep,i ) = [ du Ki(w) Z1(=u(1 = 9.0) G (i =Pl = 0). )
= du K Fi =81 = ) ) Za(=Ful = 0). ) s a1 = a)o ) (47)
thus

|
/ G5 (pywi B 1) F Gy (pyw; B 1)

o 2T
= /Cdu K®(u) Z1(—Pu(l _q),ﬂ)/;—‘;Al(p,w;_ﬁuu_q),ﬂ) =1. (48)

Analogously to the usual case, the physical contents of the theory can be obtained from the Green functions.
This 1s exactly the case of ¢ expectation of the density of particles and Hamiltonian. Indeed, from the usual
definition of the expectation of the density of particles, Eq. (33), the definition of the ¢ expectation of the density
of particles, Eq. (8), and the correlation function Gy«, Eqgs. (45) and (47), it follows that

w K ddP Z1(=B(1 = q)u, p)Ar(p,w; B, )
{n), —i/d K / / oA —dule— ) F1 (49)

Thus the chemical potential can be determined in terms of the ¢ mean value by using Eq. (49). Following the

calculations developed to obtain Eq. (38) one concludes analogously that <lf[> can be obtained from G <, because
q
the calculation in both cases (¢ = 1 and ¢ # 1) is the same, thus

e = g (- S (i)

y=X, t'=t
= :I:%(lh/ddx [(z% - z% + w) Gq<(x,t,x,t’;ﬁ,u)] N . (50)
IV Hartree and Hartree-Fock Approximations
The generalized n-particle Green function is defined as
ng) (X1, 81, ey Xy b, Y1, 81 oy Yns 6 B 1)
- ﬁ (1 (9601, )t 0 31,6 3 10)) ). (51)

= / du [{(52)(11) Zl(_ﬁu(l - Q)a/'t) G(ln) (Xlatla "'axnatnaylatlla . ayna na 6“(1 - Q) /’L) .
C

As in the usual case, a set of equations for these Green functions can be obtained. Moreover, the form of these

equations is ¢ invariant. For instance, the motion equation for GE] ) 18

a Vv
(i + 32 ) 647 et v, 455850 = 801 = )6 =)
1

+2 /ddy V(X_ y) Gglz) (XlatlaXZat2ay1at/1ay2’t/2+;ﬁ;/’L) . (52)

to=t1
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In fact, proceeding similarly to the usual case it is possible to verify that the form of Eqs. (39) and (52) are the
same.

In general, to solve the equations of motion is a formidable task. Of course, this is not different in the nonextensive
Tsallis statistical mechanics. Following the usual case, two approximated methods are usually employed. The first
one 1s the Hartree approximation. It is supposed, in this simple approximation, that G(lz) becomes the product

G(ll)G(ll). In this way, a natural generalization of the Hartree approximations is
ng) (X1, 11, X2, 12, 1,17, Yo, 15; B3 ) = G(ql)(xl,tl,Y1,t/1;5;ﬂ) G(ql)(xzatza}’2atlz;5;ﬂ) : (53)
In this approximation, it was not considered the exclusion principle. When this new property is take into account,
Eq. (53) should be substituted by
GEJZ)(XlatlaXZatZaylatllayZat/Z;ﬁ;/'L) = Gg]l)(xlatlaylatll;ﬁ;ﬂ) Gél)(XQ,tz,yz,tlz;ﬁ;/i)
£ G (%0 b1,y th; 85 ) GYY (%t y1, 155 85 1) (54)

This is the generalized Hartree-Fock approximation. Further consequences of these approximations are presented

in Ref. [20].

V Path integral formulation

As discussed in Sec. II, the generalized partition function, Z,, can be expressed in terms of Z; (see Eq. (10)). This
fact can be employed to write Z, in terms of a path integral[30]. In fact, by using the path integral representation

of the usual partition function (see, for instance, Ref. [31] ch. TII),

7y = / / DYD) exp (— /0 " / dx (P + H (3, ¢>>), (55)

and the integral representation (10), it is immediate to verify that

Z, = /Cdu K{(u) / . ~/DED1/JeXp (_ /0@* df/ d%x (G + H (¥, ¢))) , (56)

where 8% = (1 — ¢)(—u)3. The functional generator of the Green functions, Z,(.J,J), can be obtained in a similar
(2) (1)
q q

way. However, 1t 1s necessary to employ the kernel K;* instead of K . e.

bl bl

Z,J,J) =
/Cdu K (u) / : ./Dﬂwexp (— /0@* di/ddx (V) + H(, ) — T —EJ)) . (57)

Finally, the n-particle Green function, ng)(xl, ey Xny Y1, .-, ¥n), is obtained by taking functional derivatives with

relation to the sources J and J. Of course, these temperature Green functions are time-independent.

VI Green functions and normalized statistics

Recently, it was considered a new kind of generalized mean value[32], see also Ref.[21]

() = 5
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By using this new definition, the grand-canonical distribution can be obtained maximizing the Tsallis entropy (see

Eq. (1)) subject to the constraints Trp = 1,

Tr ﬁqH _ (2)
=, &
and .
Tr p?! N
e N@
Tr p? 4 (60)
In this way, the new grand-canonical distribution becomes
o= 1o (g [ — 0@ = (8= N e VY ) g 1
p= (1-9)8 Uy —p 2 v p . (61)
h
where o . @ N 2) Aq 1/(1—¢q)
70 = Ty {1—(1—q)ﬁ[H—Uq —ﬂ(N—Nz )]/Trp} . (62)

The g-expectation value defined by Eq. (58) leads to ({(1)), = 1 instead of (1), # 1. Furthermore, the grand-
canonical distribution does not depend of the choice on the origin of the ground state energy, contrary to the
distribution given by Eq. (5). These properties basically indicate that this new formulation is the correct one for
the nonextensive statistical mechanics[33]. However, the calculations based on the distribution (61) are difficult to
be performed because the density matrix depends explicitly on Uq(z) and Nq(z). More precisely, this fact indicates
that calculations in this new formulation must be performed in a self-consistent way. On the other hand, the
formal development discussed in the previous sections can be extended directly for this new case. For instance, the

n-particle Green function, ng)(z)’ based on the new formulation can be defined in the following way:

ng)(z) (Xlatla "'axnatnaylatlla aynat;) =

Z-in <<T (¢(X1,t1)~~~¢(xn,tn)¢T(y1,t’l)...w(yn,t;))>>q . (63)

Other examples are the motion equations for Green functions, for instance, Ggl) and ng) must be respectively

replaced by Ggl)(z) and ng)(z) in Eq. (52), 7. e.

.0 v
(i + 3% ) G0 Gty ) = a0y = €)= )
+ i/ddy V(x—y) G (xq,t1,%0, 1, y1, 11, y2, 57 55 1) : (64)

to=t1

The application of these developments to study a simple many-body system, the quantum ideal gas, leads to a

set of coupled equations. In general, the solutions of these equations must be performed numerically.

VII Non-Gaussian integration

A very useful tool in the context of path integrals is based on Gaussian ones, i. e. in the generating function[34]

2, ,(G, T, 7)) = /Dx exp (—% (gz - i<0>) Gt (i - i<0>) + J@)

9\ N2 P
(;) (det G) /2 exp (gﬂ+¢]~l‘(o)) . (65)

o

Here Dax = Hf\;l de;, J-& = Zf\;l Jiz; and 2G7E = Zf\;zl xiGi_jlxj, and N is the space dimension. Furthermore,
the parameter ¢ was introduced for future convenience. This section i1s dedicated to the generalization of the

Gaussian integral (65) based on Tsallis statistical weight[35].
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As it was emphasized bellow Eq. (7), [1+ (1 — ¢)z]'/(!=9) is a natural generalization of the exponential function

in the present context. Thus, the function
1/(1-g)

G = 1= (e a0y (66)

can be called ¢g-Gaussian, because it is reduced to exp (— (a: — x(o))z/ (QG)) in the limit ¢ — 1. In this way, the

N-dimensional g-Gaussian becomes

f(gN)(G’ z) = [1 _ 12;(] (iz _ j(o)) a1 (i‘ _ x(o))] i . (67)

By using f;N), it is possible to generalize the generating function (65) in the following way

2,4 (G,J, az(O)) z/m (f§N>(G,gz=))a exp (] - 7) (68)

since ~
o 92, (G,J,20)
- 3Jy, D, .. 04

Ppa(j,2j;.25,) = /Dl‘ L&y T, (ng)(G,i‘)) (69)

J=0

The parameter « was introduced because & # 1 occurs in several situations, for instance, when it is necessary to
calculate (A4), = Tr ﬁqfl in classical systems as the ideal gas.

In general, the integral (69) is divergent for ¢ > 1+ 2a/(N + s). In fact, since Pz o |z|V~!d|z| and
( SN))Q o |2[?*/(*=9) for large |Z| in the representative case GZ»_]»1 x &;;, Eq. (69) contains an integral propor-
tional to [ d|z| |&|N~—1*+s=22/(a=1) for a sufficiently large |Z|. On the other hand, following the general discussion
presented in Sec. II, f;N) contains a cut off for ¢ < 1. Consequently, the integral on the left side of Eq. (69) is
convergent for arbitrary N when ¢ < 1. The present discussion is restrict to the convergent case, z.e., the ¢ < 1
one.

Employing the Lenzi representation (see Eq. (13)) withae=1,6=1—(1—¢) (i‘ — i‘(o)) Gt (i‘ — i‘(o))/ 2 and
z=af(1 —¢)+1in Eq. (67), it follows that

(r@,m)" = / Cat K)o (<7 (5-50) 67 (- 20))) (70)
with
(a/(1—q) +1) exp(l +1t)

~(3) _
K0 = = o (1)

and ¢ = (1 — ¢)(1 4 4t). Thus Eq. (68) becomes
2,4 (G,J, @<0>) :/ dt K3(t) 21,(J,29) . (72)

The final expression for the generating function can be obtained by expanding the last exponential in power series
and by using Eq. (13) again with a = b = 1 to calculate each term of the integral. This calculation leads to

oQ

- ,(a/(1—q)+1+N/2) JGT Y
Z40(G,0,0)exp (J~96( ))HZ:% n!, (a/(1—q)+ 14+ N/2+n) (2(1—Q))

= zq,a(G,o,O)eXp(J@(O)) ,(p+ 1)(%)_N/2}u ((w)l/z) : (73)

24 a (G, J, az=<0>)

(1-¢ l—y¢
where
2,4(G,0 o>—( & )N/2 AU (e 6y (74)
el COLU=A\T0) TR/ +1+N/2) ’
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L) =520 o (2/2)2" 4 /[n!, (n+ 1 + p)] is the modified Bessel function of first kind, and p = o/(1 — q) + N/2.

n=0

Finally, by taking derivatives of Z, , (j, i‘(o)), all Py o(zj,2;,...2;,) can be obtained, for example,

qua(l) = Zq,a (G,0,0) )
Pral(zj,) = Z44(G,0,0) 2,
G'1'2
Puolanzss) = 200(G00)(ofle)+ ity ) (%)

A similar procedure can be employed when 1 < ¢ < 14 2a/(N + «), but it is necessary to replace consistently the
Lenzi representation with the Hilhorst one.

A correlation function of the product z;, 2;,...%;,, (€j, %;,...2;,)¢,o can be defined in terms of the above results

by taking the relation

From this definition with #(°) = 0 it follows the relation between (x;, xj,...2;, Vg0 and (z;, 2,40 =

(1 — ¢)(N/2 4 1)], where n is an integer greater than one. A direct calculation leads to

(Tj Tjy2) ) g0 = Pyalj,zj,..x5,) /Py a(l) . (76)
Girjo /o +
Z <ij1 ij2>4705 <ij2n_1$jP2n>q,a ) (77)

- et (-gWV/2+1)
(Tj,25,.%),,) g0 = H a+ (1= q)(N/2+ k)

k=1 (1

where P; represents a permutation and Zperm indi-
cates a sum over all permutations without repeating
(Tjp, ¥jp,) g, since (Tjp, &jp, Vg0 = (Tjp, ¥jp, )g,a- The
above result resembles the Wick’s theorem (see, for in-
stance, Ref. [36]), and in particular the usual Wick’s
theorem is recovered in the limit ¢ — 1 and N — oo.
For the general case, Eq. (77) formally differs from the
usual one by a factor that decreases when n increases.
Moreover, this difference from one increases when ¢ de-
creases and N increases. In conclusion, Eq. (77) is
a generalization of Wick’s theorem based on f;N) for

discrete systems.

Applications of the N-dimensional non-Gaussian
integration are useful in several contexts. For in-
stance, in the study of the Tsallis statistical mechan-
ics of the classical ideal gas by using the unnormal-
ized formulation[37] or the normalized one[38], because
the partition function is proportional to Z, 1 (m1,0,0)
(68)) with £ = (p1, P2,

the momentum of the ¢-th particle. A second exam-

(see Eq. ...), where p; is

ple is related with the variational methods, in this

case féN is the trial function. For example, the ap-

perm

plication of this trial function to study the equation
E¢ = (=h?/(2m)5?/0x? + Ax*)¢ leads to a very good

approximation of the ground state energy[35].

VIII Discussions and conclu-

sions

A detailed discussion about generalized Green functions
was presented. The integral representations were im-
portant tools in this discussion, because they can be
used to connect the usual case, ¢ = 1, and the gen-
eralized one, ¢ # 1. This fact indicates that integral
representations can be employed as guide to generalize
and calculate many quantities related with the formal
structure of the nonextensive Tsallis statistical mechan-
ics. The generalized Gaussian integrals are other typi-
cal examples of this formal structure.

Since the usual Green functions and path integral
are important tools in the study of extensive systems,
it is expected that the generalized Green functions
and path integral formulation of nonextensive Tsallis

statistical mechanics become useful in the discussion
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of nonextensive systems. In general, the calculations
based on generalized Green functions and path integral
are more elaborated than the corresponding case with
g = 1. Furthermore, the analysis is more difficult to be
performed in the case of the normalized nonextensive
Tsallis statistical mechanics than in the unnormalized
one, because coupled equations must be solved. In par-
ticular, generalized Green functions and path integral
are not employed yet to analyze many-body systems
other than the quantum ideal gas.

The generalized Gaussian integral presented in Sec.
VII can be used in several contexts. Obvious applica-
tions of these integrals come from nonextensive Tsallis
statistical mechanics of the classical ideal gas and of a
set of harmonic oscillators. Of course, perturbations of
these systems can be analyzed too. Other applications
can be based on situations where deviations from the
Gaussian behavior is expected. A typical example is

the ground state of anharmonic oscillators.
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