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Abstmt Wi th in  a s imple rea l  space renormal iza t ion  group framework, we 
discuss t h e  phase diagram o f  a q- s ta te  Po t t s  ferromagnet ic s y s t m  con- 
s t i t u t e d  by two s e m i- i n f i n i t e  bulks separated b y  a p l a n a r  in ter face.  
Quenched bond d i l u t i o n  has been assumed i n  the bulks as w e l  1 as  along 
the in ter face.The system e x h i b i t s  p e r c o l a t i o n- l i k e  phenomena which gen- 
era l  i z e  the standard ones occur r ing  i n  d=2 and 3. Also competi t i o n  be- 
tween b u l k  d i l u t i o n  and i n t e r f a c e  d i l u t i o n  (which respec t i ve l y  enhances 
and depresses surface magnet isat ion w i  t h  respect t ha t  i n  the bu lk )  i s  
observed. 

1. INTRODUCTION 

Surface magnetism i s  a sub jec t  which p r e s e n t s  g rea t  r ichness, 

from the theo re t i ca l  and experimental standpoints as we l l  as due t o  i t s  

important appl i ca t i ons  such as c a t a l y s i s  and corrosion;  see B i n d e r  ' , 
T s a l l  i s 2  and Dieh l  f o r  recent reviews. S i tua t i ons  such as the f ree sur-  

face problem (semi-inf i n i t e  bu lk )  and t h a t  o f  an i n t e r f a c e  o r  d e f  e c t  

(surface between two semi- inf  i n i  t e  bul  ks, which general izes t he  f r e e  

surface case) have been theo re t i ca l  l y  considered. The f o r m e r  has  r e -  

ceived most o f  t he  a t t e n t i o n  through var ious theo re t i ca l  approaches such 
4- 5  6'7 

as mean f i e l d  approximation , se r ies  expansion , r e n o r m a l  i z a t i o n  
8-17 1 8 - 2 0  

group , e f f e c t i v e  f i e l d  theory , Bethe approximation and Monte 
2 2- 2 3  

Car lo s tud ies  . I n  s p i t e  o f  i t s  techn ica l  d i f f i c u l t i e s ,  some exper- 
2 4 - 2 7  

imental work has a l ço  been performed . On the o the r  hand, almost no 

attempts a re  a v a i l a b l e  i n  the l i t e r a t u r e  concerning the more general 

problem, namely t h a t  o f  i n t e r f a ~ e s ~ ~ .  AI though severa1 models have been 

assumed, (e.g., sp in  1/2 Is ing,  q - s t a t e  Potts,  sp in  112 a n i s o t r o p i c  

* Permanent address: Centro B r a s i l e i r o  de Pesquisas ~ Í s i c a s ,  Rua Dr.Xa- 
v i e r  Sigaud 150, Rio de Janeiro, 22290, RJ, B r a s i l  
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Heinsenberg, mixed ones) , pure systems ( t h a t  i s ,  non d i l u ted )  have been 

almost exc lus i ve l y  considered. The f i r s t  at tempt ( t o  the best  o f  our 

knowledge) concerning the e f f e c t s  o f  (bul k) d i  l u t i o n  was due t o  Ferch- 

min and ~ a c i e j e w s k i ~ ~ .  Very recent ly ,  r ea l  space renormal i z a t i o n  group 

(RG) work has addressed t h i s  type o f  e f f e c t s :  b u l k  d i l u t i o n  f o r  the 

f r e e  sur face s p i n  1/2 I s i n g  mode131, and sur face d i l u t i o n  f o r  the in -  

t e r face  Po t t s  model 311 wi t h i n  Migdal-Kadanoff RG f rameworks (see Tsall i s  

and sarmento16), and f ree sur face d i  l u t i o n  f o r  the  s p i n  1/2 I s i n g  model 

w i t h i n  a RG which uses a soph i s t i ca ted  c l u s t e r  and y i e l d s  q u i t e  accu- 

r a t e  resu l  ts3 ' .  

I n  t he  present paper we focus on the  general i n t e r f a c e  problem 

(w i th  s e m i - i n f i n i t e  bulks which a r e  no t  necessar i l y  equal) f o r  the q -  

s t a t e  Po t t s  s imple  cub ic  ferromagnet (q=l and q=2 recover the bond per- 

c o l a t i o n  and I s i n g  problems respec t i ve l y )  assuming quenched bond a r -  

b i t r a r ~  d i l u t i o n s  i n  bo th  bulks as w e l l  as a long the (0,0,1) s u r f a c e  

between them. We discuss main ly  the phase diagram, al though the v a r i w s  

c r i t i c a l  u n i v e r s a l i t y  classes associated w i t h  the problem emergeaswell. 

' I n t e r e s t i n g  bond-percolation-1 i ke phenomena a r e  observed, as wel 1 as 

competi t i o n  between bu l  k d i  l u t i o n  and i n te r face  d i  l u t i o n  (which respec- 

r e s p e c t  t o  t i v e 1  y enhances and depresses sur face magnet isat ion w i  th 

t h a t  i n  the  bu l k ) .  

I n  sec t i on  2 we in t roduce the model and the  forma 

sec t i on  3 we present the main r e s u l t s ,  concluding i n  sec t  

1 ism, and i n  

i on  4.  

2. MODEL ANO FORMALISM 

We consider the f o l  lowing Po t t s  Hamil ton ian 

where Jij equals Js(Js>O) i g  both i and j s i t e s  a r e  f i r s  t n e i g h b o u r s  

belonging t o  the (0,0,1) i n t e r f a c e  o f  a s imple cub ic  l a t t i c e ,  and Jij 

equals J l  O (J, > O) i f a t  l e a s t  one o f  the f i r s t  neighbours i and j 
belongs t o  the bulk-1 (bulk-2) .  Furthermore, t h e  coupl ing cons  t a n t s  

Jij a r e  assumed t o  be random va r i ab les  s a t i s f y i n g  the f o l l o w i n g  p r o b -  

a b i l i t y  laws: 
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ps(JS) = (1-ps)6 (Js) + ps6(Js-Jl) (2.a) 

0 Ps, P l ,  P2 s 1 
and 

J$ J;, J; > O  . 
The pure  case corresponds t o  

P, = p1 = p2 = I , w(J;,JO,JO) . 
1 2  

The free surface case corresponds to, say, 

Before going.on, l e t  us in t roduce a convenient v a r i a b l e  ( ther -  

ma2 t r a n s m i s s i ~ i t y  : see Tssa I i s and ~ e v ~  3 ,  

- qJ  . JkBT 
- I - e  'J 

tG - c C0 ,i1 
1 + (q-1) e 

Eqs. (2) can be rewr i  t t e n  as f o l  lows: 

To t r e a t  the  m d e l  de f ined by eqs. (1) and (2) we s h a l l  use the  

RG approach ind ica ted i n  f i g .  1 wi t h  the renormal ized probabi 1 i t y  laws 

~,l(t,) = (1-p;)6(tr) +p?( t r - t i1 )  (r=1,2) (5. b) 

O where (p i ,  p i ,  p:, tS1, t ,  t o ' )  a r e  parameters t o  be determined. 
2 
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Fig .  1 - RG t ransformat ion (the l a rge  c l u s t e r  a re  renormal ized 
i n t o  the small ones); o and 0 respec t i ve l y  denote terminal  and 
interna1 s i  tes. (a) i n t e r f a c e  RG t ransformat ion; (b) bul  k-1 

RG t ransformat ion ( tha t  o f  bulk-2 i s  completely analogous). 

The probab i l  i ty law Fs associated w i  th the  l a r g e  c l u s t e r  o f  f ig. 

I ( a )  i s  g iven by 

3 3 3 
pcg, - I I I 0) ( 3 )  0 )  

ns=O nl=O n,=O "s " 1  nz 

where 
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w i t h  ns, n,, n2 = 0,1,2,3. S i m i l a r l y ,  t h e  p r o b a b i l i t y  law p ,  associ-  

ated wi  t h  the l a r g e  c l u s t e r  o f  f ig .  1 (b) i s  g iven by 

where 

The probabi 1 i t y  law P2 ( t 2 )  associated w i  t h  bwl k-2 i s  completely anal- 

ogous t o  P, ( t i ) .  

I t  i s  important t o  s t ress  t h a t  the  d i s t r i b u t i o n s  3,  P, and P2 
are much more cornplex than the corresponding b inary  ones Pi, P: and Pi. 

Consequentl y the representat  ions ind ica ted i n  f ig.  1 invo lve  an a p p r o h -  

mation. This (b inary)  approximation could i n  p r i n c i  p l  e b e  a v o  i d e d  by 

leav ing the d i s t r i b u t i o n s  f r e e  t o  evolve, through successiverenormal iz-  
34-35 

a t i o n  steps, towards t h e i r  f ixed Forms. However, i t we l l  known t h a t  

the  binary approzUnation behaves q u i t e  s a t i s f a c t o r  i l y  i n  a great  v a r i e t y  

o f  s i m i l a r  systerns. Consequently we s h a l l  adopt i t  f o r  the  present d i s -  

cussion. To determine the  pararnetersp;, p:, p : ,  t:' , ti' and t:' we 

impose the lower momenta t o  be preserved, more prec ise ly  
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Consequen t l y we have 

and f i n a l l y  

(18) 
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P; = F;/G~ ( r= 1 , 2 )  

Equations (18-21) completely determine the RG recurs ive relat ions i n  

the 6-d imens ional parameter-space (p S ,  p, ,  p2 ,  ti9 t f ,  (0r equiv- 

alent ly i n  the (kB7'/J;, J:/J;, J:/J~, ps, p , ,  p , )  space. The RG f low 

diagram i n  th i s  space fu l ly  determines the complex phase diagram (hy- 

persurfaces 1 i n  a 6-dimensional space) as well as the corresponding c r i -  

t ical  universal i ty classes. I n  the next section we present convenient 

cross-sections of th i s  phase diagram and i t s  evolution w i t h  q. 

3. RESULTS 

We have chosen as a prototype the free surface ( i . e . ,  p2=0 and/ 
o 

or J ~ = o )  pure ( i . e . , p s = p l = l )  Isiw model ( i . e . ,  q = 2): i t s  RG flux 

diagram is indicated i n  f ig .2 .  I t  exhibits three phases, namely buZk 

ferromagnetic (BF; both bul k and surface a r e  rnagnetical 1 y ordered) ,sur- 

face ferrornagnetic (SF; onl y the surface i s rnagnetical l y  ordered] and 

parmagne-tnc (P; magnetical ly ful ly disordered system). The P-SF c r i -  

t i ca l  l ine belongs to t h e d  = 2  universality class  (charac te r ized  by 

the t; = O semi-stable fixed point) ;  the SF-BF cr i t i ca1  l ine  belongs to 

the d = 3  universality c lass  (characterized by the ti-1 semi-  s t a b l e  

f ixed poin t ) ;  the P-BF cr i  t i ca l  1 ine belongs, fo r  the surface magnet- 

ization, to  a non t r i v i a l  universal i ty class  (characterized the O <ti, 

t o <  1 sem;-stable fixed point) which d i f fe rs  from both d = 2  and d = 3  
1 

ones; a11 three c r i t i ca l '  l ines  join a t  a mul t i c r i t i c a l  point which con- 

s t i  tutes  by i tsel f a new universal i ty c lass  (characterized by the s ingle 

fu l ly  unstable fixed p i n t ) .  This RG f lux diagram evolves smoothly with 

q .  The inf luence of bulk d i lu t ion  i s  to shif t the ver t ica l  asymptote t o  

the r ight ,  therefore enhancing the SF phase; for  pl = p y  (d.3 bon per- 

colation threshold) the asymptote merges with the t: = 1 axis .  The i n -  

f 1 uence of surface d i lu t ion  i s to shi f t the horizontal asymptote (s-SB 

1 ine) to higher values of ts, therefore depressing the SF phase ;  for  

ps = e (d = 2 bond percolation threshold) the = O point of the hri- 

zontal asymptotei is on the t: = 1 axis.  Simul taneous bul k and surface 
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' F ig.  2 - Pu re  (ps=pl=l) I s ing  
model (q=2) f o r  the f reesur face 

1 case (p2=0 and/or t;=0) : RG f lux  
diagrarn. w , and 0 respec -  
t i v e l y  denote the t r i v i a l  ( f u l l y  

I s table),  c r i t i c a 1  (semi-stable) 
i 

and mul t i c r i t i c a l  ( f u l  l y un- 
stable) f i xed  points.  P, BF and 
SF respect i ve l  y denote the para- 
magnetic, bulkferrornagneticand 
surface ferromagnetic phases.  
t: and tl are t ransmiss iv i t ies .  

d i  l u t ions  move both asymptotes, thus g iv ing  r i s e  to  c o m p e t i t i o n  con- 

cerning the SF phase. For h igh enough q, surface and bulk d i l u t i o n y i e l d  

new non t r i v i a l  c r i t i c a l  f i xed  points,  thus d r i v i ng  the system i n t o  new 

(random) universal  i t y  classes. This f a c t  i s  consistent w i t h   arr ris's^^ 
c r i t e r i on ;  hmever the main purpose o f  the present work being the phase 

diagram, we wi I 1  not study the de ta i l s  o f  thys type o f  crossover. 

The e f f e c t  o f  surface d i  l u t i o n  (wi t h  p,=l) i n  the T vs. J; /J0  
1 

representation i s  i l l u s t r a t e d  i n  f i g .3  ( T ~ ~ ~  denotes the d=3 l s ing  c r i -  

t i c a l  temperature). Let  us stress tha t  the SF phase ex is ts  even beíiow 

the d=2 perco la t ion threshold (i .e., f o r  < p F ) ,  a n w  percolat ion-1 i ke 

threshold now ar i s ing .  This e f f e c t  can be re fer red to  as bu lk-ass is ted 

swlface percolat ion. 

The e f f e c t  o f  bu lk  d i l u t i o n  (with ps=l)  i n  the T vs. J ~ / J ;  rep- 

resentat ion i s  i l l u s t r a t e d  i n  f i g .  4. The e f f e c t  o f  simuZtanwus sur- 

face and bu lk  d i l u t i ons  i s  i l l u s t r a t e d  i n  f i g .  5. The inf luence o f  ps 
and p, on the phase diagram i s  conveniently synthetized by looking a t  

the way they s h i f t  the loca t ion  J ~ / J / J :  o f  the m u l t i c r i t i c a l  point :  t h i s  

i s  depicted i n  f i g s .  6a, b, c. 

We have represented i n  f i g .  7 the q-evolut ion o f  the pure case 

( p  =p,=l) phase diagrarn. The q-dependence o f  J;/JO appears i n  f ig.9 (on 
S 1 

the JO/JO=O plane). 
2 1 
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Fig.3 - ~ 2 ,  plf l  phase d iagr.am f o r  p2= O 
and/or J,=O, and typlcal values o f  p,. 

~ i g . 4  - q-2, ps=l phase diagram for  p,-O and /or J Z - O ,  
and typlcal values of p , .  
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F ig .5  - q=2, phase diagram for p,=O and/or J;=O and typ ica l  values of 

Fig .  6(a) 
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F ig  .6 - Concentrat ion-dependence o f  J*/J:s~+A~ 
( locat ion of the m u l t i c r i t i c a l  w i n t s s ( f o r  the 
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Fig.7 - q- evo lu t ion  o f  the  pure ( ~ ~ = ~ , = l )  model f o r  the  f r e e  sur- 
face case. 

Le t  us now t u r n  our a t t e n t i o n  t o  the interface case (both Jol 
and J 0  non vanishing).  A t y p i c a l  phase diagram i s  ind ica ted i n  f i g .  8, 

2 

where BF1 means t h a t  both bul  ks as wel 1 as the i n t e r f a c e  are magnet i zed, 

and BF1 r e f e r s  t o  the  f a c t  t h a t  on l y  bulk-1 (and o f  course the i n t e r -  

face) i s  magnetized, bul k-2 now being paramagnetic. The l o c a t i o n  o f  the  

m u l t i c r i t i c a l  po in t s  i s  ind ica ted i n  f i g . 9  f o r  the  pure case. 

The quenched bond-di luted double-bulk Po t t s  ferromagnet i s  a 

q u i t e  cornplex system, whose phase diagram i s  almost completely unknown. 

A t  t he  T=O l i m i  t one recovers the  standard d=2 a n d  d=3 p e r c o 1  a t  i o n  
a 7 - 3 9  

th resho lds  f o r  t he  sirnple cubic w i  t h  (0 ,0 ,1)  i n t e r f a c e  values. 

W i th in  a s imple rea l  space renormal iza t ion  group scheme we have obtained 

t h i s  phase diagram (and a l s o  obtained in format ion on i t s  var ious univer-  

s a l i t y  c lasses).  For a l l  values o f  q, i t  d i sp lays  l%ur phys i ca l l y  d i f -  

f e r e n t  phases, namel y paramagnetic, ferromagnetic s i n g l e  bul  k, ferromag- 

n e t i c  double-bulk, and ordered surface. The paramagnetic, s i n g l e  bu l k  

and sur face phases j o i n  along a mul t i c r i  t i c a l  l ine which can be charac- * 
t e r i s e d  by the va lue Ae = Js/J,-1 above which sur face magnetic ordercan 
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Fig.: - q=2 ,  pl=p2=ps=l diagram for the double- bulk; 
J O / J  = 1 / 2  case. 

2 1 

Fig.9 - q-evolution of the location of the 
multicritical point as a function of J:/ J: 
for the double-bulk p,=p2=ps=l model. 
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e x i s t  even i f  i t  has disappeared from both  bulks.  I n  p a r t i c u l a r ,  f o r  the  

pure I s i n g  f ree- sur face model we f ind Ac = 0.74 ( t o  be compared w i t h  the  

ser ies  r e s u l t  0.6 k 0.1 7 ,  the Monte Car lo  r e s u l t  0 . 5 I 0 . 0 3  2 3 ,  the MFRG 

r e s u l t  0.64 4 0  a n d w i t h  t h e m e a n f i e l d  v a l u e 0 . 2 5  '1; f o r  the  equal 

bul ks case (J~-J,), we o b t a i n  A = 0.10, t o  be compared wi t h  the mean 

f i e l d  va lue 0. The q- evo lu t i on  o f  the phase diagram has been f o l  l o w e d ,  

and var ious  i n t e r e s t i n g  phenomena have been exh ib i ted .  The increase o f  

the  number o f  s ta tes  o f  the  model impl i es  a decrease o f  the  c r i  t i c a l  

va lue  A c ( p ) .  Also, we observe the compe t i t i ve  trends o f  b u l k  d i l u t i o n ,  

which enhances sur face magnetism wi t h  respect  t o  t h a t  i n  the bul k, and 

sur face d i l u t i o n  which depresses i t  (see f i g s .  6a, b, c ) .  

AI 1 the  resu l  t s  which we have presented i n  t h i s  work a re  va l  i d  

f o r  second-order phase t rans  i t ions ( i .  e., q 6 qc 3 ) ,  the f ramework no t  

being app rop r i a te  f o r  the  d e s c r i p t i o n  o f  f i r s t  o rder  ones. We would be 

very happy i f  the  present work cou ld  a c t  as a gu ide t o  t h e  c h o i c e  o f  

conveni en t  rea l  sys t e m ,  and s t  imu la te  f u r t h e r  (and quant i  t a t i v e l y  more 

prec ise)  t h e o r e t i  ca l  and experimental work on sur face magnetism i n  d i -  

l u t e d  and/or mixed magnet i c subs tances . 
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Resumo 

Usando a técn ica  de grupo de Renormal ização no espaço rea l ,  são 
d i scu t i dos  os diagramas de fase de um sistema f e r r o m a g n é t i c o  d e  Pot ts  
com q estados, cons t i t u i dos  por do i s  volumes semi- inf  i n i t o s  s e p a r a d o s  
por uma i n t e r f a c e  planar.  D i l u i ç ã o  temperada é admit ida tan to  nos volu-  
mes como na i n te r face .  O sistema apresenta fenômenos de percolação que 
general izam os resu l tados conhecidos para d=2 e d=3. E f e i t o  de competi- 
ção en t re  as d i  lu ições nos volumes e na i n t e r f a c e  (o qual respectivamen- 
t e  aumenta e d iminu i  o magnetismo de superf  i c i e  comparado ao do volume) 
é também observado. 


