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Solitonic solutions with axial symmetry (in configuration and isospin spaces) are studied
in the framework of the linear sigma model with quarks, ¢ and = mesons. A comparison
between the axial and the hedgehog solitons is presented in detail. It turns out that the axial
soliton is less bound than the hedgehog. States with good angular momentum and isospin
are extracted from the axial state by means of the Peierls-Yoccoz projection. The relevance
of the axial ansatz is discussed in the context of a description of the angular momentum

excitations of the nucleon and delta states.

Introduction

The linear sigma model with quarks and chiral
mesons has been used as an effective theory to de-
scribe the properties of light baryons, in particular the
nucleon and the delta isobar. Usually, a variational
method is considered, admitting the valence picture for
the quarks and a mean-field inspired description for
the meson clouds. Moreover, the hedgehog or some
hedgehog like ansatz is assumed in most of the practi-
cal calculations! =31,

The goal of this work is to explore another class of
variational solutions. We shall consider an ansatz which
i1s axial symmetric in both configuration and isospin
spaces, 1.e. an ansatz which is an eigenstate of the third
components of angular momentum and isospin opera-
tors. A simplified version of the ansatz we are going
to use was proposed in a seminal work by Providéncia
and Urbanol*! and used subsequently in the framework
of the cloudy-bag modell® (see, for instance, Refs. [6-
8]). However, the most relevant point in Ref. [4] was
the proposal of the Peierls-Yoccoz projection method!®]
from coherent states in the field of hadron physics, in
order to construct model states with the proper sym-
metries which might be identified with physical states.

An axial ansatz can in principle be used as a start-
ing point to describe angular momentum excitations of
the nucleon and the delta. We remind that such states

can not be described in a straightforward way from the

hedgehog, since this state only contains components
with angular momentum quantum number J equal to
the 1sospin quantum number 7. Therefore the only ac-
cessible states are the nucleon and the delta and not

their angular momentum excitations for which 7" # J.

The usefulness of the hedgehog ansatz has been
pointed out in several works: on the mathematical side,
it simplifies considerably the formalism, and, on the
physical side, it minimizes the energy of a quark-meson
system, at least in the mean field approximation[!®-11],
Even beyond the simple mean-field description the
hedgehog has proven very successfull'?l. We shall com-
pare the results obtained from the axial ansatz with
those obtained from the hedgehog in the mean field ap-
proximation. In a second step we shall apply the axial
ansatz to describe baryons namely the ground state and
angular momentum excitations in the isospin 7' = 1/2
(nucleon) and T'= 3/2 (delta) channels.

Such program is carried out in the framework of
the linear sigma model. Basically this is nothing but
the implementation of the elegant ideas of Ref. [4]
to a more realistic model. Providéncia and Urbano
used a simple model with non-self-interacting pions cou-
pled to a source (containing just bare nucleon) with a
very schematic shape. The sigma model is a more so-
phisticated model which provides a good description of
the nucleon and has a much stronger predictive power

since 1t contains basically only one adjustable parame-
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ter. The paper is organized as follows. First we present
the basic features of the model (Section IT). The axial
ansatz and the mean field results are then presented and
compared with the hedgehog (Section I1I). By means of
the Peierls-Yoccoz projection method, which is briefly
reviewed, positive parity states with good angular mo-
mentum and isospin quantum numbers are constructed
(Section IV). The energies of such states are discussed
and compared with data (Section V). Finally, conclu-

sions are presented (Section VT).
II. The model

The linear sigma model with quarks is a SU(2) x
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SU(2) chiral invariant model. The chiral symmetry
is spontaneously broken to SU(2) and this is one of
the most important features in the low energy do-
main which is well known from QCD. The sponta-
neous symmetry breaking shows up in the occurrence
of non-vanishing vacuum expectation values for the
chiral meson fields. We shall have (0|7) = 0 and
(0]60|0) = —fr, |0 >= 0 where @ and og are the
pion (pseudoscalar-isovector) and the sigma (scalar-
isoscalar) field operators and fr is the pion decay con-
stant. Omne usually introduces a new field, o, whose
vacuum expectation value is zero and therefore is re-
lated to oy through o = o¢ + fr.
The Lagrangian density of the model reads as [1]

. _ L L 1 1 . -
L=1igy"0uq + 9q(o0 + iysT - T)g + 5(8M00)2§(6uﬂ')2 —U(og, T) (1)

where ¢ is the quark-meson coupling constant and
U(og, T) is the potential for the meson self-interactions
(tilted mexican-hat) which is the responsible for the
spontaneous chiral symmetry breaking. From (1) one

obtains the Hamiltonian which can be cast in the form
H=H,+Hyy+ Hyo+ Hyr + Ho + He + Hp 1o, (2)

whose terms are:
H, = [ deqte)iz - Tate). 3)

the kinetic energy of the quarks;

Hont = / drg frq()a(r) (4)

the dynamical mass of the quarks;
Hyr == [ drgoyitelate) )
the sigma-quark interaction Hamiltonian;
Hyp == [ drigans? 76 ©)
the pion-quark interaction Hamiltonian;
", = / dr%[Pf(r) + Vo) Vo) +me’(®)], (7)

the kinetic energy of the ¢ field (here P, is the conju-

gate momentum of the sigma field and m, its mass);

H, = / dr%[ﬁﬂ(r) Bo(x) + VAQ) - VF(x) + m27(x) - 7(r)], (8)

the kinetic energy of the pion field (here ]37T is the conjugate momentum of the pion field and m, the pion mass);

Hot = [ @7 AF@) - 7w + o)

—4

o (x) fx + [207(x) — Afro (X)) (x) - 7(r)} (9)
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the meson-meson interaction energy (the symbol n.l.
stands for non-linear). The parameter A is related to
the meson masses and to the pion decay constant:
m2 —m?

N = W : (10)
In this paper we shall use the following parameter set:
my; = 0.14 GeV and f; = 0.093 GeV, which are fixed by
experiment; for the sigma mass we take the most pop-
ular choice in non-topological soliton models, m, = 1.2
GeV, although for any value of the sigma mass above
0.9 GeV the results are essentially independent of the
actual value of this parameter. Therefore, the cou-
pling constant ¢ is left as the only free parameter of

the model.

III. The mean field approximation and the axial

ansatz

The model defined by (1) is complex and one has
to rely on some approximate scheme since the exact
solutions are too difficult to be obtained. The main ap-
proach is to consider just valence quarks and to treat
the mesonic degrees of freedom in the mean field ap-
proximation, i.e., to describe the meson clouds by co-
herent states. It is well known that such a treatment
(considering a normal ordered Hamiltonian) is equiv-
alent to the classical approximation which simply as-
sumes that the meson field operators and conjugate
momenta in the Hamiltonian (2) are c-functions.

The valence picture for the quarks does not mean
that the polarization effects of the Dirac sea are not
taken into account. In fact, in the valence picture, po-
larization effects are taken into account through the
explicit consideration of dynamical chiral meson fields.
Indeed it has been shown that for weak chiral fields
in hedgehog the Nambu-Jona Lasinio model is equiva-
lent to the linear sigma model if this is treated at the
valence level only!'®. Thus, if one regards the Nambu-
Jona Lasinio as a more fundamental model, to consider
both Dirac sea states and dynamical meson fields in the
sigma model corresponds to a kind of double-counting
of the mesonic degrees of freedom. For the valence pic-

ture to hold there should be a reasonable gap between
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negative and positive energy states or, in other words,
little interference between the valence and the sea quark

orbitals.
IT1.1 Hedgehog

Before introducing the axial state which will be ex-
tensively used in this paper it is interesting to briefly
mention the hedgehog since the axial and hedgehog re-
sults will be compared. In the hedgehog ansatz each
quark occupies the same ls state, i.e. the same single
particle quark state

Gla = = o, "y D) ()
The spin-isospin state |y > is the same for the three
quarks and 1s given in the non-strange sector by
1
Ixn) = E(lu B=1d1) . (12)
The three quark state is therefore totally symmetric in
the combined orbital-spin-isospin space and antisym-
metry is imposed just in color space. Let us stress that
the three quarks occupy the same orbital spin-isospin
state in agreement with the spirit of the Hartree-Fock
approximation for a many-body system.

The meson part of the baryon state is described by
the coherent states |II;) and |Z3). One does not need
to consider here the detailed structure of these states
in the Fock space: 1t is enough to admit that the ex-
pectation values of the field operators in the hedgehog

coherent states are

(I [ (x)[Hp) = vj¢(r) (13)

and
(Zplo(x)|Xh) = a(r). (14)

The r.h.s. of these expressions can be viewed as the
classical meson fields. It is important to notice the cor-
relation between ordinary space and isospace expressed
by (13) and the spherical symmetry of the mean (or
classical) sigma field. Finally, we should stress that the
baryon hedgehog state

[¥n) = langnan) @ ) @ |Zh) (15)
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is an eigenstate of the grand-spin operator G=J+T
(sum of angular momentum and isospin operators) with

eigenvalue zero.
IT1.2 Axial state

The axial state is clearly different from the hedge-
hog. The three quarks are still supposed to occupy the
same lowest s state, i.e., they have in common the same
radial functions u(r) and v(r), but now the spin-isospin
state of the 3 quark cluster i1s not a simple product of
three identical states as for the hedgehog. Instead it is
given by

[4) = > Capylvi)alxdslys)y  (16)
By

where each of the single quark spin-isospin state is one
of the basis states u T, v |, d T and d |, and C,s, are
appropriate coefficients such that, in the baryon space,
the state (16) reads

|A) = cosé |N1'|}2> + siné| Af/2> . (17)
The parameter 6 is to be treated variationally, and it
allows for different weights of bare nucleon or bare delta
in the bare baryon state. We shall denote by |(¢g¢¢)a)
the three quark state, 1.e. the state for which each quark
occupies the same radial state, with the radial functions
as in (11), and with the spin-isospin state given by (17).
The three quark state |(¢¢q)a) is not an eigenstate of
the angular momentum or the isospin bare baryon op-
erators but it is an eigenstate of their third components,

1.e.

TP ga0)a) = T4 (a90)a) = gl(aoa)a) . (18)

As for the hedgehog the antisymmetry of the axial three
quark state is only imposed in color space.

The quantum state describing the mesons should be
consistent with the fact that quarks are in j = % states
and are isospin t = % states. In the mean field approxi-
mation this implies that only s-wave quanta (for sigma)
and p-wave quanta (for pion) are allowed (beyond the

mean field, the interaction with the pions may induce
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single particle quark states with higher j but admix-
tures of these excited quark states are small and can be
neglected). To describe the meson clouds we shall use
coherent states, whose explicit form will be presented in
Section IV. At this point it is enough to state that the
axial coherent states |IT4) and |X4) yield the following

expectation values of the field operators:

(L |;(3) L) = 8j5=(r) (19)
and
(Calo(®)Sa) = o(r) . (20)

From these expressions one infers that both |TI4) and
|X4) are eigenstates of the third components of the
angular momentum and isospin meson operators with

eigenvalue 0, i.e.

J,) = T [4) = 0 (21)
T84 = T |84) = 0. (22)

The (normalized) axial baryon trial state is

[va) = |(qq9)a) @ [14) @ [Sa) (23)

and from (18), (21) and (22) one concludes that it is an
eigenstate of the third components of the total angu-
lar momentum and isospin operators (bare baryon plus

mesons) with eigenvalue 1/2:
1
J:a) =T5|¢a) = §|1/)A> : (24)

II1.3 Mean field approximation

The mean field energy is the expectation value of

the normal ordered Hamiltonian (2) in the state (23)
EAI<1/)A|ZHZ|1/)A>. (25)

A vanational principle applied to this energy will be
used to determine the best radial profiles u(r), v(r) for
the quarks, o(r) for the sigma, ¢(r) for the pion, and
the bare nucleon - bare delta mixing angle, §, in (17).

Evaluation of (25) yields
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e 3 d d 2
Ei= 471'/ P2dr ) 2 | — Y + 2— + gfr(u? —v?) — go(u? — v?) + Zguvg A(6)
0 “ar dr 9
1| (do\? L] 2 4
+3 (d—‘;) +mio? +3 (d—(/’) +2¢— m2¢?| + [¢ +ot—4Af o’ + qs *(o? —21;0)]} . (26)
|
In this expression, nient to work in the spin-isospin bare baryon space
rather than in the quark space. To this end we re-
3 (@) place the quark operator in (27) by the corresponding
8) = (4] Z o315 1A) (27) baryon operator[!“]
a=1
> 5
(UZ(»G) and T]»(a) with i = z,y,z and j = 1,2,3 are Z Z(a) (a) _ 3 B;;, (28)
the Pauli matrices for the quark « in spin and isospin a=1
spaces, respectively). It turns out to be more conve- where
|
72 4
Bij — GNNNN %( ZNAT]NA_i_ ANTJAN)+ - oA ]AA (29)
|
acts now in the bare baryon space. We use UZBBI and matrices in the bare nucleon space, acting in spin and
T]BBI to denote the transition matrices between bare isospin respectively). The explicit form of these matri-
baryon states B’ and B in the spin and isospin spaces ces may be found in the Appendix A of Ref. [7] and,
respectively (for instance, V¥ and 7V are the Pauli for the quantity (27), one finds
|
5 8 . 1.,
A(8) = 3¢08 5+ sinécoséd + zsin o . (30)

The variational method consists in minimizing the
energy functional (26) with respect to the radial pro-
files and to the mixing angle §. However, the variations
must be constrained by requiring the norm of the quark

spinor,

N:/ ridr(u® + v?),
0

to be equal to 1. This requirement is implemented in
the variational principle by means of a Lagrange mul-
tiplier €. Accordingly, we demand that the functional
P[] = Fa — 3eN (with Q; = u,v,0,¢) satisfies the
condition §F/6Q; = 0, from which we obtain the fol-

lowing set of differential equations:
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du [/
W lyto — fo) — vt La)on (32)
dv 2_v _ 9
W 2 yto— o)+ du LAy (39)
d? 2d 3 1
d—rg = _;d_(; + mga — Eg(u2 — vz) + A2 [03 — 3fr0 + g(a — fﬂ)qbz] (34)
d>¢ 2 de 2 3
= rdr + r_2¢ +mi¢+ %A(‘S)UU + A [34153 + ¢(o” — 2f7T0-):| . (35)

These equations are supplemented by the following

boundary conditions: at » = 0,

do
v = O’ = O’ — = 0, 36
s=0, % (36)
which guarantee that the differential equations above
are non-divergent at the origin; at large » (in practice

7 = Pmax = 10 fm) the boundary conditions are
d
r—i—i—(l—i—rma)az 0 (37)
do 2.9
r(l—i—mﬂr)d——l—(Q—l—mﬂr—l—r mz)p =0 (38)
r

r gfﬂ'_€+7# u—?“vgfﬂ——FEUIO. (39)

The functions u(r) and o(r) behave asymptotically as
£ = 0 Yukawa wave functions while v(r) and ¢(r) as £ =
1 Yukawa wave functions. Notice that the asymptotic
quarks have masses \/W This means that the
Lagrange multiplier €, whose physical meaning is of a
quark eigenenergy, lies in the range —gf, <e < gfr.
For a given &, the set of differential equations (32-
35) is solved numerically. One of the most stringent
tests of the numerical procedure is the comparison of
the energy E4 as given by (26), now computed with
the solutions u, v, o and ¢ of the differential equations,

and the so-called Rafelski energy which is given by [15]

AU S dU

FEr = dr |4U — ) — E .

R / r (0’,({)) (U+f)d0_ j:1¢]d¢j
(40)

Typically we could obtain an agreement between E4

and Eg in, at least, seven significant digits.

|
II1.4 Results

Normalized solutions of Eqs. (32-35) can be ob-
tained only for ¢ > 5. For smaller values of g the
strength of the interaction is not enough to allow the
soliton to be formed. However, only for ¢ > 5.5 the soli-
ton becomes stable in the sense that its energy is lower
than the energy of three free quarks. This can be seen
in Fig. 1. We should mention that irrespective of ¢, the
minimal energy is always obtained for § = 35.26°, which
corresponds to the maximum of the function (30). We
shall always use this value for § (namely in the figures

presented in this section) unless stated otherwise.

For sufficiently large coupling constant, there are
two types of solutions represented by the two branches
in Fig. 1 joining at the cusp for ¢ ~ 5. The solutions
lying in the upper branch are always unstable: their
energies are larger than 3¢ fz, the energy (mass) of the
three free constituent quarks (dashed straight line in
Fig. 1). The lower branch is absolutely stable beyond
the crossing with the dashed line. It is also interesting
to look at the behavior of the quark eigenvalue € as a
function of g. This is shown in Fig. 2 (full curve) where
the quark dynamical mass is also represented (dashed
straight line). The upper part of the curve e(g) corre-
sponds to the unstable soliton whereas the lower one
corresponds to the stable soliton. In Figs. 3 and 4 the
quark and the meson radial profiles are shown in depen-
dence of r for ¢ = 5.6. The dashed curves correspond to
the unstable solutions and the solid curves to the sta-

ble ones. For the unstable solutions the chiral fields are
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weak (the o function never crosses zero), the soliton is
large (see quark radial functions u(r) and v(r)) and the
lower component in the quark spinor is much smaller
than the upper component. The stable soliton is char-
acterized by a much smaller size, larger u(r) and v(r)
components at small and intermediate distances and
relatively strong pion and sigma radial fields. These
behaviors are qualitatively similar to those found for

the hedgehog solitonl?.

24 ¢

22

5.0 6.0 7.0 8.0 9.0

Figure 1: Energy of the axial soliton (solid curves) in depen-
dence of g. The upper and the lower branches correspond
to the unstable and to the stable solitons, respectively. The
dashed line represents the dynamical mass of three quarks.

£ (GeV)

45 5.0 55 6.0 6.5 7.0 75 8.0 8.5

Figure 2. Quark eigenvalue in dependence of g. The upper
and the lower parts of the curve correspond to the unsta-
ble and to the stable solitons, respectively. The dashed line
represents the dynamical mass of a quark.
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3.5 T T T

- - - Unstable
—— Stable

Figure 3. Quark radial functions, u(r) and »(r), for the
stable and the unstable solitons, using g = 5.6.

- -~ Unstable

04 —— Stable
0.2 ’~

—~

T

€ 0.0

=

o

©

=S
-0.2
0.4
-08 \————ék 30 40

Figure 4. Meson radial profiles o(r) and ¢(r), for the stable
and the unstable solitons, using g = 5.6

It is instructive to compare the axial results with
the hedgehog ones. The energy of both states, in the
mean field approximation, i1s plotted against ¢ in Fig.
5. Only the curves corresponding to the stable solitons
are shown. The hedgehog energy curve lies always bel-
low the axial one and decreases very rapidly. In Fig.
6 it is shown the eigenvalue as function of g and the
trend is similar. In the axial case the eigenvalue is well
above zero, thus justifying the valence picture. For the
hedgehog, when ¢ > 5.5 the eigenvalue becomes nega-
tive and the total energy becomes too close the nucleon

energy.
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Figure 5. For the stable solitons, plotted are the axial and
the hedgehog energies in dependence of the coupling con-
stant of the model.

20 . - = T .
1
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@ ~
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207 ... Hedgehog X il
4.0 5.0 6.0 7.0 8.0 9.0
9

Figure 6. For the stable solitons, plotted are the quark
eigenenergies for the axial and the hedgehog solitons.

Regarding the radial functions, and using the same
coupling constant, the upper component of the quark
spinor is bigger near the origin in the case of the hedge-
hog and the soliton is smaller. Accordingly, the binding
fields ¢(r) and o(r) are stronger for the hedge-hog at
small and intermediate distances. Asymptotically these
fields behave similarly in the axial and the hedgehog

cases.
IV. Projection from the axial state

The axial state introduced in the previous section is
not an eigenstate of J? or T? (although it is an eigen-
state of J, and T3) and therefore cannot directly de-

scribe physical baryon states.
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However, the Peierls-Yoccoz operator!®]

Pl = S [ dopficr@), @
where Q = (a, 8,7) is the set of Euler angles, D7, -(2)
is the Wigner function and R(£2) is the rotation oper-
ator, can be used to extract states with good angular
momentum J from a state |¢), like the axial state (23)
or the hedgehog state (15). To construct isospin eigen-
states, a similar operator can be considered acting on

isospin space

27+ 1 .

Pl = g | A0 DY c(@n)R@), (42
with an obvious notation for quantities in isospace.
The operator (41) may alternatively be expressed as
P = |JM){(JK]| (notice that only if M = K the op-

erator becomes a projector). Therefore, the effect of its

operation on an angular momentum eigenstate |.J'M’)
is

Pirc|J' My = |TM)YS 785m0, (43)
and similarly for the operator (42) acting on isospin
eigenstates. The following properties, PJJWKPJG,K, =
P58 a0 and (P i)t = Pip e are also very use-
ful.

The symmetries of the hedgehag considerably sim-
plify the combined angular momentum - isospin pro-
jection. In fact, only one projection, either in angular
momentum or in isospin, 1s needed, since, as mentioned
before, only J = T states are present in the hedgehog.
A simplification in the formalism also occurs if the ‘un-
projected state’, |¢), is axially symmetric.

Let us denote a state with angular momentum quan-
tum numbers (J, M) and isospin quantum numbers
(T, Mr) by |JTMMr). Here we are not much inter-
ested on how these states (projected states) can be ob-
tained from |¢) by means of the operators (41) and
(42), but rather on the evaluation of expectation values
of certain operators in such states. For instance, the en-
ergy of the state |JT M Mr) is the following expectation

value of the normal ordered Hamiltonian:

E'T = (JTMMzp|: H :|JTMMr) .  (44)

This energy is independent of M and My since the
Hamiltonian i1s a scalar-isoscalar operator, and it is

given by [4, 7, 8]
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hijl; <1/’A| H o P;J;P;T;|1/’A>
EJT — ;; _ - ;2 22 (45)
"33 WalPyy Pyyla)
The denominator in (45)
P =it = (WalP{L P [a) (46)

which looks like a normalization factor, is nothing
but the probability of finding the state |JT%%> =

n

W= S

o 24+12T+41
3 872 8n2
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PJ%%P§%|’[/JA> in the “intrinsic” state |t¢4).
that P{, and P{, are projectors.)
22 22

The task now is to determine the energy and the

(Notice

norm “kernels”, h{ 1 and n 1 1 , respectively, and this 1s

the program for the next two sub-sections.
IV.1 Norm kernel

Let us first compute n’% , whose explicit expression

is (see (46) and (41,42))

/deQ D;%(Q) %;(QT)<¢A|R( YR(Qr)|Ya) - (47)

Making use of the axial symmetry (24) of the state |¢4) and remembering that R(Q) = R(«)R(F)R(y) =

etz =100y e=7: and that the Wigner function D7

expression (47) reduces to

sr 27 +12T+1
LT Ty 2
where
ng(0,0r) = ((999) | Rp(B) R (Br)|(999)4)  (49)
no (3, Pr) = (XalRo(B)Ro (Br)|X4) (50)
nx (B, 6r) = (ILa|Rz(B) Rz (Br)|la) . (51)

In these expressions we have considered explic-
itly the rotation and iso-rotation operators for the
bare baryon, the sigmas and the pions, using a self-
explanatory notation.

The sigma meson quanta are s-waves and the sigma

i1s an intrinsic scalar-isoscalar. Therefore, the coherent

Ng (B3, 8r) = cos® 6d

[SIERNTI
S5

Y
= dy
2

11
272

(8)d

[SIERNTE

(Br) +sin? 8d3

(B)ei@+)/2 (similar expressions hold for isospin),

[ g [ sinprdsrdd (D Gran(s prona B pone (3 5n) (48)

state of sigmas |X4) is not affected by the (iso)rotation

and hence

na(ﬁaﬁT): L. (52)

Regarding the norm overlap for the bare baryon
state—expression (49)-the orbital part of the quarks
do not contribute since it is kept invariant under

(iso)rotations, and therefore

np(8, fr) = (A|R(B)R(br)|A) (53)

which is readily evaluated yielding

(Br). (54)
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In order to compute the pion contribution to the
norm overlap—expression (51)-let us first write down

the coherent state describing the pions:

L) = Neledom ] KETOSdO 0 55

where a}(k) 1s the creation operator for a plane wave

pion with momentum k and isospin (cartesian) index
J,&; (k) is the amplitude of the coherent state and N[¢]
1s just a normalization factor.

The pion field operator expansion in plane wave

modes reads as

_ ! de —ikr ) ikr
mj(r) = 2r il m([a}(k)e + aj(k)e™ )]
(56)

where w; = /k? + m2. Taking the expectation value
of this operator in the coherent state (55) and using
essentially the property

a;(k)[Ma) = & (k)|Ta) (57)

one finds that the amplitude in (55) compatible with

0

The normalization factor in (55) is given in terms of

this quantity:

N =eN=/2, (62)

The rotated and isorotated axial coherent state (55)

is again a coherent state but with new amplitudes ¢} (k):

; dke’ (kyatk

Re(9) R () 1L) = NgJe2oms | RGOS0 )
(63)

These new amplitudes are related to the old ones

through

> [ g g ) =

%/Ooo k2 dkw;, /Oo r2drjy (kr)o(r) /Oo w2 dr iy (k) (). (61)
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Eq. (19) is given by

(k) = —idjs = p(k) (58)

where the function (k) and the function ¢(r) (Eq.
(19)) are related by

€=\ Zowy =2 [ rarinoe). 6o

The number of pions in the coherent state (55) is a
theoretical concept of great significance in the projec-
tion formalism, as we shall see. Such quantity is just
the expectation of the number operator in the coherent

state (55):

Ny = (4 |n|ll,) = <HA|Z/dka}(k)aj(k)|HA>.

(60)
Using the property (57) and the explicit form of the
amplitude (58) the evaluation of N is straightforward
yielding

/ k2dk? (k)
0

0

3

§k) =D Rp(Br)ERTBK),  (64)

ji=1
where R is the standard 3 x 3 (iso)rotation matrix; us-
ing (58), &i(k) is obtained explicitly. The overlap (51)
between the rotated and the unrotated coherent states

can now be computed, yielding

77,71—(6, 6T) — NZ [g]eNWcosﬁcosﬁT. (65)

Finally, from (48-51) on one hand, and from (52,54,65)

on the other hand, the norm kernel

27412741
JT _ —Ni JT
T e g b ()
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where The functions fj{,T and fiT are given by
FIT = cos?$ fi7 +sin?6 f17 (67)

R = [ singds [ singrdsnd] ()] (9r)d3 ()T, (r)eeesiese (68)
0 0 22 22
and . .
iT — /0 SinﬁdﬁA SinﬁTdﬁTdi%(6)d€%(BT)dg%(B)dgé(ﬁT)eN’fcosﬁcosﬁT ) (69)

These integrals can be evaluated analytically. However, the final expressions are lengthy, and the most practical
way to compute them is to expand the exponential in power series and perform a termwise integrationl®l. As an
example of the procedure let us consider J = T = % in (68) (it is more convenient to change to new variables

x = costl and y = cosfr)

1 1 00 n N nil 9
3% r+1ly+1 § 1 NP (1= (=12 1-(=1)
vl= d d 21— Nevy _ Z I . 70
I5 /_1 x/_l Y 2 2 c 4; n! n+2 + n+1 (70)
|
This series is rapidly convergent for typical values of Let us turn now to the evaluation of the numerator

N (0 < N <1.5).For high J and T values this method of (45). Using the decomposition (2) of the Hamiltonian

has proven to be very efficient. the energy kernel can be written as

IV.2 Energy kernel

héé = @Wal:Hy+Hop + Hyo + Hyr + He + Ho + Hug 2 [Ya)
= Tl gl i

n.d >

where the first term corresponds to the parts (3-5,7) of the Hamiltonian and the other three terms, to (8), (6) and
(9), respectively. The quantity h?7 includes those terms which are not affected by the projection (the quark kinetic

energy, the quark dynamical mass, the quark-sigma interaction energy and the sigma kinetic energy) and reads
WT =il B, (72
22
where (see Eq. (26))

o0 d d
E, :/0 rzdr{i% [ud—: - vd—:f +21ja—v—|—gfﬂ(u2 —v?) — go(u® - vz)] + 27

(i—‘;)z + miazl } (73)

is the classical or the mean field energy for the quarks (including kinetic and mass energy), the sigmas and the

quark-sigma interaction.
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In order to compute

hiT = (wal

the second term in (71), it is better to consider the ki-

: Hy ip'%]%P%T%WA% (74)

netic pion Hamiltonian operator (8) in the alternative

form
Hy = Z/dkwka}(k)aj (k), (75)

since the property (57) of the coherent states may be
then directly applied. The result is

N 2 12T ]

RIT —
B 2 2

E.GTT (76)

gJJVT:/ dﬁsinﬁ/ df sinfrdi, (B)d}
0 0 22 2

and

gir :/ dﬁsinﬁ/ dBsin Brdi, (B)ds
0 0 22 2

(BT )eNﬂ.cosﬁcosﬁT d

N (BT )eNﬂ.cosﬁcosﬁT d
2
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where (see Eq. (26))

_ 2 [T, dé\’ ¢ 2 42
E, = ) rodr l(dr) +2r2+mﬂ¢ (77)

is the classical (or mean field) kinetic energy of the pi-

ons and

GIT = cos?s g + sin?6 gxT (78)

is a projection coefficient. This is given in terms of the

following functions:

(B)d3 1 (Br)cospPeosPr . (79)

[SIERNTE

S5
[SIERNTE

1
2

W= e
[SIES

(8)d

W= e

(Br)cosBeosfr . (80)

1
2

Again, the best way to compute (79,80) is to expand the exponential and integrate term by term, as explained

at the end of the previous sub-section.

The evaluation of the quark-pion interaction term—-the third term in (71)-which is given by

hil = (al :

PP, (51)

22

is easier if one uses the pion field expansion (56) in the expression (6) of Hyr. One gets

2 127 +1
hIT = e—Nf‘]TJF ; ET'T (82)
where ) -
Eyr = gg/o r2dru v ¢ (83)

and the projection coefficient 777 is given in terms of the functions defined by (68,69):

7T — gcoszéfj{fT +

42 1
\?)/_sinécosé( T+ (T + —sin?6 1T (84)

3

Finally one has to compute the non-linear part of the Hamiltonian, Eq. (9). In (9), those terms which do not

involve the pion field are not changed with respect to the mean-field result but this is not the case for the quartic

and the quadratic terms in the pion field. The last term in (71) may be decomposed as

hil = (Val

s Hpao P;%P%T%WM = b3l o)+ BT ey R0 () (85)

The term unaffected by the projection has a structure similar to (72) i.e.

n

where E, (o) is the radial integral (see Eq. (26))

hloy = 114 Bn o) (86)

Enio)= <27T/ ridr(oc* — 4f.0%) . (87)
0
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To compute the quadratic and the quartic terms in the pion field the following property involving the coherent

states |TI;) and |TI2) is very useful:

(I | [T ) + (Io|m; [T12)

(Ty| = @y o) = 5

J

] (I |12) (88)
The quadratic term becomes

N 2J4+12T+11
W ey = € 5 T§(FJT + G Ep 1 (x2) (89)

where the projection coefficient is now expressed in terms of (67) and (78), and Ey, ; (x2) is the radial integral

27A? [
Bniin= 5 [ rdré¥o? ~210) (90)
0
The evaluation of the quartic term is lengthy but straightforward, leading to
2J+12T+1
JT —Nx JT
hn.l.(ﬂ"l) =¢ 9 9 En.l.(ﬂ'“)I ) (91)

where E), ;(z4) is the mean field energy

a2 [
En.l.(ﬂ'“) = T . rzdr¢4 (92)
and the projection coefficient 1s
I’ = cos?s I3 +sin?6 TLT . (93)

The functions I{T and I{? are defined by the integrals

B = [Toingas [ gl (1] ()N
0 22 22

1

%(BT)é [1 + 3(1 + (:0525)(1 + coszﬁT) + 4cosﬁcosﬁT] , (94)

di,(B)d

I )
.

1
2
and

B0 = [Tsingas [ singrasndl (L (e
0 0 22 22

1

%(BT)é [1 + = (14 cos?B)(1 + cos?Br) + 4cosﬁcosﬁT] . (95)

(8)d :

3
di
2

W= e

1
2

As for the functions defined by (68,69,79,80) the best way to compute (94,95) is by power series expansion of the

exponential.

IV.3 Projection from the mean field and sum rules

The energy (45) of the state with angular momentum J and isospin 7' is given by

EJT = EO + En.l.(o) + EWCJT + Eq?TCi]T + En.l.(ﬂ'Q)CZJT + En.l.(ﬂ4)C4JT (96)

with the new projection coefficients given by

IJT

T T
1
qr=S0 qr=To wr=lavan, ar= o (o7)
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From the mean field results (Section IIT) the en-
ergy (96) can be computed. The procedure is clear:
from the radial profiles the radial integrals denoted by
Fq in (96) are computed from (73,77,83,87,90,92); the
‘intrinsic number of pions’ is calculated from (61); for
this value of N; and the mixing angle § used to solve
the mean-field equations (32- 35), the projection coef-
ficients (97) are evaluated from (67,78,93). If one uses
the value & = 35.26° corresponding to the lowest mean
field energy, the energy (96) is obtained in the so-called
‘variation before projection” (VBP) method. In the next
section we shall consider the ‘variation after projection’
(VAP)[16] which is conceptually superior, since for each
projected state the radial functions and mixing angle
6 are optimized. However, we may already consider
here a partial variation after projection, namely on the
variational parameter 6, to see whether it is possible
to draw conclusions on the relevance of this degree of
freedom.

Taking g = 5.6, for which the axial soliton is already
stable, the mean field energy is F4 = 1.55751 GeV
and the energies of the various states (T = %, %; J) are
given in Table 1 (which refers to the nucleon) and Table
2 (which refers to the A) for fixed angle (§ = 35.26°)
and optimizing the angle for each state. Keeping 6 fixed
means that the various (J,T') components are being ex-
tracted from the same intrinsic state. In this case the
probabilities (46) to find the state |JT'+1) in the intrin-
sic axial state |14), which are given in Table 1 and 2,
satisfy a sum rule (referred to below) and should add up
to 1 (not exactly 1 since only a few states are considered
in the Tables).

The comparison with experiment is postponed to
the next section where a more reliable calculation is
performed. From the values given in the Tables there
is a non-negligible lowering of the energies when the

mixing angle is varied for each projected state. De-
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pending on the state, the mixing angle assumes values
typically in the range 30° < 6 < 70°, meaning that the
inclusion of the bare delta state in the source is quite
important. The nucleon energy is apparently too high
in both methods but it will be lower when the better
variational method is considered (next section). The

number of pions in the projected state,

nI? = (JTM Mr|n|JTM Mr) (98)

where n is the number of pions operator (see Eq. (60)),
is given by an expression similar to the kinetic energy

of the pions, i.e.

T = N7 . (99)

For the nucleon states (Table 1) the projected number
of pions is an increasing function of J, as expected. For
the A channel (Table 2) the Psz state (J =T = %) con-
tains less than one pion in the cloud due to the presence
of the bare A in the source. All the other states con-
tain more than one pion and, as expected, the higher
the angular momentum the higher the number of pions.
Of particular importance in checking the formalism
presented so far are the so-called sum rules. These
are based on the fact that the intrinsic state can be
expanded in angular momentum eigensates, [4) =
YT Cl]T|JT%%>, where a2, = p’T is given by (46).
Sum rules are usually defined in percentage. The Norm
Weighted Sum Ruleis the sum of the probabilities times
100:
NWSR(%) =100 p'" . (100)
J,T
The value 100% would be obtained if all (J,T) states
were taken in the sum. In practice, however, one trun-
cates the sum: for instance, in Tables 1 and 2 are in-
cluded only states up to J = 9/2 and J = 11/2, respec-
tively.
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Nucleon VBP (§ = 35.26°) VAP in ¢

State 1 1

J Energy [GeV] | prob na? Energy [GeV] ny?
1/2 1.40058 0.46702 | 0.09106 1.13158 0.10934
3/2 1.84381 0.04954 | 1.12570 1.80346 1.14097
5/2 1.96510 0.02502 | 1.26986 1.95310 1.16264
7/2 2.63785 0.00127 | 2.28192 2.55872 2.17527
9/2 3.70441 0.00013 | 3.15576 3.69038 3.09128

Table 1: Energies and number of pions for different J states in the Nucleon (T = 1/2)
channel. The radial fields were obtained in the mean field approximation for g = 5.6. For
the complete variation before projection method, i.e. for the fixed angle § = 35.26°, the
probability of the projected state in the intrinsic state is also given.

Delta VBP (4§ = 35.26°) VAP in ¢

State 3
J Energy [GeV] | prob n;{% Energy [GeV] na?
1/2 1.84381 0.04954 | 1.12570 1.80343 1.14097
3/2 1.49841 0.30776 | 0.33273 1.49718 0.20557
5/2 2.17914 0.00939 | 1.67736 2.83910 1.51426
7/2 2.66839 0.00392 | 2.17364 2.66838 2.10184
9/2 3.52421 0.00011 | 3.24526 3.28419 3.15353
11/2 4.94808 0.00001 | 4.11717 4.93788 4.06550

Table 2: As in Table 1 for the Delta (T = 3/2) channel.

The Energy Weighted Sum Rule is defined by

1
EWSR(%) = % S EITHT
T

(101)

This sum rule should be fulfilled if all states were con-
sidered in the sum, since the weighted average of the
projected energies should then be equal to the unpro-
jected energy F 4.

Finally we also considered a Pion number Weighted

Sum Rule defined by

(102)

m

1
PWSR(%) = % S dTpT
JT

The results for the Weighted Sum Rules in the com-
plete VBP calculation (i.e. é = 35.26° and radial
fields obtained from the mean field equations) and for
coupling constant ¢ = 5.6 are: NWSR = 91.37%,
EWSR = 88.75% and PW SR = 72.20%. These figures

get closer to 100% (i.e. the sum rules become almost
. . . _ 5 7
exhausted), if the (unphysical) states with 7'= 3, 3, ...
are considered in expressions (100-102). From Tables 1
and 2 1t is clear that the P;; and Ps3 states give the

major contribution to the weighted sum rules.
V. Variation after projection

In the variation before projection method the radial
functions and other variational parameters are deter-
mined requiring the energy of the mean field state to
be minimal. In the variation after projection method,
however, it is each projected energy that is minimized
instead of the average energy, i.e. the radial functions
and other variational parameters are optimized for each
angular momentum and i1sospin eigenstate.

Conceptually the variation after projection method

is better but it is much more difficult to implement.
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Now the variational equations result from the varia-
tional principle 6E/T/6Q; = 0% = w,u,¢,0) sub-
jected, in addition, to the restriction of normalization

of the quark spinor. This variational principle leads
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to a set of four integro-differential equations whose nu-
merical solution raises some technical difficulties. The
energy (96) of an angular momentum and isospin eigen-

state reads explicitly as

e dv du uv 2
JT 2 _ 2 2y R N JT
B = /0 rdr{3 [udr vy +2r +gfr(u®—v")—go(u” —v )+9guv¢C1
do)? 2 2 2m ’ ¢ 22| par
+ 27 l(dr) +mio”| + 3 ( r) +2r2 +mio°| C
o [6* o [ 2 0, o JT 4 3
+ 7w ?C4 + §¢ (07 =2fz0)Cy" + 0" —4fro , (103)

which is similar to (26) except for the presence of the
projection coefficients (97).

Due to technical difficulties, instead of the complete
variation, we performed a restricted one in the spirit
of the ideas put forward in Ref. [4]. Before explaining
the algorithm in detail let us point out that the non-
linear terms in the model Hamiltonian, resulting from
the mexican-hat potential, although crucial to gener-
ate spontaneous breaking of the chiral symmetry and
to allow for solitonic solutions in the model, do not give
significant contributions to the total energy. Let us sup-
pose, for a moment, that in the projected energy we set
A? = 0 (no mexican-hat), i.e., there are no non-linear
terms. Then the pion sector of the linear sigma model
reduces to the one considered in [4]. In such a case the
function (see Eq. (59))

fh = 2o (104)

is given by the algebraic expressionl]

aplk)

f(k’) = _Wk(wk —|—A)

(105)

where p(k) is a ‘source function’ and « and A are pa-
rameters. The mean field solution corresponds to o = 1
and A = 0 and, even in the projected calculation, ex-
pression (105) still holds, but in such a case o and A
are functionals of (105) itself. The mathematical prob-

lem seems difficult to be solved but, as pointed out in

Ref. [4], @ and A can then be treated as variational

parameters which is technically much easier.

Coming back to the model with non linearities, the
source radial function p(r) contains a quark contri-
bution (only a quantity corresponding to this one is
present in [4]) and the (non-linear) pion contribution

(see Eq. (35)):
p(r) = ;;TUUA((S) + /\ZQZ)(Uz - 2f7TO-) + g/\2¢>3 (106

The source function p(k) in k-space is just the trans-
formed of p(r) in r-space exactly as £(k) in Eq. (59) is
the transformed of ¢(r).

In order to simplify the calculation, in Ref. [4] the
variational parameter A was set to 0. We checked that
this 1s fine for the P;; and Ps3 states in the sense that
the energies of these states are not much dependent on
A. For the other states the value A = —m, turns out
to be a better choice since the energies become lower

and we shall use this value here.

We proceed now in the following way. For a certain
6 and coupling constant ¢ the mean-field equations are
solved, and the function (106) fixed; from p(r) its trans-
formed p(k) is obtained which allows to construct (105)
using, in the denominator, either A = 0 or A = —my,,
as already explained. Next the pion radial function in
dependence of r is obtained taking the inverse of (59)

1.e.
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(107)

é(r) = @/OOO k2dk ji (kr)E(k)

which depends explicitly on the variational parameter
«. Given a value to this parameter, the intrinsic num-

ber of pions N, is calculated from (61) and, using é
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which was introduced at the very beginning, the projec-
tion coefficients (97) are also computed. The functions
u(r), v(r) and o(r) are determined by solving numer-
ically the system of three differential equations which
follow from a variational principle for (103), assuming

frozen ¢(r), o and é. These equations are

du
—=lglo—fr)— o+ gc{%u (108)
dv 2v
==t lglo = )+ du—5¢]Tov (109)
4 2do 2 3 2 _ 2 2.3 5 1 2-JT
W_—;E—i—maa—ﬂg(u — v )+ A |o” = 3fz0 —|—§(U—fﬂ)¢ C; (110)

and, as for the mean-field case, the quark eigenvalue
should be iterated until the quark normalization is
achieved. Finally the projected energy (103) is com-
puted. For a given mixing angle § the variational pa-
rameter « is varied in order to find a minimum for the
energy. The procedure is repeated until the energy min-

imum is found in the (8, &) plane for each state.

Using the same model parameter as in the previous
section, ¢ = 5.6, the results are shown in Fig. 7 for the
nucleon and in Fig. 8 for the delta channel. Plotted
are the mass differences of the states with respect to
the nucleon ground state. The energy of this state is
E%7 = 1.1147 GeV and we checked that also the ener-
gies of the other states are always smaller than in the
VBP calculation, as they should. The nucleon energy
is still apparently high but one should keep in mind
that the spurious energy associated with the centre-of-
mass motion, which can be estimated in some 200 MeV
[17], has not been removed. Hence, assuming that the
spurious energy is about the same for all the states,
in order to compare the results with the experimen-
tal data (indicated in the figures by open circles) it is
more natural to plot just the mass differences rather
than the absolute values. For the nucleon a reasonable
agreement with data i1s obtained. For the delta such
an agreement becomes poorer although one is still able

to obtain the correct relative positions for the adjacent

energy levels. These results do not get improved if an
higher value of the coupling constant is considered. On
the contrary, with a thicker pion cloud specially for high
J, the theoretical prediction overestimates the data by

larger amounts.

3.0 T T T T

s --9g=5.6 VAP
o Exp.
25

20

Nucleon Mass Excess (GeV)
\l

0.0 1.0 2.0 30 4.0 5.0

Figure 7. Comparison of the energy differences B3 _pis
obtained in the model calculation with the experimen-
tal values, using an approximate variation-after-projection
method (see text).
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Figure 8. Comparison of the energy differences E'% _Ep%3
obtained in the model calculation with the experimen-
tal values, using an approximate variation-after-projection
method (see text).

Apparently a thinner pion cloud would be desirable
but for smaller ¢ the soliton gets unstable (with respect
to three free quarks) or does not exist at all. Probably
better results could be obtained in the framework of the
chromodielectric model which allows for chiral solitons
where the quarks are confined by a chiral singlet field.
Typically, in such models, the number of pion quanta
in the cloud becomes considerably smaller with respect

to the linear sigma modell'3].

VI. Summary and conclusions

In this work we studied axial symmetric solutions
of the linear sigma model. The axial symmetry refers
to both configuration and isospin spaces. In a first step
we considered just the mean field or, equivalently, clas-
sical solutions. The results are qualitatively similar to
those found for the hedgehog, although the axial soliton
is less bound than the hedgehog one. In order to de-
scribe physical states which are eigenstates of angular
momentum and 1sospin we used the formalism proposed
by Providéncia and Urbano based on a Peierls- Yoccoz
projection from coherent states. The elegant mathe-
matical formalism developed by those authors was ex-
tended in order to deal with the non-linearities of the
model. In addition, we have considered a larger varia-
tional space which includes bare delta as well as bare
nucleon states. The model prediction for the angular
momentum excitations in the nucleon and delta isospin

channel is reasonable in the first case but modest in
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the second one. The discrepancies are larger the higher
the angular momentum. This is understandable, since
for those states single particle quark excitations play
an important role and these are not taken into account
in our work. We remind that the linear sigma model
only generates binding and not confinement and there-
fore the quark excitations lie in the continuum if the
ground state has an energy around the nucleon mass.
Finally, we stress that most of the expressions presented
in this work may be used in a straightforward way in
other quarks-meson models like chromodielectric and

cloudy-bag like models.
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