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An analysis is made of the completeness of the solutions of the angular equation of the
hyper-spherical method used in three body problems. In this method the relative distances
between two particles and the third one are given by r1 = R sin «, , 72 = R cos a. Some
relations obtained from this completeness between the non-adiabatic couplings of the radial
equations are investigated. It is shown that for large R the contribution of states with
positive eigenvalues is not negligible. This could explain ome discrepancies found using this
method with either first or second order radial equations for atomic helium and electron-

hydrogen systems.

Introduction

Hyperspherical coordinates have been used in
Atomic Physics to obtain bound state solutions for
three body systems!!=3] such a He and H~. They have
also been used for partial wave solutions and phase
shifts of e-H scattering[>3—111,

The hyperspherical coordinates consist of the angu-

lar variables for the two electrons and («, R), related to

the radial coordinates by:
rir=Rsina , ro= R cos «

where the new angular variable « is in the interval
(0,7/2).

The two electron wave function for a state with total
angular momentum L and z-component M is expressed

in the form:

PhELM — Z (R*%sin o cos a)_lFfL(R)uﬁh,Q (R, oz)Ylf,Jy(Ql, Q) (1.1)

u,l,l2

where YllLlJQV[, which represents an angular state in which the two electrons have angular momentum [; and [s

respectively, is given by:

Vi (Q1,Q0) = Z (L, ma, la, mal L, MY ($21)Y)72(Q2). (1.2)
F;{(L(R)uﬁlllQ(Ra a) M (Q, Qo) (1.1)

The index K is an energy quantum number that is dis-
crete for a two electron bound state or continuous if one

electron is free.

A generalization of the Bohr-Openheimer method is
used to solve the Schrodinger equation by separation of

variables. First one solves an equation for the angular
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variable o which has R as a parameter. The eigenval-
ues labelled by the index g, will be functions of R which
represent interaction potentials in the radial equations.
Both the angular and radial equations form actually
infinite sets of coupled equations. For a numerical so-
lution a cutoff l,ax has to be introduced for ly,l5 in
the angular equations as well as a limit on the number
of potential curves used in the radial equations. The
radial equations are second order differential equations
which depend on the potential functions as a diago-
nal interaction and also on non-diagonal, non-adiabatic

couplings, P, (R) and @, (R) [1-4]

Assuming completeness of the solutions of the an-
gular equations the second order radial equations can
be replaced by a set of first order equations in which

(12] Recent numeri-

the @, couplings are eliminated.
cal calculations for the e-H system, using the second
order radial equations with up to 6 potential curves,
for both the L = 0, L = 1 binding energy!'=®! as
well as for the low energy L = 0, phase shifts,[23-11]
give very good agreement with calculations using vari-
ational methods.'3=161 On the other hand the first or-
der radial equations without the },,’s have also been

8,9,17,18]

used giving results in disagreement with those

H? Ll +1 I (1 1 A
—1(,1;_)—2(2—1—)—1—21% Z L
da? sin” o cos2a sinoe  cosa
where
1
L _
011121'11'2(0‘) = cosar
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obtained with the second order equations.

In this paper the completeness of the angular equa-
tions 1s discussed in connection with relations between
the non-adiabatic couplings @, (R) and P,,(R). It is
shown that for large R the contribution to these rela-
tions of eigenstates of the angular equations with posi-
tive eigenvalues W,(R) = 2U,(R)R?, is not negligible.

In deriving the first order radial equations from
truncated second order equations the sum of states used
to eliminate the ¢}, ’s extends only over a finite set of
channel functions which for large R does not include an
infinite set of states with positive W,(R). This could
explain the discrepancies found in the results of the two
formalisms.

In section I we give a brief review of the hyperspher-
ical method. Throughout this paper we use atomic
units (meczoz2 = 1) In section IIT we consider some con-
sequences of the completeness of the angular equations
in connection with relations obtained from it, between
the non-adiabatic couplings @,, and P,, of the radial

equations.

II. The angular and radial equations['—4

The angular equations for « are:

) + W,f(R)] Wi, —2RY Ol (@)l =0 (2.1)

[

172

> (tan )’ Cf (2.2)
J

and the coefficients ClLl‘l]Ql, ;- are defined in terms of 3-J and 6-J symbols (Ref. [1]). The physical solutions in a state

of total spin S of the electron pair must satisfy the Pauli principle:

ulli/llb (R, g — O[) = (—1)L+S+ll+l2 uﬁbll (R, O[) (23)
Hence they are obtained by imposing the boundary conditions at o« = 7/4 :
Uﬁllb (Ra %) = (—1)L+S+ll+12uﬁbll (R, %) (2.4)

d d
@Uﬁllb (Ra ) O‘) |a:77/4 = _(_1)L+S+ll+12 @uﬁbll(Ra O‘) |a:77/4 (25)
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We shall consider the wf, ; ’s as components of a
plils p

L

vector w,;, with the pair /1/> as the component indices.

From now on the superscript L will be omitted.

Invariance under parity implies that for any solution
of given parity the components u,,;,, are non-zero only

if (I1 +{3) is either even or odd according to the parity.

o> 1
(W + 157~ 2B+ QE) Fu(R)

where the potential function U, (R) is related to W,(R)
by 2R*U,(R) = W,(R), and the non-adiabatic cou-
plings are given by:

P, (R)= <uu%uy> (2.8)
Quv(R) = (uy ﬁuﬁ (2.9)

The Qs can also be calculated by:

Quy = .uy - (210)

{th i)
where a dot represents derivative with respect to R.
By insertion of a complete set of functions in the

second term, and assuming completeness of the angu-

lar equations one obtains:

Quv = Puy = > PurPux (2.11)
A

Using this relation one can replace the set of second
order radial equations by the following et of first order

equations:[1?]

dF,,

-+ ZV:P,“,F,, =Gy, (2.12)

% +> PuG, = - (é — 2U,(R) + QE) F,
’ (2.13)
where the ., ’s have been eliminated.

At R = 0 the equations decouple and the so-

lutions are given in terms of Jacobi polynomials!'®]
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The solutions are normalized by:

/2
Uﬁlllz (R, Oé)ufllb(R, a)da = 6%“/

|

l1l2

(2.6)
The radial equations are:
0
+>° <QPW(R)ﬁ + QW(R)) F,(R)=0 (2.7)

PUH/241/2(c0s20), where j is an integer. The eigen-
values are W, (0) = m?, (m = 2j+1; +1> +2). We take
the index p to correspond to eigenstates of W,(R) in
increasingly order so that p = 1 corresponds to the low-
est potential curve. At R = 0 the eigenstates W,(0) are
degenerate for m > L+2 but the degeneracy is removed
for R > 0 by the interaction terms proportional to R.
At asymptotic large R, Macek!!] has proposed that
the functions w1, (o) for @ < § are given in leading
order in R™! by the Coulomb one electron wave func-
tions of a variable p = Ra, for bound states in the nu-
cleus of charge Z corresponding to a state with angular
momentum {; and energy U, = —%, (n, > l1). For
n, > 1 the Coulomb wave functions are degenerate.
The degeneracy of the wave functions u, is removed

when % corrections are taken into account. The lead-

ing non-vanishing components u,, will be given by

R
Upl 1, = Qulyis\/ gp‘l’iiu (p)

where \I!Llu (p) is a Coulomb wave function with energy

(2.14)

U, as given above and angular momentum /; < n,.
The coefficients a,,;, are the solutions of the eigen-
value equations obtained using % energy corrections
and degenerate perturbation theory.[]

Macek’s assumption is well born out by numerical

computations.

III. Investigation of completeness of the angular

equations

The angular equations (2.1) with R # 0, due to

the electron-electron interaction, form an infinite set.
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When this interaction is neglected, the equations de-
couple as the angular momenta /1l become constants
of the motion. For a given pair of values of [;[5, taking
both values S = 0,1 of the total spin the completeness
of solutions of the angular equations follows from a gen-
eral theorem!*®) which applies when /1 # 0 and I # 0.
If l; = 0 or l; = 0, one needs boundary conditions
i1, (o) = 0 at the boundaries o = (0,%). At R =10
the equations always decouple and the solution (with
these boundary conditions), are given in terms of Ja-
cobi polynomials Pll+1/2’+12+1/2(1‘), x = cos 2a, which
form a complete orthogonal set in the interval (-1,1),
with measure (1 —=2)21 (14 2)?2+1dz. For R > 0, we
shall assume that the solutions of the infinite system
of equations (with the same boundary conditions) also
form a complete set in the interval o = (0, %) .

We shall investigate this completeness in connection
with relations obtained from it, between the @Q,,’s and
the P,,’s.

First we consider the relation (2.11) espressing
Quv’s in terms of P,,’s. We have calculated, for a range
of values of R, the values of 11 as given by this relation
and compared with the values obtained from (2.9) or
(2.10). The angular equations for the case L = 1, 5 = 1,
were calculated using a cutoff /4, = 7 for I} and [s.
The set of 15 solutions with the lowest potential curves
were used in the sum of P74 in (2.11). The results are
given in Table I. One can see that for small values of
R the results are in good agreement but they become
increasingly different as R increases. This shows that
for large R the contribution of solutions corresponding
to higher potential curves becomes non-negligible.

One can also obtain additional relations between the
P,’s and @, s involving derivatives of the eigenvalues
W, (R).

Let us introduce a matrix H = Hg + RH;, where

Hy is diagonal with matrix element [;l> given by:

> Ll +1) Ll+1)
Hy=—— —
do?

(3.1)

sinz(a) cos?

and RH corresponds to (—2R?) times the Coulomb in-
teraction potential which has a non-diagonal piece due

to the electron-electron interaction. Its R dependence

has been made explicit.
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Table 1. This table gives the values of )11 as a func-
tion of R calculated from the definition (2.9) or (2.10)
as compared with the expression given by Eq. (2.11)
obtained using completeness. The maximum value of
A taken in the sum was A = 15, corresponding to the
lowest 15 potential curves.

— 2711522 Plzn
-5.2244385E-003
-1.5377055E-002
-3.5821157E-002
-1.1368447E-002
-4.3807186E-003
-1.5383282E-003
-7.6045943E-004
-4.5427866E-004
-2.7093976E-004

R Q11
0.02 -5.2339302E-003
2.02  -1.5405433E-002
4.02  -3.6085809E-002
8.02 -1.2543067E-002
12.02 -5.2493846E-003
18.02 -2.3191034E-003
24.05 -1.2990827E-003
30.05 -8.3152465E-004
38.05 -5.1839665E-004

The a-equation can then be written in vector form
as Hu, = —W,(R)u,. Taking first and second deriva-

tives of this equation with respect to R one obtains:

Hiv, + Hiu, = —Wyu, — Wi, (3.2)

Hiiy + 2H 1, = —Wyu, — 2W,t, — Wi, (3.3)

Multiplying these equations by u, and integrating in «

one obtains!4

(Wu - W,,)P,,u + <UV|H1|UN> = _Wuéuv (3.4)

(W = Wo)Quu + 2{uy | H1lty) = _Wu‘suv - QWNPVN
Eq. 3.4 1s known as the Hellman-Feynman theorem.
This equation allows one to compute P,, without using
derivatives of the wave function, while the second equa-
tion will give @, in terms of the wave function and its
first derivative. In addition for v = p these equations

give:

Wu = —(up|Hylug) (3.6)

Wu = —2(uu|Hilu,) (3.7)
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If one assumes completeness of the solutions of the an-
gular equations and introduce the complete set into Eq.

3.7 one obtains:

Wy = =23 (W, — Wa)Pur Py (3.8)
A
or using Eq. 2.11

1 ..u .
—E Q= — E ——P 3.9
9 [Iru M ~ [Iru A ( )

As R — o0, according to Macek’s conjecture, the eigen-
values of the set of solutions of the angular equations
approach the set of binding energies 2U, = —Z—j of
the Coulomb bound states. Then, since W, = QUZRZ,
Eq.(3.9) would give:

2

1+ (R2Quu ==Y Z—‘;(RPN,\)z (3.10)
A

For large R, the coefficients in the asymptotic expan-
sions of the P,,’s and (J,,’s can be calculated either
by fitting numerical results or by using Coulomb wave
functions with subsequent corrections in inverse pow-
ers of K. The leading terms in these expansions are

by for P,, and q]‘i") for ). They can be obtained by

1
Puv
R

using the asymptotic wave functions a function of the

variable p and the following espression!!]

g = (3 Hog ) @D
If n, = n, it has been shown[*! that pE},,) = 0 and the
leading term becomes of order R™3. For p = 1,q§21)
calculated numerically by taking the value of R?Q1;
at R = 40 agrees very well with the theoretical value
which 1is qul) = —.75. This result is independent of the
values of LS and parity. Taking this result into Eq.
3.10, the left hand side becomes positive whereas the
right hand side is always negative. Therefore the use of
completeness of the solutions of the angular equations
seems to lead to a contradiction.

This paradox however can be resolved by remarking
that Eq.(3.10) is obtained by interchanging the order of
taking the limit ® — oo with the summation of an in-
finite series. This interchange would be allowed if the
convergence of the solutions of the equations to bound

state Coulomb wave functions as R — oo were uniform,

that is, if given an € one could find an R(e) such that
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for R > R(e), | < uu(R)|uc, > —1| < € for all solu-
tions wu,(R) whose limiting values are ucy,. One can
indeed find that the convergence is not uniform. For
any finite value of R, as large as one wants, there is
always an infinite discrete set of solutions whose eigen-
values are positive. The separation between the energy
levels 2U,(R) would approach zero as R — oco. The
corresponding wave functions will, to order O(R™?%),
be given by Coulomb wave functions with the corre-
sponding positive eigenvalues. For any finite R it is the
contribution from this infinite set of positive eigenvalue
solutions that give a non-negligible contribution to the
sum over states in the relations (2.11) and (3.9). Indeed
taking (3.9) for 4 = 1, for large R, W, — —R?, and
the left hand side becomes very dose to (1 - .75) = .25.
It is then clear that, in order for the right hand side to
become positive, the states with positive energy have
to overcome the contribution from the negative energy
bound states.

These results also hold when the electron-electron
interaction is neglected and the angular equations de-
couple.

The correctness of this analysis was tested for )11,
in Eq.(2.1) for an arbitrarily large R.

For large R, and v = 1, (n, = 1), Eqgs. (2.8,10) and
(3.11) give:

2 1 0
pill) = E/UM,OL(P) (5 + Pa—p) uon(p)dp  (3.12)

9 19 ?
¢y = _E/ [(5 + Pa—p) Ul,OL(P)] dp  (3.13)

(1)
ul

for the asymptotic wave functions u,. For states with

We have calculated p;,; analytically using Eq.(2.14)

a given n, the result is:

2 n
1 _ oy ny — 1\
Pui = apor - 8y/ny (nz — 1) (nu n 1) (3.14)

. . 9
Since for states with the same n,, Yua, op = 1,1t will
not be necessary to determine the coefficients a, oz in
order to obtain the sum of the squares S; = Eu(pill))z.
We have done this sum numerically for states with n,,

up to n, = 10°. The result was S; = .423753113.
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On the other hand we calculated what should be a
pgll), if in Eq.(3.12) u,0r(p) is replaced by \/g\llg(p)
where \Ilg(p) is a free Coulomb wave function cor-

responding to a state of angular momentum ! = 0
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and positive energy 2U, = 77% We used for the free

Coulomb wave function an integral representation given

in Ref.[19], pg.539, Eq.(14.3.3). The result was:

1/2
1y _ an® 2 B 1
o ((1+772)2 (1—exp(—27ﬂ7) xp(~2ntan U

With the normalization used in Ref.[19] the sum of the

(1

771) for the free states will be given by

e 2.d
Sa :/0 (P7(711))2__77 :

T n?

squares of p

(3.16)

This integral was calculated numerically giving S» =
0.326246887. Adding this to the sum of (pgﬁ)z for the
bound states one obtains, within the nine digit pre-
cision of the numerical calculation, the exact value of
_‘Jﬁ) =.75.

We conclude from this analysis that at large R the
contribution from eigenstates of the angular equations
with positive eigenvalues W,(R) to the relations be-
tween the P,,’s and @),,’s obtained from complete-
ness become increasingly important and cannot be ne-
glected. This could explain some differences between
results obtained, especially for phase shifts, when using
a set of truncated first order equations as compared to

those using second order equations.
Acknowledgements

The authors would like to thank C. Denise
Caldwell and J. E. Hornos for useful discussions. They
are particularly grateful to J. E. Hornos and C. D. Lin
for calling their attention to the validity of complete-
ness of the solutions of the angular equations and to
Carlos Tomey for a thorough discussion on complete-
ness. J. J. De Groote would like to acknowledge the
support of the Conselho Nacional de Desenvolvimento

Cientifico e Tecnolégico (CNPq), Brasil.

(3.15)

References

. J. H. Macek, J. Phys. B 1, 831 (1968).
. C.D. Lin, Phys. Rev. A 12,493 (1975).
. J. Macek, Phys. Rev. A 31, 2162 (1985).
Jose E. Hornos, S. W. MacDowell and C. Denise
Caldwell, Phys. Rev. A 33, 2212 (1986).
5. Z. Zhen and J. Macek, Phys. Rev. A 34, 838
(1986).

6. H. T. Coelho, J. J. De Groote, and J. E. Hornos,
Phys. Rev. A 33, 1242 (1992).

7. M. Masili, J. J. De Groote and J. E. Hornos, Phys.
Rev. A 52,3362 (1995).

8. S. Carbon, C. Deni e Caldwell and S. W. Mac-
Dowell, submitted to Phys. Rev. A (1995).

S. Watanabe and M. Le
Dourneuf, Electronic and Atomic Collisions, X111
ICPEAC, J. Eichler, W. Fritsch, 1.V. Hertel, N.
Stolterfoht, and U. Wille, eds. Berlin, 1983, p.
109.

10. I. C. Percival, Phys. Rev. 119, 159 (1960).

11. Y. Hahn, T. F. O’Malley, and L. Sprucb, Phys.
Rev. 128, 932 (1962).

12. H. Klar, Phys. Rev. A 15, 1452 (1977).

13. C. L. Pekeris, Phys. Rev. 126, 1470 (1962).

14. Charles Schwartz, Phys. Rev. 124, 1468 (1961).

15. 1. Shimamura, J. Phys. Soc. Jpn. 30, 1702
(1971).

16. Robert L. Armstead, Phys. Rev. 171, 91 (1968).

17. C. H. Greene, Phys. Rev. A 23, 661 (1981).

18. S. Watanabe, Phys. Rev. A 25, 2074 (1982).

19. Handbook of Mathematical Functions, edited by
M. Abramowitz and I. E. Stegun (U.S. GPO,
Washington, D.C., 1972).

20. M. Reed and B. Simon, Method of Mathemati-

cal Physics, Vol.II, pg.159. Academic Press, N.Y.

(1975).

I N

9. L. Pelamourgues,



