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Abstract We analyse a  fa rn i l y  o f  d i scon t inuous  o r i e n t a t i o n -  p r e s e r v i n g  
maps o f  the  c i r c l e  on to  i t s e l f .  We o b t a i n  a n a l y t i c a l  express ion f o r  the  
l o c a t i o n  and f o r  t h e  l e n g t h o f  each s t e p o f  the  d e v i l ' s  s t a i r c a s e .  We 
show t h a t  t h e  s t a i r c a s e  i s  complete and t h a t  the  s e t  o f  p o i n t s  c o r r e -  
sponding t o  i r r a t i o n a l  w ind ing  numbers i s  a  Cantor s e t  o f  f r a c t a l  d i -  
mension - = O .  

Mappings have been used e x t e n s i v e l y  t o  d e s c r i  b e  dynamic systems 

t h a t  e x h i b i  t p e r i o d i c  as wel 1 as c h a o t i c  behavior .  They a r e a l s o  capable 

o f  d e s c r i b i n g  t h e  s t a t i c  p r o p e r t i e s  o f  systems t h a t  possess m o d u l  a t e d  

s t r u ~ t u r e s ' - ~ .  The standard map4 which i s  s t u d i e d  i n  connec t ion  wi t h  t h e  

Frenkel  -Kontorowa model o f  modul a t e d  s t r u c t u r e s  i s  an exampl e  o f  such 

maps. For  maps o f  t h e  c i r c l e  o n t o  i t s e l f  which a r e  cont inuous and i n -  

v e r t i b l e  (homeomorphisms) t h e  f o l  l ow ing  r e s u l  t s  have been ob ta ined  5 ' 6 .  

The w i n d i n g  number w(R) i s  w e l l  d e f  ined and i s  a  cont inuous f u n c t i o n  o f  

Q, t h e  parameter t h a t  desc r ibes  a  f a m i l y  o f  mappings. For  homeomorphisms 

t h a t  a r e  n o t  pure r o t a t i o n s ,  w(Q) e x h i b i  t s  a  p l a t e a u  f o r  each r a t i o n a l  

v a l u e  o f  W, t h a t  i s ,  t h e  f u n c t i o n  w(Q) i s  a  d e v i l ' s  s t a i r c a s e .  I f ,  i n  

a d d i t i o n ,  the  maps and t h e i r  i nverses  a r e  d i f f e r e n t i a b l e  ( d i f f e o m o r -  

phisms), then t h e  d e v i l ' s  s t a i r c a s e  i s  incomplete:  t h e  s e t  o f  p o i n t s c o r -  

respondi ng t o  i r r a t i o n a l  w i n d i  ng numbers has a  nonzero measure. AI so, 

t h e  o r b i t  corresponding t o  an i r r a t i o n a l  w ind ing  number i s  t o p o l o g i c a l l y  

e q u i v a l e n t  t o  a  s imp le  r o t a t i o n  what means t h a t  t h e  o r b i t  i s  one-dimen- 

s i o n a l .  

I n  t h i s  paper we analyse a  f a m i l y  o f  or ientat ion- preserv ingmaps 

o f  t h e  c i r c l e  o n t o  i t s e l f  which a r e  n o t  homeomorphisms. Never the less,  

some o f  t h e  above r e s u l t s  s t i l l  ho ld .  The w ind ing  number i s  w e l l  d e f i n e d  

and c o n s t i  t u t e s  a  d e v i l ' s  s t a i  rcase. We o b t a i n  some exac t  resu l  t s  con- 

c e r n i n g  t h e  d e v i l ' s  s t a i r c a s e  i n c l u d i n g  an a n a l y t i c a l  express ion  f o r t h e  
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w id th  o f  the plateau corresponding to  each ra t i ona l  winding nurnber. 

Using t h i s  expression we prove tha t  the d e v i l ' s  s ta í rcase i s  complete 

and the se t  o f  po in ts  corresponding t o  i r r a t i o n a l  winding numbers i s  a 

Cantor se t  o f  f r a c t a l  dimension 6-0. - 
We study a fami l y  o f  rnaps o f  a c i r c l e  onto i t s e l f  r + f (x ) ,  de- 

f i ned  on a u n i t  i n t e r v a l ,  O < cc < 1 ,  and described by two parameters t 

and D (see f i g . l ) .  I t  i s  g iven by f(rt.1 = f(x) mod 1 where 

6] denotes the in teger  pa r t  o f  2. The parameters t i s  r e s t r i c t e d  to the 

i n te rva l  [0,1] so tha t  the rnaps are or ien ta t ion- preserv ing .  When t = 1 ,  

the maps reduce t o  pure ro ta t i ons .  For t # 1 ,  the func t i on  f(x) has a 

d i s c o n t i n u i t y  when (z + R + $) i s  an integer.  We r e s t r i c t  the parameter 

il t o  l i e  i n  the i n te rva l  [O, $1, 

Fig.1 - The rnap z+f(x) f o r  a value 
of R between zero and 1/2. The slope 
o f  the segments i s  equal t o  t. 

The study o f  such a fami ly  o f  maps i s  motivated by i . ts r e l a t i o n  

t o  a modif ied Frenkel-Kontorowa model where the cosine pe r i od i c  poten- 

t i a 1  i s  replaced by a contiriuous piecewise parabol i c  pe r i od i c  po tent ia l  7. 

Suppose t h i s  model i s  studied by the method due t o  Griff i ths and chou8 

where a nonl inear eigenvalue equation i s  se t  up f o r  an effective poten- 

tiaií. If the  effective patentiai! i s approximated by the po t e n  t i a 1 

i t s e l f  then the map which gives the p o s i t i o n  o f  the atoms becomes ident-  
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i c a l  t o  the map studied here. Although, t h i s  seems a t  f i r s t  a not so 

good approximation the resu l t s  obtained look very sensible. To makecon- 

t a c t  w i t h  t h i s  modi f ied Frenkel-Kontorowa model, the parameter R should 

be i n te rp re ted  as the m i s f i t  parameter and ( 1 - t ) / t  = h the amplitude o f  

the pe r i od i c  po ten t i a l .  That i s ,  the modi f ied Frenkel-Kontorowa Hamil- 

tonian should be w r i t t e n  i n  the form 

where 

As long as the d e r i v a t i v e  o f  f (x)  ex i s t s ,  i t  equals t, so tha t  

the Lyapunov exponent o f  any a t t r a c t o r  equals log  t, except when the 

a t t r a c t o r  has a po in t  x f o r  which f (x)  i s  discontinuous.This exception, 

however, w i l l  not  occur whenever the winding number W(t,a) i s  r a t i o n a l .  

For a f i x e d  value o f  t, l e t  (a - (L ,N,~) ,  R+(L,N,~)) be the open 

i n te rva l  i n  the n-ax is  f o r  which the map has a winding number W(t,R) = 

= L / N w h e r e L  i s  prime r e l a t i v e  to  N and L < N. A necessary and su f -  

f i c i e n t  condi t ion3 t ha t  the map has t h i s  ra t i ona l  winding number i s  t ha t  

the equation y ( x o )  = z0 + L has a s o l u t i o n  x, i n  the i n t e r v a l  ]?,I) . I f  
we def ine  x .  by xi = J @ ( X ~ - ~ ) ,  t h i s  equation i s  equivalent  t o  the se t  o f  

3 
equations 

f o r  j = 1,2, ..., N, w i t h  the boundary cond i t ion  xN = X Q +  L .  I f  the p i n t s  

x x l , . . . ,  xullr-l a re  obtained then the N po in t s  o f  the l i m i t  c yc le  
- 0 '  - 
x x are  given by 2 = x. mod 1 .  

o '  jN- 3 
M u l t i p l y i n g  eq. (2) by t and summing over j from 1 t i l 1  N, we 

get  the fo l lowing equation f o r  x o  

where n ,v+, = no = O .  This equation, however, i s  formal s ince the i n -  
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tegers n l ,  n,, ..., nN are  yet  unknown. I t  can a l so  be i n te rp re ted  as an 

equation f o r  R  i f  xo i s  g iven i n  the i n te rva l  [0,1). By t a k i n g  t h e  
+ 

l i m i t s  xo + (* - R)' and xo + (i - Q)' we get  R  and R', r e rpec t i ve l y .  

Taking i n t o  account t ha t  n l  = O i f  xu < 3 - R  and t h a t  n 1 = 1 i f  

s, 2 ' -  R, and tha t  i n  both l i m i  t s  nN = L and n2 = 1 ( a s  l o n g  as 
2 

O 5 52 < ) we have 

+ 
From t h i s  expression we see tha t  the length  w = R  - R- o f  the  

+ 
i n te rva l  (fi-,R ) can be obtained independetly o f  the sequence n,, n,, ... nN, 

+ 
s ince both R- and R  are  given by the same sequence a s  shown i n  t h e  

and i s  independent o f  L. 

The sum o f  the lengths o f  a l l  p lateaus are  given by 

where $(N) i s  the number o f  i r r e d u c i b l e  f r a c t i o n  w i t h  denominator N ( the  

Euler t o t i e n t  f unc t i on ) .  Using the generating func t i on  e x p a n s i o n  f o r  

v a l i d  f o r  t <  1 ,  we ob ta in  the r e s u l t  S = 1 ,  so t ha t  the d e v i l ' s  s t a i r -  

case i s  complete. 

For a  f i x e d  t, l e t  C be the Cantor se t  o f  po in t s  o f  the d e v i l ' s  

s t a i  rcase i n  the R-axi s  corresponding t o  i r r a t i o n a l  winding numbers. The 

f r a c t a l  dimension D o f  the  se t  C can be ca lcu la ted as fo l l ows .  Let  E(N) 

be a  c e r t a i n  scale and S(N) the sum o f  the widths o f  the plateaus whose 

lengths are l a rge r  than E(N), and $(N) = 1 - S(N) . The f rac ta l  dimension 

D i s  g iven by 
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D =  I i m  
l o g  3/€ 

By choosing E(N) = w(N,t) we have 

An upper bound f o r  Z(N) i s  ob ta ined  by observ ing  t h a t  4(n)  < n-l f rom 

which we g e t  f i 6  O .  Therefore,  D =  0. 

I  n  t h e  Appendi x  we show t h a t  t h e  sequence n2 , n 3 ,  . . . , )ZN i s  

g i ven by 

f o r  j = 1,2,. . . ,N-1, so t h a t  t h e  express ion  (3)  g i v e s  a c t u a  I 1  y t h e  

l i m i t s  o f  the  p l a t e a u  corresponding t o  t h e  w ind ing  number L/N. D e f i n i n g  

t h e  s e t  o f  numbers o,, O,, ..., ON, which take  o n l y  the  va lues  O and 1, 

by 

f o r  j = 1 ,2 , .  . . , N, we have t h e  fol l ow ing  express ion  f o r  fi- and fi+ 

As an example we have ( ~ l , 0 2 , .  . .,aN) = (0101101011011) f o r  t h e  case L=8 

and N=13. Since o .  has t h e  p r o p e r t y  a 
J 

= o .  f o r  j =  2,3 ,..., N- l we 
N - j + l  J 

can w r i t e  a l s o  

+ 
I n  t h e  l i m i t  t-tl o f  p u r e  r o t a t i o n  we o b t a i n  Q-+L/N by u s i n g  t h e  prop- 

e r t y  a = L. 
j=l j 

F i g u r e  2 shows t h e  phase diagram i n  t h e  v a r i a b l e s  C a n d  h = 

= ( I - t ) / t .  Regions corresponding t o  severa1 r a t i o n a l  w ind ing  numbers a r e  

shown. The l a s t  enlargernent o f  the f i g u r e  p resen ts  reg ions w i  t h  w ind ing  
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F i g . 2  - Phase diagram i n  t h e  

v a r i a b l e s  R and h = (I-t)/t 

where (c )  a n d  ( b )  a r e  two 

successive e n l a r g m e n t s  o f  

(a ) .  Regions wi  t h  r a t i o n a l  

w ind ing  numbersL/Nare shown 

i n  ( a ) ,  (b) , and (c)  wi t h  N 

up t o  10, 29 and 77, respec- 

t i v e l y .  
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number L /N  up t o  N = 77. N o t i c e  t h a t  t h e  w i d t h s  o f  p la teaus  b e h a v e  as  

h/N when h -+ 0. 

L e t  us cons ider  t h e  case o f  an i r r a t i o n a l  w ind ing  number a. The 

locus  o f  p o i n t s  i n  t h e  phase diagram such t h a t  w ( ~ , R )  = a i.s o b t a i n e d  

f rom eq. ( 5 )  by t a k i n g  t h e  l i m i t  N + w  w i t h  O-. now g i v e n  by 

+ 
f o r  j = 1,2,3 ,... . ~n t h i s  l i m i t  b o t h R -  a n d R  ' approach Rx(a, t )  g i ven  

We d iscuss  now t h e  l o c a l  s c a l i n g  p r o p e r t y  o f  t h e  phase diagram 

around t h e  p o i n t  h = O and fi = a where a: i s  an i r r a t i o n a l  number. We w i l l  

cons ider  o n l  y  t h e  case where a: = ( ? - . 4 ) / 2 ,  t h e  square o f  t h e  golden mean 

Y = (G - 1 ) / 2 .  The number a i s  the  1 imi t o f  t h e  sequence F ]/FJ, F d F , ,  

. . . ,FiFi+2,. . . where Fi a r e  the  F i  bonacci nuxibers d e f i n e d  by Fi+2 = Fi,+l 

+Fi w i t h  F, = O and Li = 1 .  I f  i i s  odd then LC,/Fi+2 < a < r" i+~/~i+- 3' 

Given an odd i we d e f i n e  t h e  f o l l o w i n g  change o f  sca les  

and c a l  l t h i s  t r a n s f o r m a t i o n  Ti. For  s u f f i c i e n t  l a r g e  i, t h i s  t ransform-  

a t i o n  leads t o  a phase diagram i n  t h e  XY plane,  showm i n  f i g . 3 ,  whose 

p a t t e r n  i s  independent o f  i. 

We have fobnd numerical 1  y  t h a t  t h e  reg ions  o f  t h e  p lane  hR c o r-  

responding t o  t h e  w ind ing  numbers (RFi+l + mF.) / ( RFi+3 + m and 
Z 

(RFk+l 
+ mFk)/  ( R F ~ + ~  + mFb2) wi t h  R and m nonnegat ive i n t e g e r s  and re-  

l a t i v e  pr imes, wi 11 map i n one and the  same r e g i o n  o f  t h e  XY p lane  by 

the  t rans fo rmat ions  T. and T k ,  r e s p e c t i v e l y ,  f o r  s u f f i c i e n t  l a r g e  i and 
Z 

k .  T h i s  r e g i o n  w i l  l be labe led  (R,m). 

The phase diagram i n  the  XY plane,  shown i n  f i g . 3 ,  has t h e  f o l -  

lowing p r o p e r t i e s .  The w i d t h  o f  the  r e g i o n  (R,m) vanishes as 2yx(R+ym) 

when X + 0, and touches t h e  Y-axis a t  t h e  p o i n t  
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Fig.3 - Phase diagrarn i n  t h e  
p lane XY def i ned by chang i ng 
t h e o r i g i n a l  and h sca les  
around t he  o i n t  h =  O andR=  
= 0 = (3-$$I2 = 0 . 3 8 1 9 . .  . .The 
values o f  Y, and Y, a re  Y1 = 
= cl/(l+a) = (5-&) / ]O = 0 . 2 7 6 3  ... and Y, = l/(l+a) = ( 5 + 6 ) /  
/ I 0  = 0.7236 ... . 

The p a t t e r n  o f  t h e  phase diagram i s  i n v a r i a n t  by t h e  enlargement x + ~ - ' x  
and Y -+ a - 2 ~  i n  which case t he  reg ion  (E, rn)  goes i n t o  t he  r eg i on  (2 -m, 

2m-a) . 
We have analysed he re  the  f a m i l y  of  maps def ined by eq. (1) o n l y  

f o r  O t I i n  which case t he  rnappings a r e  o r ien ta t ion- preserv ing .  When 

t > 1  i t  i s  no t  o r i en ta t i on- p rese rv i ng  anymore and t he  Lyapunov exponent 

l o g  t i s  l a r g e r  than zero. We expect, there fo re ,  the  occurrence, i n  t h i s  

case, o f  a  chao t i c  behavior .  This ,  however, w i l l  be the  s u b j e c t  o f  a  

f u r t h e r  i n v e s t i g a t i o n .  

APPENDIX 

I n  t h i s  appendix we prove t he  ex is tence  o f  a  s o l u t i o n  o f  t h e  

system o f  eqs. (2) f o r  which t he  i n t ege rs  n a re  g iven  by Li 

n = [(i-i) $1 + i f o r  j = 2 , . .  . ,N , i 
where R' a r e  the  s tab í  l i t y  I imí t s  g íven  by eq. ( 3 ) ,  and 
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I f  the values o f  n. f o r  j = 1, ..., N are  given, i t  fo l l ows  from 
3 

eq.(2) t ha t  the values o f  x f o r  j = O,], ..., N-1 a re  u n i q u e l y  d e t e r -  i 
mined. Therefore what we have t o  prove i s  the  v a l i d i t y  o f  the r e l a t i o n  

f o r  j = 0,l  ,... ,N-1, o r  equ iva lent ly ,  

1 - - 6 x .  + a -  nj+, < - 1 , f o r  j = O,  ..., N-1 . 
3 2 

(A31 

Solv ing eq. (2) f o r  x ,  we ob ta in  

where we have def ined 

N- l 

From eq. (3)  we have 

Using e q s . ( ~ 4 ) - ( ~ 8 )  and the f a c t  t ha t  F(S~) i s  an i n c r e a s i n g  

func t i on  o f  R, i t  i; s t ra igh t fo rward  t o  show tha t  the cond i t i on  (A31 i s  

s a t i s f i e d  f o r  j=O. For j > 1 ,  eq.(2) g ives f o r  3:. the s o l u t i o n  
.7 
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where we have def i ned 

Using the property aN-j+] = a .  f o r  j = 2,. . . ,N-1, and a lso  the 
3  

fac t  t ha t  oi i s  1"if and o n l y  i f  j i s  o f  the form [ k ~ ]  + I, where &NJL 

and k i s  an integer,  we can rewr i t e  eq. (AIO)  i n  the form 

where m i s  an in teger  such tha t  

Sirice G .  i s  an increasing func t i on  o f  j f o r  a  f i x e d  m, we have 
3 

Using the property [x] - b] > [x-y], we conclude wi thout  d  i f f i c u l  t y  

t ha t  the two sums above are non-negative. Therefore, 

I n  q u i t e  the same way we can 

Using the resul  t ç  ( ~ 6 ) -  ( ~ 8 1 ,  

demonstrate t ha t  

N -  N-l 
O $ - t  (A1 5) 

and (~14) - (A15)  i n  eq.(A9), i t  i s  

a  simple matter  t o  show tha t  the i nequa l i t i es  (A3 )  are  indeed s a t i s f i e d  

f o r  j = l ,2  ,..., 1 - 1 .  
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Resumo 

Analisamos uma famí l i a  de rnapeamentos no c i r c u l o  sobre s i  mes- 
mo.aue sãodescontínuos epreservarn a or ientacão. Obtemos exoressões ana- , , 2 

l i t i c a s  para a loca l  ização e para a la rgura  de cada um dos d e g r a u s  da 
escada do diabo. Mostramos que a escada é completa e que o conjunto de 
pontos correspondentes a números de rotação i rraciona i s  é um conjunto de 
Cantor de dimensão f rac ta l  D = 0. 


