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Solitonic solutions with axial symmetry (in con�guration and isospin spaces) are studied
in the framework of the linear sigma model with quarks, � and � mesons. A comparison
between the axial and the hedgehog solitons is presented in detail. It turns out that the axial
soliton is less bound than the hedgehog. States with good angular momentum and isospin
are extracted from the axial state by means of the Peierls-Yoccoz projection. The relevance
of the axial ansatz is discussed in the context of a description of the angular momentum
excitations of the nucleon and delta states.

Introduction

The linear sigma model with quarks and chiral

mesons has been used as an e�ective theory to de-

scribe the properties of light baryons, in particular the

nucleon and the delta isobar. Usually, a variational

method is considered, admitting the valence picture for

the quarks and a mean-�eld inspired description for

the meson clouds. Moreover, the hedgehog or some

hedgehog like ansatz is assumed in most of the practi-

cal calculations[1�3].

The goal of this work is to explore another class of

variational solutions. We shall consider an ansatz which

is axial symmetric in both con�guration and isospin

spaces, i.e. an ansatz which is an eigenstate of the third

components of angular momentum and isospin opera-

tors. A simpli�ed version of the ansatz we are going

to use was proposed in a seminal work by Providência

and Urbano[4] and used subsequently in the framework

of the cloudy-bag model[5] (see, for instance, Refs. [6-

8]). However, the most relevant point in Ref. [4] was

the proposal of the Peierls-Yoccoz projection method[9]

from coherent states in the �eld of hadron physics, in

order to construct model states with the proper sym-

metries which might be identi�ed with physical states.

An axial ansatz can in principle be used as a start-

ing point to describe angular momentum excitations of

the nucleon and the delta. We remind that such states

can not be described in a straightforward way from the

hedgehog, since this state only contains components

with angular momentum quantum number J equal to

the isospin quantum number T . Therefore the only ac-

cessible states are the nucleon and the delta and not

their angular momentum excitations for which T 6= J:

The usefulness of the hedgehog ansatz has been

pointed out in several works: on the mathematical side,

it simpli�es considerably the formalism, and, on the

physical side, it minimizes the energy of a quark-meson

system, at least in the mean �eld approximation[10;11].

Even beyond the simple mean-�eld description the

hedgehog has proven very successful[12]. We shall com-

pare the results obtained from the axial ansatz with

those obtained from the hedgehog in the mean �eld ap-

proximation. In a second step we shall apply the axial

ansatz to describe baryons namely the ground state and

angular momentum excitations in the isospin T = 1=2

(nucleon) and T = 3=2 (delta) channels.

Such program is carried out in the framework of

the linear sigma model. Basically this is nothing but

the implementation of the elegant ideas of Ref. [4]

to a more realistic model. Providência and Urbano

used a simplemodel with non-self-interacting pions cou-

pled to a source (containing just bare nucleon) with a

very schematic shape. The sigma model is a more so-

phisticated model which provides a good description of

the nucleon and has a much stronger predictive power

since it contains basically only one adjustable parame-
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ter. The paper is organized as follows. First we present

the basic features of the model (Section II). The axial

ansatz and the mean �eld results are then presented and

compared with the hedgehog (Section III). By means of

the Peierls-Yoccoz projection method, which is briey

reviewed, positive parity states with good angular mo-

mentum and isospin quantum numbers are constructed

(Section IV). The energies of such states are discussed

and compared with data (Section V). Finally, conclu-

sions are presented (Section VI).

II. The model

The linear sigma model with quarks is a SU (2) �

SU (2) chiral invariant model. The chiral symmetry

is spontaneously broken to SU (2) and this is one of

the most important features in the low energy do-

main which is well known from QCD. The sponta-

neous symmetry breaking shows up in the occurrence

of non-vanishing vacuum expectation values for the

chiral meson �elds. We shall have h0j~�i = 0 and

h0j�0j0i = �f� ; j0 >= 0 where ~� and �0 are the

pion (pseudoscalar-isovector) and the sigma (scalar-

isoscalar) �eld operators and f� is the pion decay con-

stant. One usually introduces a new �eld, �, whose

vacuum expectation value is zero and therefore is re-

lated to �0 through � = �0 + f� .

The Lagrangian density of the model reads as [1]

c

L = i�q�@�q + g�q(�0 + i5~� � ~�)q + 1

2
(@��0)

2 1

2
(@�~�)

2 � U(�0; ~�) (1)

d

where g is the quark-meson coupling constant and

U(�0; ~�) is the potential for the meson self-interactions

(tilted mexican-hat) which is the responsible for the

spontaneous chiral symmetry breaking. From (l) one

obtains the Hamiltonian which can be cast in the form

H = Hq +HqM +Hq� +Hq� +H� +H� +Hn:l: ; (2)

whose terms are:

Hq =

Z
dr�q(r)i � rq(r) ; (3)

the kinetic energy of the quarks;

HqM =

Z
drgf� �q(r)q(r) ; (4)

the dynamical mass of the quarks;

Hq� = �
Z
drg�(r)�q(r)q(r) ; (5)

the sigma-quark interaction Hamiltonian;

Hq� = �
Z
drig�q(r)5~� � ~�(r)q(r) ; (6)

the pion-quark interaction Hamiltonian;

H� =

Z
dr

1

2
[P 2

�(r) +r�(r) � r�(r) +m2
��

2(r)]; (7)

the kinetic energy of the � �eld (here P� is the conju-

gate momentum of the sigma �eld and m� its mass);

c

H� =

Z
dr

1

2
[~P�(r) � ~P�(r) +r~�(r) � r~�(r) +m2

�~�(r) � ~�(r)]; (8)

the kinetic energy of the pion �eld (here ~P� is the conjugate momentum of the pion �eld and m� the pion mass);

Hn:l: =

Z
dr
�2

4
f[~�(r) � ~�(r)]2 + �4(r)� 4�3(r)f� + [2�2(r) � 4f��(r)]~�(r) � ~�(r)g ; (9)
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the meson-meson interaction energy (the symbol n:l:

stands for non-linear). The parameter � is related to

the meson masses and to the pion decay constant:

�2 =
m2
� �m2

�

2f�
: (10)

In this paper we shall use the following parameter set:

m� = 0:14 GeV and f� = 0:093GeV, which are �xed by

experiment; for the sigma mass we take the most pop-

ular choice in non-topological soliton models, m� = 1:2

GeV, although for any value of the sigma mass above

0.9 GeV the results are essentially independent of the

actual value of this parameter. Therefore, the cou-

pling constant g is left as the only free parameter of

the model.

III. The mean �eld approximation and the axial

ansatz

The model de�ned by (1) is complex and one has

to rely on some approximate scheme since the exact

solutions are too di�cult to be obtained. The main ap-

proach is to consider just valence quarks and to treat

the mesonic degrees of freedom in the mean �eld ap-

proximation, i.e., to describe the meson clouds by co-

herent states. It is well known that such a treatment

(considering a normal ordered Hamiltonian) is equiv-

alent to the classical approximation which simply as-

sumes that the meson �eld operators and conjugate

momenta in the Hamiltonian (2) are c-functions.

The valence picture for the quarks does not mean

that the polarization e�ects of the Dirac sea are not

taken into account. In fact, in the valence picture, po-

larization e�ects are taken into account through the

explicit consideration of dynamical chiral meson �elds.

Indeed it has been shown that for weak chiral �elds

in hedgehog the Nambu-Jona Lasinio model is equiva-

lent to the linear sigma model if this is treated at the

valence level only[13]. Thus, if one regards the Nambu-

Jona Lasinio as a more fundamental model, to consider

both Dirac sea states and dynamical meson �elds in the

sigma model corresponds to a kind of double-counting

of the mesonic degrees of freedom. For the valence pic-

ture to hold there should be a reasonable gap between

negative and positive energy states or, in other words,

little interference between the valence and the sea quark

orbitals.

III.1 Hedgehog

Before introducing the axial state which will be ex-

tensively used in this paper it is interesting to briey

mention the hedgehog since the axial and hedgehog re-

sults will be compared. In the hedgehog ansatz each

quark occupies the same ls state, i.e. the same single

particle quark state

hrjqhi = 1p
4�

u(r)
i� � r̂v(r) j�hi : (11)

The spin-isospin state j�h > is the same for the three

quarks and is given in the non-strange sector by

j�hi = 1p
2
(ju #i � jd "i) : (12)

The three quark state is therefore totally symmetric in

the combined orbital-spin-isospin space and antisym-

metry is imposed just in color space. Let us stress that

the three quarks occupy the same orbital spin-isospin

state in agreement with the spirit of the Hartree-Fock

approximation for a many-body system.

The meson part of the baryon state is described by

the coherent states j�hi and j�hi: One does not need
to consider here the detailed structure of these states

in the Fock space: it is enough to admit that the ex-

pectation values of the �eld operators in the hedgehog

coherent states are

h�hj�j(r)j�hi = r̂j�(r) (13)

and

h�hj�(r)j�hi = �(r): (14)

The r.h.s. of these expressions can be viewed as the

classical meson �elds. It is important to notice the cor-

relation between ordinary space and isospace expressed

by (13) and the spherical symmetry of the mean (or

classical) sigma �eld. Finally, we should stress that the

baryon hedgehog state

j hi = jqhqhqhi 
 j�hi 
 j�hi (15)
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is an eigenstate of the grand-spin operator ~G = J+ ~T

(sum of angular momentumand isospin operators) with

eigenvalue zero.

III.2 Axial state

The axial state is clearly di�erent from the hedge-

hog. The three quarks are still supposed to occupy the

same lowest s state, i.e., they have in common the same

radial functions u(r) and v(r), but now the spin-isospin

state of the 3 quark cluster is not a simple product of

three identical states as for the hedgehog. Instead it is

given by

jAi =
X
�;�;

C��j�1i�j�2i� j�3i (16)

where each of the single quark spin-isospin state is one

of the basis states u ", u #, d " and d #, and C�� are

appropriate coe�cients such that, in the baryon space,

the state (16) reads

jAi = cos� jN+
1=2

i+ sin�j �+
1=2

i : (17)

The parameter � is to be treated variationally, and it

allows for di�erent weights of bare nucleon or bare delta

in the bare baryon state. We shall denote by j(qqq)Ai
the three quark state, i.e. the state for which each quark

occupies the same radial state, with the radial functions

as in (11), and with the spin-isospin state given by (17).

The three quark state j(qqq)Ai is not an eigenstate of

the angular momentum or the isospin bare baryon op-

erators but it is an eigenstate of their third components,

i.e.

J (B)z j(qqq)Ai = T
(B)
3 j(qqq)Ai = 1

2
j(qqq)Ai : (18)

As for the hedgehog the antisymmetry of the axial three

quark state is only imposed in color space.

The quantum state describing the mesons should be

consistent with the fact that quarks are in j = 1
2
states

and are isospin t = 1
2 states. In the mean �eld approxi-

mation this implies that only s-wave quanta (for sigma)

and p-wave quanta (for pion) are allowed (beyond the

mean �eld, the interaction with the pions may induce

single particle quark states with higher j but admix-

tures of these excited quark states are small and can be

neglected). To describe the meson clouds we shall use

coherent states, whose explicit form will be presented in

Section IV. At this point it is enough to state that the

axial coherent states j�Ai and j�Ai yield the following

expectation values of the �eld operators:

h�Aj�j(r)j�Ai = �j3
z

r
�(r) (19)

and

h�Aj�(r)j�Ai = �(r) : (20)

From these expressions one infers that both j�Ai and
j�Ai are eigenstates of the third components of the

angular momentum and isospin meson operators with

eigenvalue 0, i.e.

J (�)z j�Ai = T
(�)
3 j�Ai = 0 (21)

J (�)z j�Ai = T
(�)
3 j�Ai = 0 : (22)

The (normalized) axial baryon trial state is

j Ai = j(qqq)Ai 
 j�Ai 
 j�Ai (23)

and from (18), (21) and (22) one concludes that it is an

eigenstate of the third components of the total angu-

lar momentum and isospin operators (bare baryon plus

mesons) with eigenvalue 1/2:

Jzj Ai = T3j Ai = 1

2
j Ai : (24)

III.3 Mean �eld approximation

The mean �eld energy is the expectation value of

the normal ordered Hamiltonian (2) in the state (23)

EA = h Aj : H : j Ai : (25)

A variational principle applied to this energy will be

used to determine the best radial pro�les u(r), v(r) for

the quarks, �(r) for the sigma, �(r) for the pion, and

the bare nucleon - bare delta mixing angle, �, in (17).

Evaluation of (25) yields
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c

EA = 4�

Z 1

0

r2dr

�
3

4�

�
u
dv

dr
� v

du

dr
+ 2

uv

r
+ gf�(u

2 � v2) � g�(u2 � v2) +
2

9
guv�A(�)

�

+
1

2

"�
d�

dr

�2

+m2
��

2

#
+
1

6

"�
d�

dr

�2

+ 2
�2

r2
+m2

��
2

#
+
�2

4

�
�4

5
+ �4 � 4f��

3 +
2

3
�2(�2 � 2f��)

�)
: (26)

d

In this expression,

A(�) = hAj
3X

a=1

�(a)z �
(a)
3 jAi (27)

(�(a)i and �
(a)
j with i = x; y; z and j = 1; 2; 3 are

the Pauli matrices for the quark a in spin and isospin

spaces, respectively). It turns out to be more conve-

nient to work in the spin-isospin bare baryon space

rather than in the quark space. To this end we re-

place the quark operator in (27) by the corresponding

baryon operator[14]

bij =
3X

a=1

�
(a)
i �

(a)
j =

5

3
Bij ; (28)

where

c

Bij = �NN
i �NN

i +

r
72

25
(�N�

i �N�
j + ��Ni ��Nj ) +

4

5
���
i ���

j (29)

d

acts now in the bare baryon space. We use �BB
0

i and

�BB
0

j to denote the transition matrices between bare

baryon states B0 and B in the spin and isospin spaces

respectively (for instance, �NN and �NN are the Pauli

matrices in the bare nucleon space, acting in spin and

isospin respectively). The explicit form of these matri-

ces may be found in the Appendix A of Ref. [7] and,

for the quantity (27), one �nds

c

A(�) =
5

3
cos2� +

8
p
2

3
sin�cos� +

1

3
sin2� : (30)

d

The variational method consists in minimizing the

energy functional (26) with respect to the radial pro-

�les and to the mixing angle �. However, the variations

must be constrained by requiring the norm of the quark

spinor,

N =

Z 1

0

r2dr(u2 + v2); (31)

to be equal to 1. This requirement is implemented in

the variational principle by means of a Lagrange mul-

tiplier �. Accordingly, we demand that the functional

F [
i] = EA � 3�N (with 
i = u; v; �; �) satis�es the

condition �F=�
i = 0; from which we obtain the fol-

lowing set of di�erential equations:
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du

dr
= [g(� � f�) � �]v +

g

9
A(�)�u (32)

dv

dr
= �2v

r
+ [g(� � f�) + �]u� g

9
A(�)�v (33)

d2�

dr2
= �2

r

d�

dr
+m2

�� �
3

4�
g(u2 � v2) + �2

�
�3 � 3f��

2 +
1

3
(� � f�)�

2

�
(34)

d2�

dr2
= �2

r

d�

dr
+

2

r2
�+m2

��+
g

2�
A(�)uv + �2

�
3

5
�3 + �(�2 � 2f��)

�
: (35)

d
These equations are supplemented by the following

boundary conditions: at r = 0,

v = 0; � = 0;
d�

dr
= 0; (36)

which guarantee that the di�erential equations above

are non-divergent at the origin; at large r (in practice

r = rmax ' 10 fm) the boundary conditions are

r
d�

dr
+ (1 + rm�)� = 0 (37)

r(1 +m�r)
d�

dr
+ (2 +m�r + r2m2

�)� = 0 (38)

�
r
p
gf� � � +

1p
gf� + �

�
u� r

p
gf� + �v = 0: (39)

The functions u(r) and �(r) behave asymptotically as

` = 0 Yukawa wave functions while v(r) and �(r) as ` =

1 Yukawa wave functions. Notice that the asymptotic

quarks have masses
p
(gf�)2 � �2: This means that the

Lagrange multiplier �, whose physical meaning is of a

quark eigenenergy, lies in the range �gf� � � � gf� :

For a given �, the set of di�erential equations (32-

35) is solved numerically. One of the most stringent

tests of the numerical procedure is the comparison of

the energy EA as given by (26), now computed with

the solutions u; v; � and � of the di�erential equations,

and the so-called Rafelski energy which is given by [15]

ER =

Z
dr

2
44U (�; �)� (� + f�)

dU

d�
�

3X
j=1

�j
dU

d�j

3
5 :

(40)

Typically we could obtain an agreement between EA

and ER in, at least, seven signi�cant digits.

III.4 Results

Normalized solutions of Eqs. (32-35) can be ob-

tained only for g > 5. For smaller values of g the

strength of the interaction is not enough to allow the

soliton to be formed. However, only for g > 5:5 the soli-

ton becomes stable in the sense that its energy is lower

than the energy of three free quarks. This can be seen

in Fig. 1. We should mention that irrespective of g, the

minimal energy is always obtained for � = 35:26�, which

corresponds to the maximum of the function (30). We

shall always use this value for � (namely in the �gures

presented in this section) unless stated otherwise.

For su�ciently large coupling constant, there are

two types of solutions represented by the two branches

in Fig. 1 joining at the cusp for g ' 5: The solutions

lying in the upper branch are always unstable: their

energies are larger than 3gf�, the energy (mass) of the

three free constituent quarks (dashed straight line in

Fig. 1). The lower branch is absolutely stable beyond

the crossing with the dashed line. It is also interesting

to look at the behavior of the quark eigenvalue � as a

function of g. This is shown in Fig. 2 (full curve) where

the quark dynamical mass is also represented (dashed

straight line). The upper part of the curve �(g) corre-

sponds to the unstable soliton whereas the lower one

corresponds to the stable soliton. In Figs. 3 and 4 the

quark and the meson radial pro�les are shown in depen-

dence of r for g = 5:6. The dashed curves correspond to

the unstable solutions and the solid curves to the sta-

ble ones. For the unstable solutions the chiral �elds are
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weak (the � function never crosses zero), the soliton is

large (see quark radial functions u(r) and v(r)) and the

lower component in the quark spinor is much smaller

than the upper component. The stable soliton is char-

acterized by a much smaller size, larger u(r) and v(r)

components at small and intermediate distances and

relatively strong pion and sigma radial �elds. These

behaviors are qualitatively similar to those found for

the hedgehog soliton[3].

Figure 1: Energy of the axial soliton (solid curves) in depen-
dence of g. The upper and the lower branches correspond
to the unstable and to the stable solitons, respectively. The
dashed line represents the dynamical mass of three quarks.

Figure 2. Quark eigenvalue in dependence of g. The upper
and the lower parts of the curve correspond to the unsta-
ble and to the stable solitons, respectively. The dashed line
represents the dynamical mass of a quark.

Figure 3. Quark radial functions, u(r) and v(r), for the
stable and the unstable solitons, using g = 5:6.

Figure 4. Meson radial pro�les �(r) and �(r), for the stable
and the unstable solitons, using g = 5:6

It is instructive to compare the axial results with

the hedgehog ones. The energy of both states, in the

mean �eld approximation, is plotted against g in Fig.

5. Only the curves corresponding to the stable solitons

are shown. The hedgehog energy curve lies always bel-

low the axial one and decreases very rapidly. In Fig.

6 it is shown the eigenvalue as function of g and the

trend is similar. In the axial case the eigenvalue is well

above zero, thus justifying the valence picture. For the

hedgehog, when g > 5:5 the eigenvalue becomes nega-

tive and the total energy becomes too close the nucleon

energy.
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Figure 5. For the stable solitons, plotted are the axial and
the hedgehog energies in dependence of the coupling con-
stant of the model.

Figure 6. For the stable solitons, plotted are the quark
eigenenergies for the axial and the hedgehog solitons.

Regarding the radial functions, and using the same

coupling constant, the upper component of the quark

spinor is bigger near the origin in the case of the hedge-

hog and the soliton is smaller. Accordingly, the binding

�elds �(r) and �(r) are stronger for the hedge-hog at

small and intermediate distances. Asymptotically these

�elds behave similarly in the axial and the hedgehog

cases.

IV. Projection from the axial state

The axial state introduced in the previous section is

not an eigenstate of J2 or T 2 (although it is an eigen-

state of Jz and T3) and therefore cannot directly de-

scribe physical baryon states.

However, the Peierls-Yoccoz operator[16]

P J
MK =

2J + 1

8�2

Z
d
DJ�

MK(
)R(
); (41)

where 
 � (�; �; ) is the set of Euler angles, DJ
MK(
)

is the Wigner function and R(
) is the rotation oper-

ator, can be used to extract states with good angular

momentum J from a state j i, like the axial state (23)
or the hedgehog state (15). To construct isospin eigen-

states, a similar operator can be considered acting on

isospin space

PT
MTKT

=
2T + 1

8�2

Z
d
TDT�

MK(
T )R(
T ); (42)

with an obvious notation for quantities in isospace.

The operator (41) may alternatively be expressed as

P J
MK = jJM ihJKj (notice that only if M = K the op-

erator becomes a projector). Therefore, the e�ect of its

operation on an angular momentum eigenstate jJ 0M 0i
is

P J
MK jJ 0M 0i = jJM i�JJ 0�KM 0 ; (43)

and similarly for the operator (42) acting on isospin

eigenstates. The following properties, P J
MKP

J 0

M 0K0 =

P J
MK0�JJ 0�KM 0 and (P J

MK)
y = P J

MK are also very use-

ful.

The symmetries of the hedgehag considerably sim-

plify the combined angular momentum - isospin pro-

jection. In fact, only one projection, either in angular

momentumor in isospin, is needed, since, as mentioned

before, only J = T states are present in the hedgehog.

A simpli�cation in the formalism also occurs if the `un-

projected state', j i, is axially symmetric.

Let us denote a state with angular momentumquan-

tum numbers (J;M ) and isospin quantum numbers

(T;MT ) by jJTMMT i: Here we are not much inter-

ested on how these states (projected states) can be ob-

tained from j i by means of the operators (41) and

(42), but rather on the evaluation of expectation values

of certain operators in such states. For instance, the en-

ergy of the state jJTMMT i is the following expectation
value of the normal ordered Hamiltonian:

EJT = hJTMMT j : H : jJTMMT i : (44)

This energy is independent of M and MT since the

Hamiltonian is a scalar-isoscalar operator, and it is

given by [4, 7, 8]



698 Brazilian Journal of Physics, vol. 26, no. 4, december, 1996

EJT =
hJT1
2

1

2

nJT1
2

1

2

=
h Aj : H : P J

1

2

1

2

PT
1

2

1

2

j Ai
h AjP J

1

2

1

2

PT
1

2

1

2

j Ai : (45)

The denominator in (45)

P JT = nJT1
2

1

2

= h AjP J
1

2

1

2

PT
1

2

1

2

j Ai ; (46)

which looks like a normalization factor, is nothing

but the probability of �nding the state jJT 1
2
1
2i =

P J 1
2
1
2P

T
1

2

1

2

j Ai in the \intrinsic" state j Ai. (Notice

that P J
1

2

1

2

and PT
1

2

1

2

are projectors.)

The task now is to determine the energy and the

norm \kernels", hJT1
2

1

2

and nJT1
2

1

2

; respectively, and this is

the program for the next two sub-sections.

IV.1 Norm kernel

Let us �rst compute nJT1
2

1

2

; whose explicit expression

is (see (46) and (41,42))

c

nJT1
2

1

2

=
2J + 1

8�2
2T + 1

8�2

Z
d
d
TDJ�

1

2

1

2

(
)DT�

1

2

1

2

(
T )h AjR(
)R(
T )j Ai : (47)

Making use of the axial symmetry (24) of the state j Ai and remembering that R(
) = R(�)R(�)R() =

e�i�Jze�i�Jy e�iJz and that the Wigner function DJ�

1

2

1

2

= dJ1
2

1

2

(�)ei(�+)=2 (similar expressions hold for isospin),

expression (47) reduces to

nJT1
2

1

2

=
2J + 1

2

2T + 1

2

Z �

0

sin�d�

Z �

0

sin�T d�Td
J
1

2

1

2

(�)dT1
2

1

2

(�T )nB(�; �T )n�(�; �T )n�(�; �T ) (48)

where

d

nB(�; �T ) = h(qqq)AjRB(�)RB(�T )j(qqq)Ai (49)

n�(�; �T ) = h�AjR�(�)R�(�T )j�Ai (50)

n�(�; �T ) = h�AjR�(�)R�(�T )j�Ai : (51)

In these expressions we have considered explic-

itly the rotation and iso-rotation operators for the

bare baryon, the sigmas and the pions, using a self-

explanatory notation.

The sigma meson quanta are s-waves and the sigma

is an intrinsic scalar-isoscalar. Therefore, the coherent

state of sigmas j�Ai is not a�ected by the (iso)rotation

and hence

n�(�; �T ) = 1: (52)

Regarding the norm overlap for the bare baryon

state{expression (49){the orbital part of the quarks

do not contribute since it is kept invariant under

(iso)rotations, and therefore

nB(�; �T ) = hAjR(�)R(�T )jAi (53)

which is readily evaluated yielding

c

NB(�; �T ) = cos2 �d
1

2

1

2

1

2

(�)d
1

2

1

2

1

2

(�T ) + sin2 �d
3

2

1

2

1

2

(�)d
3

2

1

2

1

2

(�T ): (54)
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In order to compute the pion contribution to the

norm overlap{expression (51){let us �rst write down

the coherent state describing the pions:

j�Ai = N [�]e
P

3

j=1

R
dk�j (k)ayj (k)j0i; (55)

where ayj(k) is the creation operator for a plane wave

pion with momentum k and isospin (cartesian) index

j; �j(k) is the amplitude of the coherent state and N [�]

is just a normalization factor.

The pion �eld operator expansion in plane wave

modes reads as

�j(r) =
1

(2�)3=2

Z
d�p
2!k

h[ayj(k)e�ik�r + aj(k)e
ik�ri]
(56)

where !k =
p
k2 +m2

� : Taking the expectation value

of this operator in the coherent state (55) and using

essentially the property

aj(k)j�Ai = �j(k)j�Ai (57)

one �nds that the amplitude in (55) compatible with

Eq. (19) is given by

�j(k) = �i�j3 kz
k
'(k) (58)

where the function '(k) and the function �(r) (Eq.

(19)) are related by

�(k) =

r
2

!k
'(k) =

r
2

�

Z 1

0

r2drj1(kr)�(r): (59)

The number of pions in the coherent state (55) is a

theoretical concept of great signi�cance in the projec-

tion formalism, as we shall see. Such quantity is just

the expectation of the number operator in the coherent

state (55):

N� = h�Ajnj�Ai = h�Aj
3X

j=1

Z
dkayj(k)aj(k)j�Ai:

(60)

Using the property (57) and the explicit form of the

amplitude (58) the evaluation of N� is straightforward

yielding

c

N� =
3X

j=1

Z
dk��j (k)�j (k) =

4�

3

Z 1

0

k2dk'2(k)

=
4

3

Z 1

0

k2dk!k

Z 1

0

r2drj1(kr)�(r)

Z 1

0

r
02dr0j1(kr

0)�(r0): (61)

d

The normalization factor in (55) is given in terms of

this quantity:

N = e�N�=2: (62)

The rotated and isorotated axial coherent state (55)

is again a coherent state but with new amplitudes �0j(k):

R�(�)R�(�T )j�Ai = N [�]e

P
3

j=1

R
dk�0j (k)a

y

j
(k)j0i:

(63)

These new amplitudes are related to the old ones

through

�0j(k) =
3X

j0=1

Rjj0(�T )�
0
j(R�1(�)k); (64)

where R is the standard 3 x 3 (iso)rotation matrix; us-

ing (58), �0j(k) is obtained explicitly. The overlap (51)

between the rotated and the unrotated coherent states

can now be computed, yielding

n�(�; �T ) = N 2[�]eN�cos�cos�T : (65)

Finally, from (48-51) on one hand, and from (52,54,65)

on the other hand, the norm kernel

nJT1
2

1

2

= e�N�
2J + 1

8�2
2T + 1

8�2
F JT ; (66)
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where

F JT = cos2�fJTN + sin2�fJT� : (67)

The functions fJTN and fJT� are given by

c

fJTN =

Z �

0

sin�d�

Z �

0

sin�Td�T d
J
1

2

1

2

(�)dT1
2

1

2

(�T )d
1

2

1

2

1

2

(�)d
1

2

1

2

1

2

(�T )e
N�cos�cos�T : (68)

and

fJT� =

Z �

0

sin�d�

Z �

0

sin�Td�T d
J
1

2

1

2

(�)dT1
2

1

2

(�T )d
3

2

1

2

1

2

(�)d
3

2

1

2

1

2

(�T )e
N�cos�cos�T : (69)

These integrals can be evaluated analytically. However, the �nal expressions are lengthy, and the most practical

way to compute them is to expand the exponential in power series and perform a termwise integration[8]. As an

example of the procedure let us consider J = T = 1
2 in (68) (it is more convenient to change to new variables

x = cos� and y = cos�T )

f
1

2

1

2

N =

Z 1

�1

dx

Z 1

�1

dy
x + 1

2

y + 1

2
eN�xy =

1

4

1X
n=0

Nn
�

n!

�
1� (�1)n+2

n+ 2
+
1� (�1)n+1

n+ 1

�2

: (70)

d
This series is rapidly convergent for typical values of

N�(0 < N� � 1:5):For high J and T values this method

has proven to be very e�cient.

IV.2 Energy kernel

Let us turn now to the evaluation of the numerator

of (45). Using the decomposition (2) of the Hamiltonian

the energy kernel can be written as

c

hJT1
2

1

2

= h Aj : Hq +HqM +Hq� +Hq� +H� +H� +Hn:l: : j Ai
= hJTo + hJT� + hJTq� +HJT

n:l: ; (71)

where the �rst term corresponds to the parts (3-5,7) of the Hamiltonian and the other three terms, to (8), (6) and

(9), respectively. The quantity hJTo includes those terms which are not a�ected by the projection (the quark kinetic

energy, the quark dynamical mass, the quark-sigma interaction energy and the sigma kinetic energy) and reads

hJTo = nJT1
2

1

2

Eo (72)

where (see Eq. (26))

Eo =

Z 1

0

r2dr

(
3

�
u
dv

dr
� v

du

dr
+ 2

uv

r
+ gf�(u

2 � v2) � g�(u2 � v2)

�
+ 2�

"�
d�

dr

�2

+m2
��

2

#)
(73)

is the classical or the mean �eld energy for the quarks (including kinetic and mass energy), the sigmas and the

quark-sigma interaction.

d
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In order to compute

hJT� = h Aj : H� : P J
1

2

1

2

P T
1

2

1

2

j Ai; (74)

the second term in (71), it is better to consider the ki-

netic pion Hamiltonian operator (8) in the alternative

form

H� =
3X

j=1

Z
dk!ka

y
j(k)aj(k); (75)

since the property (57) of the coherent states may be

then directly applied. The result is

hJT� = e�N�
2J + 1

2

2T + 1

2
E�G

JT ; (76)

where (see Eq. (26))

E� =
2�

3

Z 1

0

r2dr

"�
d�

dr

�2

+ 2
�2

r2
+m2

��
2

#
(77)

is the classical (or mean �eld) kinetic energy of the pi-

ons and

GJT = cos2� gJTN + sin2� gJT� (78)

is a projection coe�cient. This is given in terms of the

following functions:

c

gJTN =

Z �

0

d�sin�

Z �

0

d� sin�T d
J
1

2

1

2

(�)dT1
2

1

2

(�T )e
N�cos�cos�T d

1

2

1

2

1

2

(�)d
1

2

1

2

1

2

(�T )cos�cos�T : (79)

and

gJT� =

Z �

0

d�sin�

Z �

0

d�sin �T d
J
1

2

1

2

(�)dT1
2

1

2

(�T )e
N�cos�cos�T d

3

2

1

2

1

2

(�)d
3

2

1

2

1

2

(�T )cos�cos�T : (80)

Again, the best way to compute (79,80) is to expand the exponential and integrate term by term, as explained

at the end of the previous sub-section.

The evaluation of the quark-pion interaction term{the third term in (71){which is given by

hJTq� = h Aj : Hq� : P J
1

2

1

2

PT
1

2

1

2

j Ai; (81)

is easier if one uses the pion �eld expansion (56) in the expression (6) of Hq�. One gets

hJTq� = e�N�
2J + 1

2

2T + 1

2
Eq�T

JT ; (82)

where

Eq� =
2

3
g

Z 1

0

r2dr u v � (83)

and the projection coe�cient T JT is given in terms of the functions de�ned by (68,69):

T JT =
5

3
cos2�fJTN +

4
p
2

3
sin�cos�(fJTN + fJT� ) +

1

3
sin2�fJT� : (84)

Finally one has to compute the non-linear part of the Hamiltonian, Eq. (9). In (9), those terms which do not

involve the pion �eld are not changed with respect to the mean-�eld result but this is not the case for the quartic

and the quadratic terms in the pion �eld. The last term in (71) may be decomposed as

hJTn:l: = h Aj : Hn:l: : P J
1

2

1

2

PT
1

2

1

2

j Ai = hJTn:l:(o) + hJTn:l:(�2) + hJTn:l:(�4): (85)

The term una�ected by the projection has a structure similar to (72) i.e.

hJTn:l:(o) = nJT1
2

1

2

En:l:(o) (86)

where En:l:(o) is the radial integral (see Eq. (26))

En:l:(o) = h2�
Z 1

0

r2dr(�4 � 4f��
3) : (87)
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To compute the quadratic and the quartic terms in the pion �eld the following property involving the coherent

states j�1i and j�2i is very useful:

h�1j : �nj : j�2i = [
h�1j�jj�1i+ h�2j�jj�2i

2
]nh�1j�2i : (88)

The quadratic term becomes

hJTn:l:(�2) = e�N�
2J + 1

2

2T + 1

2

1

2
(F JT +GJT )En:l:(�2) ; (89)

where the projection coe�cient is now expressed in terms of (67) and (78), and En:l:(�2) is the radial integral

En:l:(�) =
2��2

3

Z 1

0

r2dr�2(�2 � 2f��) : (90)

The evaluation of the quartic term is lengthy but straightforward, leading to

hJTn:l:(�4) = e�N�
2J + 1

2

2T + 1

2
En:l:(�4)I

JT ; (91)

where En:l:(�4) is the mean �eld energy

En:l:(�4) =
��2

5

Z 1

0

r2dr�4 (92)

and the projection coe�cient is

IJT = cos2� IJTN + sin2� IJT� : (93)

The functions IJTN and IJT� are de�ned by the integrals

IJTN =

Z �

0

sin�d�

Z �

0

sin�Td�T d
J
1

2

1

2

(�)dT1
2

1

2

(�T )e
N�cos�cos�T

� d
1

2

1

2

1

2

(�)d
1

2

1

2

1

2

(�T )
1

8

�
1 +

1

3
(1 + cos2�)(1 + cos2�T ) + 4cos�cos�T

�
; (94)

and

IJT� =

Z �

0

sin�d�

Z �

0

sin�Td�T d
J
1

2

1

2

(�)dT1
2

1

2

(�T )e
N�cos�cos�T

� d
3

2

1

2

1

2

(�)d
3

2

1

2

1

2

(�T )
1

8

�
1 +

1

3
(1 + cos2�)(1 + cos2�T ) + 4cos�cos�T

�
: (95)

As for the functions de�ned by (68,69,79,80) the best way to compute (94,95) is by power series expansion of the

exponential.

IV.3 Projection from the mean �eld and sum rules

The energy (45) of the state with angular momentum J and isospin T is given by

EJT = E0 +En:l:(o) + E�CJT +Eq�CJT1 + En:l:(�2)CJT2 +En:l:(�4)CJT4 (96)

with the new projection coe�cients given by

CJT0 =
GJT

F JT
; CJT1 =

T JT

F JT
; CJT2 =

1

2
(1 + CJT0 ); CJT4 =

IJT

F JT
: (97)
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From the mean �eld results (Section III) the en-

ergy (96) can be computed. The procedure is clear:

from the radial pro�les the radial integrals denoted by

E� in (96) are computed from (73,77,83,87,90,92); the

`intrinsic number of pions' is calculated from (61); for

this value of N� and the mixing angle � used to solve

the mean-�eld equations (32- 35), the projection coef-

�cients (97) are evaluated from (67,78,93). If one uses

the value � = 35:26� corresponding to the lowest mean

�eld energy, the energy (96) is obtained in the so-called

`variation before projection' (VBP) method. In the next

section we shall consider the `variation after projection'

(VAP)[16] which is conceptually superior, since for each

projected state the radial functions and mixing angle

� are optimized. However, we may already consider

here a partial variation after projection, namely on the

variational parameter �, to see whether it is possible

to draw conclusions on the relevance of this degree of

freedom.

Taking g = 5:6, for which the axial soliton is already

stable, the mean �eld energy is EA = 1:55751 GeV

and the energies of the various states (T = 1
2 ;

3
2 ; J) are

given in Table 1 (which refers to the nucleon) and Table

2 (which refers to the �) for �xed angle (� = 35:26�)

and optimizing the angle for each state. Keeping � �xed

means that the various (J; T ) components are being ex-

tracted from the same intrinsic state. In this case the

probabilities (46) to �nd the state jJT 1
2
1
2 i in the intrin-

sic axial state j ai, which are given in Table 1 and 2,

satisfy a sum rule (referred to below) and should add up

to 1 (not exactly 1 since only a few states are considered

in the Tables).

The comparison with experiment is postponed to

the next section where a more reliable calculation is

performed. From the values given in the Tables there

is a non-negligible lowering of the energies when the

mixing angle is varied for each projected state. De-

pending on the state, the mixing angle assumes values

typically in the range 30� < � < 70�, meaning that the

inclusion of the bare delta state in the source is quite

important. The nucleon energy is apparently too high

in both methods but it will be lower when the better

variational method is considered (next section). The

number of pions in the projected state,

nJT� = hJTMMT jnjJTMMT i (98)

where n is the number of pions operator (see Eq. (60)),

is given by an expression similar to the kinetic energy

of the pions, i.e.

nJT = N�CJT0 : (99)

For the nucleon states (Table 1) the projected number

of pions is an increasing function of J , as expected. For

the � channel (Table 2) the P33 state (J = T = 3
2) con-

tains less than one pion in the cloud due to the presence

of the bare � in the source. All the other states con-

tain more than one pion and, as expected, the higher

the angular momentum the higher the number of pions.

Of particular importance in checking the formalism

presented so far are the so-called sum rules. These

are based on the fact that the intrinsic state can be

expanded in angular momentum eigensates, j Ai =P
JT aJT jJT 1

2
1
2i, where a2JT = pJT is given by (46).

Sum rules are usually de�ned in percentage. The Norm

Weighted Sum Rule is the sum of the probabilities times

100:

NWSR(%) = 100
X
J;T

pJT : (100)

The value 100% would be obtained if all (J; T ) states

were taken in the sum. In practice, however, one trun-

cates the sum: for instance, in Tables 1 and 2 are in-

cluded only states up to J = 9=2 and J = 11=2, respec-

tively.
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The Energy Weighted Sum Rule is de�ned by

EWSR(%) =
100

EA

X
J;T

EJTpJT : (101)

This sum rule should be ful�lled if all states were con-

sidered in the sum, since the weighted average of the

projected energies should then be equal to the unpro-

jected energy EA.

Finally we also considered a Pion number Weighted

Sum Rule de�ned by

PWSR(%) =
100

N�

X
JT

nJT� pJT : (102)

The results for the Weighted Sum Rules in the com-

plete VBP calculation (i.e. � = 35:26� and radial

�elds obtained from the mean �eld equations) and for

coupling constant g = 5:6 are: NWSR = 91:37%,

EWSR = 88:75% and PWSR = 72:20%. These �gures

get closer to 100% (i.e. the sum rules become almost

exhausted), if the (unphysical) states with T = 5
2
; 7
2
; :::

are considered in expressions (100-102). From Tables 1

and 2 it is clear that the P11 and P33 states give the

major contribution to the weighted sum rules.

V. Variation after projection

In the variation before projection method the radial

functions and other variational parameters are deter-

mined requiring the energy of the mean �eld state to

be minimal. In the variation after projection method,

however, it is each projected energy that is minimized

instead of the average energy, i.e. the radial functions

and other variational parameters are optimized for each

angular momentum and isospin eigenstate.

Conceptually the variation after projection method

is better but it is much more di�cult to implement.
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Now the variational equations result from the varia-

tional principle �EJT=�
i = 0(
i = u; u; �; �) sub-

jected, in addition, to the restriction of normalization

of the quark spinor. This variational principle leads

to a set of four integro-di�erential equations whose nu-

merical solution raises some technical di�culties. The

energy (96) of an angular momentumand isospin eigen-

state reads explicitly as

c

EJT =

Z 1

0
r2dr

�
3

�
u
dv

dr
� v

du

dr
+ 2

uv

r
+ gf� (u

2 � v2)� g�(u2 � v2) +
2

9
guv�CJT1

�

+ 2�

"�
d�

dr

�2

+m2
��

2

#
+

2�

3

"�
d�

dr

�2

+ 2
�2

r2
+m2

��
2

#
CJT0

+ ��2
�
�4

5
CJT4 +

2

3
�2(�2 � 2f��)CJT2 + �4 � 4f��

3

��
; (103)

d
which is similar to (26) except for the presence of the

projection coe�cients (97).

Due to technical di�culties, instead of the complete

variation, we performed a restricted one in the spirit

of the ideas put forward in Ref. [4]. Before explaining

the algorithm in detail let us point out that the non-

linear terms in the model Hamiltonian, resulting from

the mexican-hat potential, although crucial to gener-

ate spontaneous breaking of the chiral symmetry and

to allow for solitonic solutions in the model, do not give

signi�cant contributions to the total energy. Let us sup-

pose, for a moment, that in the projected energy we set

�2 = 0 (no mexican-hat), i.e., there are no non-linear

terms. Then the pion sector of the linear sigma model

reduces to the one considered in [4]. In such a case the

function (see Eq. (59))

�(k) =

r
2

!k
'k (104)

is given by the algebraic expression[4]

�(k) = � �~�(k)

!k(!k + �)
(105)

where ~�(k) is a `source function' and � and � are pa-

rameters. The mean �eld solution corresponds to � = 1

and � = 0 and, even in the projected calculation, ex-

pression (105) still holds, but in such a case � and �

are functionals of (105) itself. The mathematical prob-

lem seems di�cult to be solved but, as pointed out in

Ref. [4], � and � can then be treated as variational

parameters which is technically much easier.

Coming back to the model with non linearities, the

source radial function �(r) contains a quark contri-

bution (only a quantity corresponding to this one is

present in [4]) and the (non-linear) pion contribution

(see Eq. (35)):

�(r) =
g

2�
uvA(�) + �2�(�2 � 2f��) +

3

5
�2�3 (106

The source function ~�(k) in k-space is just the trans-

formed of �(r) in r-space exactly as �(k) in Eq. (59) is

the transformed of �(r).

In order to simplify the calculation, in Ref. [4] the

variational parameter � was set to 0. We checked that

this is �ne for the P11 and P33 states in the sense that

the energies of these states are not much dependent on

�. For the other states the value � = �m� turns out

to be a better choice since the energies become lower

and we shall use this value here.

We proceed now in the following way. For a certain

� and coupling constant g the mean-�eld equations are

solved, and the function (106) �xed; from �(r) its trans-

formed ~�(k) is obtained which allows to construct (105)

using, in the denominator, either � = 0 or � = �m� ,

as already explained. Next the pion radial function in

dependence of r is obtained taking the inverse of (59)

i.e.
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�(r) =

r
2

�

Z 1

0

k2dkj1(kr)�(k) (107)

which depends explicitly on the variational parameter

�. Given a value to this parameter, the intrinsic num-

ber of pions N� is calculated from (61) and, using �

which was introduced at the very beginning, the projec-

tion coe�cients (97) are also computed. The functions

u(r), v(r) and �(r) are determined by solving numer-

ically the system of three di�erential equations which

follow from a variational principle for (103), assuming

frozen �(r), � and �. These equations are

c

du

dr
= [g(� � f�) � �]v +

g

9
CJT1 �u (108)

dv

dr
= �2v

r
+ [g(� � f�) + �]u� g

9
CJT1 �v (109)

d2�

dr2
= �2

r

d�

dr
+m2

�� �
3

4�
g(u2 � v2) + �2

�
�3 � 3f��

2 +
1

3
(� � f�)�

2CJT2
�

(110)

d
and, as for the mean-�eld case, the quark eigenvalue

should be iterated until the quark normalization is

achieved. Finally the projected energy (103) is com-

puted. For a given mixing angle � the variational pa-

rameter � is varied in order to �nd a minimum for the

energy. The procedure is repeated until the energy min-

imum is found in the (�; �) plane for each state.

Using the same model parameter as in the previous

section, g = 5:6, the results are shown in Fig. 7 for the

nucleon and in Fig. 8 for the delta channel. Plotted

are the mass di�erences of the states with respect to

the nucleon ground state. The energy of this state is

E
1

2

1

2 = 1:1147 GeV and we checked that also the ener-

gies of the other states are always smaller than in the

VBP calculation, as they should. The nucleon energy

is still apparently high but one should keep in mind

that the spurious energy associated with the centre-of-

mass motion, which can be estimated in some 200 MeV

[17], has not been removed. Hence, assuming that the

spurious energy is about the same for all the states,

in order to compare the results with the experimen-

tal data (indicated in the �gures by open circles) it is

more natural to plot just the mass di�erences rather

than the absolute values. For the nucleon a reasonable

agreement with data is obtained. For the delta such

an agreement becomes poorer although one is still able

to obtain the correct relative positions for the adjacent

energy levels. These results do not get improved if an

higher value of the coupling constant is considered. On

the contrary, with a thicker pion cloud specially for high

J , the theoretical prediction overestimates the data by

larger amounts.

Figure 7. Comparison of the energy di�erences EJ
1

2
�E

1

2

1

2

obtained in the model calculation with the experimen-
tal values, using an approximate variation-after-projection
method (see text).
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Figure 8. Comparison of the energy di�erences EJ
3

2
�E

1

2

1

2

obtained in the model calculation with the experimen-
tal values, using an approximate variation-after-projection
method (see text).

Apparently a thinner pion cloud would be desirable

but for smaller g the soliton gets unstable (with respect

to three free quarks) or does not exist at all. Probably

better results could be obtained in the framework of the

chromodielectric model which allows for chiral solitons

where the quarks are con�ned by a chiral singlet �eld.

Typically, in such models, the number of pion quanta

in the cloud becomes considerably smaller with respect

to the linear sigma model[18].

VI. Summary and conclusions

In this work we studied axial symmetric solutions

of the linear sigma model. The axial symmetry refers

to both con�guration and isospin spaces. In a �rst step

we considered just the mean �eld or, equivalently, clas-

sical solutions. The results are qualitatively similar to

those found for the hedgehog, although the axial soliton

is less bound than the hedgehog one. In order to de-

scribe physical states which are eigenstates of angular

momentumand isospin we used the formalismproposed

by Providência and Urbano based on a Peierls- Yoccoz

projection from coherent states. The elegant mathe-

matical formalism developed by those authors was ex-

tended in order to deal with the non-linearities of the

model. In addition, we have considered a larger varia-

tional space which includes bare delta as well as bare

nucleon states. The model prediction for the angular

momentum excitations in the nucleon and delta isospin

channel is reasonable in the �rst case but modest in

the second one. The discrepancies are larger the higher

the angular momentum. This is understandable, since

for those states single particle quark excitations play

an important role and these are not taken into account

in our work. We remind that the linear sigma model

only generates binding and not con�nement and there-

fore the quark excitations lie in the continuum if the

ground state has an energy around the nucleon mass.

Finally, we stress that most of the expressions presented

in this work may be used in a straightforward way in

other quarks-meson models like chromodielectric and

cloudy-bag like models.
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