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Transmission properties of electrons through abrupt and nonabrupt GaAs/AlxGa1�xAs het-
erojunctions are studied using several forms of the kinetic energy operator with a position
dependent e�ective mass. The nonabrupt interface potential and electron e�ective mass are
obtained by assuming a linear variation of the aluminum molar fraction through the inter-
face. For a given interface width, the electron transmission is shown to depend considerably
on the form of the kinetic energy operator. Di�erent kinetic energy operators are shown to
be equivalent when the interface width of the GaAs/AlxGa1�xAs heterojunction is of the
order of sixteen GaAs lattice parameters.

I. Introduction

The most used scheme for calculation of the prop-

erties of abrupt and nonabrupt semiconductor het-

erostructures is the e�ective-mass theory (EMT). Since

EMT is justi�ed only when smooth variations of the

alloy composition are considered, one may question its

use in the case of abrupt semiconductor interfaces. If

nonabrupt interfaces are taken into account, the ex-

act form of the kinetic energy operator (KEO) with a

position dependent e�ective mass and the continuity

condition of the wave function and its derivative at the

interfaces still are open problems[1�6].

Despite the uncertainties related with the form of

the KEO, few works have studied its in
uence on the

properties of semiconductor heterostructures. Csavin-

szky and Elabsy[7] considered the in
uence of the form

of the KEO on the binding energy of a hydrogenic donor

placed at the centre of a AlxGa1�x/GaAs/AlxGa1�xAs

quantum well. They found that the binding energy

of the donor is a sensitive function of the form of the

KEO. Galbraith and Duggan[8] calculated optical tran-

sition energies of GaAs/(Al, Ga)As quantum wells, and

showed their dependence on the forms of the KEO that

they have used. On the other hand, both Morrow and

Browstein[9], as well as Einevoll and Hemmer[10] argued

that the di�erence among KEOs is not important when

the interface is very smooth. However, they do not

have proved their hypothesis, nor obtained indications

on how slowly graded have to be the interfaces to the

validity of their assumption.

The in
uence of di�erent KEOs in the transmission

properties of electrons through abrupt and nonabrupt

GaAs/AlxGa1�xAs heterojunctions is studied in this

work. The purpose is to �nd an indication of the in-

terface width at which di�erent KEOs become equiv-

alent. The GaAs/AlxGa1�xAs interface region is de-

scribed accordingly the model previously proposed by

Freire, Auto, and Farias[11;12]. KEOs with 
 = � are

used, like those of BenDaniel and Duke[13], and Zhu

and Kroemer[14].

A general form for the KEOs is presented in Section

II, as well as a description of the potential and electron

e�ective mass through the GaAs/AlxGa1�xAs interface

that characterizes the nonabrupt interface model used

in this work. In Section III, numerical results show the

in
uence of the interface width and KEO on the elec-

tron transmission through GaAs/AlxGa1�xAs hetero-

junctions. It is obtained the interface width at which

di�erent KEOs become equivalent. Finally, this work

�nishs in Section IV with comments on its limitations

and consequences.
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II. Kinetic energy operators and interfacemodel

After the proposition of the e�ective-mass theory

by Wannier[15], Slater[16], and Luttinger and Kohn[17],

several works tryed to extend the EMT beyond the

constant e�ective-mass picture to study crystals with

graded composition. Several forms were proposed

for the KEO with position dependent e�ective mass,

m = m(z); including those of: BenDaniel and Duke[13],

KBDD = p[m(z)]�1p=2; Zhu and Kroemer[14], KZK =

[m(z)]1=2p2[m(z)]1=2=2; Gora and Williams[18] and/or

Bastard[19] KGW (B) = p2[m(z)]�1 + [m(z)]�1p2=4;

Liu and Khun[20], KLK = p[m(z)]�1p[m(z)]�1 +

[m(z)]�1p[m(z)]�1p=4:

The most general KEO was proposed by von

Roos[21], and is given by:

KvR =
1

4
[m(z)�pm(z)�pm(z)
+m(z)
pm(z)�pm(z)�];

(1)

with � + � + 
 = �1: The continuity conditions are

imposed on m� (z) and m�+� 0(z); where  (z) is the

envelop function. Morrow an Browstein[9] showed that

only single-term forms with � = 
 are viable candidates

to be a KEO in the case of abrupt semiconductor het-

erojunctions. No restriction seems to exist for 
 when

graded semiconductor interfaces are considered.

Today it seems that the KEO with � = �1; 
 = 0

(the BenDaniel and Duke[13] KEO) is the most used,

although not de�nitively accepted. Recently, Hagston

et al.[3] have argued that the KEO of BenDaniel and

Duke[13] leads to a violation of the Heisenberg Uncer-

tainty Principle. They suggested that the KEO of Zhu

and Kroemer[14] does not su�er this de�cience.

Accordingly Eq. (1), the in
uence of the KEO on

the properties of semiconductor heterostructures is de-

termined by the spatial dependence of the e�ective mass

of carriers. Ribeiro Filho et al.[22] have developed a

GaAs/AlxGa1�xAs interface model where both the po-

tential and the electron e�ective mass through the inter-

facial region is obtained as a function of the growth pat-

tern of the interfacial aluminum molar fraction. In the

case of a linear variation of the aluminum molar frac-

tion through the GaAs/AlxGa1�xAs interface localized

at the limits z = �a, the interface potential and elec-

tron e�ective mass are given, respectively, by[11;12;22]

Vx(z) = V (0)
x + V (1)

x

� z

2a

�
+ V (2)

x

� z
a

�2
(2)

mx(z)

m�
= m(0)

x +m(1)
x

� z

2a

�
(3)

where

V (0)
x =

x

2

�
�1 + �2

x

2

�
Qe ; (4)

V (1)
x = Vx = x (�1 + �2x)Qe ; (5)

V (2)
x = �2

�x
2

�2
Qe ; (6)

m(0)
x = �1 + �2

x

2
; (7)

m(1)
x = �2x ; (8)

In the above equations, Qe is the band o�set for elec-

trons, �i(�i) are experimental constants associated with

the compositional dependence of the AlxGa1�xAs gap

energy in the �-direction (electron e�ective mass) at

300 K[23], and m� is the electron mass in the free-space.

III. E�ects of KEOs in the electron transmission

To have an indication of how smooth has to be the

interfaces to the equivalence of di�erent KEOs with

� = 
, transmission properties of electrons through

abrupt and nonabrupt GaAs/Al0:3Ga0:7As heterojunc-

tions of several interface widths are calculated. The

interface potential and electron e�ective mass are de-

scribed by Eqs. (2, 3). Wave equations with KEOs

are obtained by taking �2 � � � +2; and solved nu-

merically with the multistep potential approximation

of Ando and Itoh[24]. It is considered a band o�set

Qe = 0:6:

Figs. 1 and 2 show that the dependence of the elec-

tron transmission coe�ciente Te on the form of the

KEO is bigger when the interface width is small. This

could be seen by comparing the electron transmission

through abrupt and nonabrupt interfaces. For a given

interface width (curves with the same type of line in

the �gures), Te is highly dependent on the form of the

KEO.
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Figure 1. Electron transmission through abrupt and
nonabrupt GaAs/Al0:3Ga0:7As heterojunctions calculated
considering the spatial dependence of the interface potential
and electron e�ective mass and a band o�set Qe = 0:6. Ki-
netic energy operators with � = 0:0;�0:5;�1:0;�2:0 were
used, as well as interface widths of: 0LP (dashed); 4LP
(dotted); 8LP (dotted dashed); 16LP (long dashed). The
continuous line shows the electron transmission calculated
considering the constant interfacial e�ective-mass approxi-
mation, and an interface width of 16 LP.

Figure 2. Electron transmission through abrupt and
nonabrupt GaAs/Al0:3Ga0:7As heterojunctions calculated
considering the spatial dependence of the interface potential
and electron e�ective mass and a band o�set Qe = 0:6: Ki-
netic energy operators with � = 0:0;+0:5;+1:0;+2:0 were
used, as well as interface widths of: 0LP (dashed); 4LP
(dotted); 8LP (dotted dashed); 16LP (long dashed). The
continuous line shows the electron transmission calculated
considering the constant interfacial e�ective-mass approxi-
mation, and an interface width of 16 LP.

Te changes considerably with � when the interface

width ` is as small as four GaAs lattice parameters

(LP). However, when ` is greater or of the order of six-

teen GaAs lattice parameters (see long dashed lines in

the �gures), Te does not change its behavior, being al-

most independent of �. Consequently, di�erent KEOs

are shown to be equivalent in the case of electrons when

the interface width of the GaAs/Al0:3Ga0:7As hetero-

junction is & 16 LP.

To highlight the importance of the way the spatial

dependence of the e�ective mass is considered, Te is also

calculated assuming thatm(z) = m
(0)
x , i.e.,m(z) is con-

stant through the interface region of width ` = 16LP

(see continuous line in the �gures). The constant mass

approximation is responsible for the existence of reso-

nances in the transmission. These resonances increase

strongly with the value of j�j. On the other hand, if the

complete spatial dependence of the electron e�ective

mass is considered, the transmission resonances never

occur when the interface width is smaller than 4LP and

�1 � � � +1:

The KEO of Zhu and Kroemer (� = �1=2)[14] pro-

duces the smallest dependence of Te on the interface

width, as well as the smallest resonances generated with

the constant e�ective mass approximation. The de-

pendence of Te calculated with the KEO of BenDaniel

and Duke (� = 0)[13] on the interface width is a little

stronger than that shown by Te when calculated with

the KEO of Zhu and Kroemer[14].

It is worth to be observed that if � � 0; the elec-

tron transmission decreases with � for a given interface

width. The rate of decreasing is big when the interface

width is small.

IV. Concluding remarks

In this work, it was obtained that kinetic energy op-

erators with �2:0 � � � +2:0 are all equivalent when

the width of the graded semiconductor interface is of

the order of 100�A. Since the best interface widths of

semiconductor samples are nowadays at least of two

lattice parameters[25;26], one can conclude that more

fundamental results are needed to indicate the validity

and range of applicability of the e�ective-mass theory,

as well as the correct form of the kinetic energy op-

erator in the domain of the semiconductor physics of

reduced dimensionality.

The limit of 100 �A obtained here for the equivalence

of several KEOs is a consequence of the semiconductor

data used in the calculations, the growth pattern of

the interface, and the approximations that were done

(for example, the assumption 
 = �): However, the
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result agrees with that of Wolfe et al.[27] on the limi-

tations of the e�ective-mass approximation. Based in

simple arguments related with the Heisenberg uncer-

tainty principle, Wolfe et al.[27] have argued that, in

the case of GaAs, the e�ective-mass approximation is a

very reliable tool only when semiconductor dimensions

bigger than 300 �A are involved. Consequently, more

fundamental results are necessary to explain the con-

siderable success of the e�ective-mass approximation in

the estimation of the properties of semiconductor het-

erostructures.

Considerable progress has been achieved by Burt

toward obtaining an e�ective-mass equation from �rst

principles, i.e., microscopic Scroedinger equations that

are valid even for abrupt semiconductor interfaces[28;29].

However, his �nal version of the e�ective-mass equa-

tion was obtained by neglecting terms that would con-

tribute to the KEO. Consequently, a comparison be-

tween Burt's kinetic energy operator[28] and those pre-

viously proposed arguing hermiticity[16] does not indi-

cate conclusively the form of the KEO with a position

dependent e�ective-mass.
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