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Absbact We use a va r ia t i ona l  procedure, w i t h  t h e  i nc lus iono f  some sp in  
f 1 uc tua t  ions, t o  go beyond the standard layer- by- layer mean-f i e l  d ca1.c~- 
l a t  ions f o r  t he  T-p phase diagram o f  t h e  ANNNI model . The high tempera- 
t u r e  region i s  studied a n a l y t i c a l l y .  The t r a n s i t i o n  l i n e s  meet smoothly 
a t  t h e  L i f s h i t z  po in t ,  which i s  an i n f l e c t i o n  p o i n t  o f  the  second-order 
paramagnet i,c border . At low temperatures , our  numer i ca l  resul  t s  conf i r m  
the s t a b i l  i t y  o f  the  main commensurate phases and show a ,quan t  i t a t  i v e  
t rend towards the pred ic t ions  o f  t he  Monte Car lo  analyses. 

1. INTRODUCTION 

I n  t h i s  work we consider one o f  t h e  s implest  sp in  models t o  ex- 

p l a i n  the  occurrence o f  complex modulated s t ruc tu res  i n  magnet i c com- 

pounds. The a x i á l  next-nearest-neighbor I s i n g  (or  ANNNI) model, proposed 

by E1 1 i o t t  t o  account f o r  t he  magnetic phases o f  ~ r b i u m '  , i s  def ined by 

the  hami 1 ton ian  

where Sx i s  an I s ing  sp in  (1-1) on t h e  (x,y,z) s i t e  o f  a cubic l a t -  
>Y ,z 

t i c e  w i t h  u n i t  l a t t i c e  parameter, The i n t e r a c t i o n s  between f i r s t  

neighbors a re  ferromagnetic ( J o ,  J i  > O ) ,  whi l e  the i n te rac t i ons  between 

second neighbors along the z d i r e c t  ion favo r  an ant i ferromagnet ic a1 ign- 

ment (J2 < O).. This ax ia l  compet i t ion between f e r r o  and a n t i  f e r r o m a g -  

netism gives r i s e  t o  a L i f s h i t z  p o i n t  and a succession o f  m o d u l a t e d  

+ 
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phases2. 

The V-p phase d iagram o f  t he  ANNN I m d e l  , where T i s  the  absoU - 
u te  temperature anci p 3 - J 2 / J I  i s  the  r a t i o  o f  the compet  i n g  e x c h a n g e  

i n te rae t i ons ,  has been studied by a v a r i e t y  o f  techniques. I n  f lg. 1 we 

d e p i c t  the  phase diagram obtained by von Bsehm and b k 3  w i  t h  i n t h e  

framework o f  a care fu l  layer-by- layer mean- f ie ld calculat ion.The analy-  

sis o f  high-temperature ser ies  expansionã confisms the existente o f  two 

d i s t i n c t  paramagnetic l ines, a t  somewhat lower temperatures, which j o i n  

çmoothly a t  the L i f çh i tm  p o i n t 4 .  However, t h i s  s o r t  s f  ana l ys i s  gives no 

i n d i c a t i o n  about the nature  o f  the  ordered regions o f  the  phase diagram. 

Low-temperature ser ies  expans ions were obtained by Fisher and Sel kes,but 

a re  r e s t r i c t e d  t o  the asymptot is  reg ion near the mult iphase poasint (T=O; 

p = 1/21. The ana lys is  s f  the lsw-temperature ser ies shows theex i s tence  

o f  a suceeãsion o f  modulated phases spr ing ing from the mul t iphase p i n t ,  

I n  agreemewt w i t h  the mean-f ie ld ca l cu la t i ons .  Also, d e t a i l e d  numerical 

s tud ies  o f  the ANNNI model by Monte Car lo techniques have been cas r i ed  

o u t  by Salke and FIshco6. From tha  qual i t a t i v s  po in t  o f  vIewg theava i1 -  

abPe k n t e  Carlo data agree w i t h  t he  r e s u l t ã  o f  the "ayer-by-Payer mean 

- f leUd ca lcu la t ions  and stronglly support  the  ewlstence s f  modu 8 a t e d  

phases eharacterined by we l l -de f ined values s f  a p r i n c i p a l  wave number. 

Uowevei-, there  a re  some quant i  t a t i v e  discrepancieã, which s t l 1 U g l v e  

room f o r  m r e  re f i ned  mean-f i e l d  s tud ies  

PARAMAGNETIC 
6.6 

4.0 

2.0 

o f  the ANNNI model. 

F ig  . l - Sketch o f  t he  T-p phase 
d iagram o f  the  ANNN I m d e l  , f o r  
J ,  = J 1 ,  i n  the  standard l a y e r  
-by-layer mean-f i e l d  a p p r o x  i - 
mat ion 3 .The paramagnet i c  1 ines 
a r e  obtained a n a l y t i c a l l y .  We 
ind i ca te  the  regions cor re-  
spond i ng to  the  ma i n commen- 
sura te  phases. 

I n  a previous publ i c a t i o n 7,  a v a r i a t i o n a l  principie, based on 

a f r e e  t r i a l  hamil tonian,  has been used t o  derived the  layer- by- layer  
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mean- field resul  t s  f o r  t he  g loba l  T-p-H phase diagram o f  the ANNNI model. 

I n  t he  present paper, we use t h e  same v a r i a t i o n a l  procedure, b u t  i n t r o -  

duce a more complex t r i a l  hami l tonian,  which includes some i n t e r a c t i o n s  

between pa i r s  o f  nearest-neighbor spins belonging t o  t h e  same xyp lanes.  

We analyze the s t a b i l i t y  o f  the  modulated phases under these ex t ra  s p i n  

f l uc tua t i ons  and prov ide some q u a n t i t a t i v e  comparisons wi t h  b o t h  t h e  

high-temperature se r i es  r e s u l t s  and the  Monte Carlo analyses. Our re-  

s u l t s  conf i rm the  s t a b i l i t y  o f  t he  modulated phases and show a quant i -  

t a t i v e  t rend towards the  Monte Carlo data. A f t e r t h e  complet ion of t h i s  

work, we learned about two independent attempts t o  i m p r o v e  t h e  mean- 

-f i e l d  ca l cu la t i ons  f o r  the.ANNN1 model . Pi res and c01 1 aborators8 use 

the same v a r i a t i o n a l  scheme, w i t h  a t r i a l  hami l tonian c o n s i s t i n g  o f  a 

' s e t  o f  'non- in terac t ing  one-dimens ional  I s i ng  models a1 o n g  the  z d i r e c -  

t i o n ,  inc lud ing f i r s t  and second neighbor in terac t ions .  I n t h i s  approx i -  

mation, which should be exce l l en t  f o r  Jo << Ji, -J2, i t  i s  no t  d i f f i c u l t  

t o  ob ta in  expressions f o r  t he  paramagnetic l i n e s  and the  l o c a t i o n o f  t he  

L i f s h i t z  po in t .  However, i t  becomes an extremely cumbersome t a s k t o a n a -  

l yze  the  modulated region.  I n  another work, Taylor  and ~ e s j a r d i n s '  per-  

,form a numerical c a l c u l a t i o n  based on K ikuch i ' s  c l u s t e r - v a r i a t i o n a l  me- 

thod. As we s h a l l  see below, t h e i r  r e s u l t s  a re  i n  q u a l i t a t i v e  agreement 

w i t h  our f i nd ings .  

The l ayou t  o f  t h i s  paper i s  as fo l lows.  I n  sec t i on  2 we i n t r o -  

duce the approximate fo rmula t ions  and ob ta in  the  min imiza t ion  cond i t ions  

f o r  the  f r e e  energy. The T-p phase diagram i s  studied i n  sec t i on  3. We 

ob ta in  a n a l y t i c  expressions fo r  the paramagnetic l i n e s ,  the  l o c a t i o n  o f  

the L i f s h i t z  po in t ,  and the  asymptotic form o f  the f i r s t - o r d e r  ferromag- 

netic-modulated boundary near t he  L i f s h i t z  po in t .  Some numerical c a l -  

cu la t ions ,  according t o  t he  scheme o f  von Boehm and Bak, as wel 1 as com- 

par ison w i t h  Monte Carlo data, a r e  reported i n  sec t ion  4. F i n a l l y ,  some 

concluding remarks a r e  presented i n  sec t ion  5. 

2. APPROXIMATE FORMULATIONS 

The approximate so lu t i ons  presented i'n t h i s  paper a re  based on 

Bogoliubov's i n e q u a l i t y  
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where G i s  t h e  f see energy associated w i t h  the ANNNI m d e l  d e f  i ned by 

eq. ( 1  . l ) ,  G, i s  the  f r e e  energy associated w i t h  a t r i a l  hami l tonian ff,, 

and the  expectat ion value, 4f-Ho>Q, i s  taken w i t h  respect t o  H,. I n  the 

standard layer-by- layer mean-f i e l d  approxirnation3" a H, involves terms 

o f  the  type 

( 1  1 h ,  (2) = -TI, sx,ypz * (2.21 

According t o  the work o f  Fe r re i ra  e t  a 2 l 0 ,  i n  t he  s o - c a l l e d  p a i r  ap- 

proximation, we should also inelude terms o f  the  type 

where the interactasns are r e s t r i e t e d  t o  nearest  nelghbors belonging t o  

the same rcy plane. I n  the so-called square approximation, we should i n  

a d d i t i o n  inc lude terms of  the type 

(A) The pa i r approximat ion 

I n  the  p a i r  approximation the t r i a i  hami l ton ian i s  g iven by 
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where the f i r s t  zy sum i s  over f ree  spins, wh i le  the second and t h i r d  

sums are over isolated pa i rs  o f  in teract ing nearest-neigbor spins along 

the z 'and y d i rect ions respectively. I f  we cal  1 n2 the number o f  iso- 

lated pa i rs  o f  in teract ing spins i n  each plane, the r i g h t  hand side o f  
(1) inequal i t y  (2.1) i s  a funct ion o f  the parameters qz , nz , and n,. 

It i s  easy t o  show that 

C G, = - kT n, 1 log  2  cosh Briz 
z 

k o  - KT n2 1 log  [2 e cosh 2 8 ~ 1 : ~ )  + 2 e -"O ] , (2.6) 
. . Z 

where 6 = l / (kT) ,  n, = N2-2n , and f 1 2  i s  the number o f  s i  tes i n  each xy 

plane. I n  zero f i e l d ,  i f  we cal1 mZ the uniform magnetization per spin 

í n  the z plane, we have 

where 

It should be remarked t ha t  t h i s  equation, which comes from the assump- 

t i on  that  mZ i s  uniform throughout the xg planes, gives 
(2) tween the parameters i7i1) and i1, . 

The minimirat ion o f  @ w i th  respect t o  Vi1), w 

y ie lds the r e l a t i o n  

a r e l a t i on  be- 

i t h  n, f ixed, 
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where 0;') and m, a r e  g i v e n  by  eq.(2. ) . F e r r e i  r a  e t  aZIO use t h e  f i s s t  

terms o f  t h e  exac t  h i g h  tempera tu re  expansion o f  t h e  f r e e  e n e r g y  t o  

choose t h e  nurnber n2 oF i s o l a t e d  p a i r s  i n  the  t r i a l  hami l ton ian .Accord -  

ing  t o  t h i s  c r i t e r i o n ,  we have n, = 2 N 2 ,  which c o n s i d e r a b l y  s imp l  i f  i e s  

eq. (2.9).  Then, we may w r i t e  t h e  m i n i m i z a t i o n  c o n d i  t i o n s  a s  a s e t  o f  

coupled equat ions f o r  m,, g i v e n  by 

2 = ; l o g  - 
1 -m 2 

Th is  s e t  o f  equa t ions  admi tâ,  i n  genera l ,  more than  one s o l u t i o n  I n  

t h i s  case, t h e  p h y s i c a l l y  r e l e v a n t  s o l u t i o n  i s  t h e  one wh ich  g i v e s  t h e  

minimum v a l u e  oF @, wh ic l i  I s  t h e  approxirnate Gibbs f r e e  energy oF t h e  

model. 

(B)  The square approx imat ion  

I n  t h e  square approx imat ion  t h e  t r l a l  h a m i l t o n l a n  i n c l u d e s  a 

t e r r n o f  the  t y p e x  C h 4 ( z ) ,  where t h e  sy sum i s  o v e r  n4 i s o l a t e d  
z x , y  

squares o f  i n t e r a c t i n g  p a i r s  o f  sp ins .  I t  i s  s t r a i g h t f s r w a r d  t o  use t h e  

sarne procedures o f  t h e  p r e c e d i  ng paragraphs t o  o b t a  i n an express i o n  f o r  

0 .  I n  p a r t i c u l a r ,  w i t h  t h e  c h o i e e  n2 = -2p2 and n, = N 2 ,  wli i c h  comes 

from a comparison w i t h  t h e  f i r s t  few terms o f  an exac t  h i g h  tempera tu re  

expansion o f  t h e  f r e e  energy,  we can w r i  t e  t h e  m i n i m i z a t i o n  cond i  t i o n s  

as t h e  f o l l o w i n g  s e t  o f  coup led  equat ions f o r  mz 

1 l imz B - 8  l o g  - +  
1 -mz 6 gz-l .z+1 ) ' J 2  mz+2d 
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where 11:l) comes from 

(4) 
e 4 8 J ~  s inh 48nP)  + 2 s inh  2BnZ 

m = a . (2.1'3) 
4 M 0  -4w, 

e cosh 48~l'*) + 4 cosh 2~11:~) + r + 2 

3. ANALYTIC RESULTS FOR THE T-p PHASE DIAGRAM 

I n  the p a i r  approximation, the  t r a n s i t i o n  be tween  t h e  d i s -  

ordered (mZ=O) and the  ordered (mZ#O) phases can be determined from an 

asymptotic ana lys is  of  eq. (2.10). For small mZ we have.  

(3.1) 

I f  we introduce the  Four ier  components o f  mZ, according t o  

where the  sum i s  over the f i r s t  B r i l l o u i n  zone ( - r < q <  r ) ,  eq. (3.1) 

y i e l d s  

where 

~ ( q )  = 2J, cos q + 2 J, cos 2q . (3.4) 

At h igh temperatures, m =O f o r  a11 q. As we decrease the temperature, 
4 

however, t he re  w i l l  be a so lu t i on  rn # O f o r  
4 

ke[2 exp[- 2) - I] = man ~ ( q )  ~ ( q ~ )  . (3.5) 
9 

From t h i s  equation, we see tha t  the  modulated phase j u s t  below the t ran- 

s i  t i o n  w i l l  be character ized by a wave number q such t h a t  
C 

c o s q  = -  
='i 1 

c 45,=% 
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1 
whereas q, - O i n  the  ferromagnetic phase. For p < , the  system under- 

goes a paramagnetic-ferromagnet i c  t rans i  t ion ,  g iven by the  temperature 

To (p) , such tha t  

1 
where J(O) = 25, + 2J2, and 4 = p - 144. For p > s, t h e  system under- 

goes a pararnagnetic-modulated t rans  i t i on ,  given by the  temperature ~ ~ ( p ) ,  

such tha t  

From eqs. (3 .a )  and (3.8) I t I s  easy t o  ws i t e  the expansisns 

and 

where ATO ="To- TL, A Tx = TA - T o ,  a: = ( ~ J , / J , ) ~ x ~ ( - P Y ~ / ~ T , )  , 
i .  

b = (2J,/kTL'E)a, and TL is given by the equation 

It i s  then c lear  t h a t  t h e  c r i t i c a 1  l i n e s  .,(p) and TA(p) meet smoothily 

a t  the  L i f s h i t z  p o i n t  (TL,pL) w i t h  pL = $ . Since a, b ,  and 8a2 - b ,  

are a l l  pos i t i ve ,  we see t h a t  t h e  slopes of T,(p) and T,(p) have op- 

pos i te  signs a t  t h e  ~ ' i f s h i t z  po in t .  The L i f s h i t z  p o i n t  i s  then an in+ 

f l e c t i o n  po in t ,  i n  agreement w i t h  experimental f i nd ings  for thernagnet ic  

cornpound MW ". This  i s  a pecul i a r  resul  t which could no t  have been ob- 

tained f rom the more standard layer- by- layer mean-f i e l  d c a l c u l a t  ion.  

The anal ys i s  o f  t h e  nature  o f  the ferrornagnet ic-rnodulated tran- 

s i t i o n ,  as we l l  as the  es tab l  ishment o f  an asymptotic expression for t he  

t rans i  t f o n  temperature, T, (p) , close t o  the L i f ã h i  t z  point, requ i r e  the  
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cons i de ra t  ion  o f  h igher harmonic components o f  eq  . (3 .3 )  . Along the 

1 ines o f  Yokoi e t  az7,  l e t  us w r i t e  the magnet izat ion per sp in  i n  the 

form 

where the c o e f f i c i e n t s  M,, M,, M,, ... are  supposed t o  be rea l .  Inser- 

t i n g  eq. (3.12) i n t o  (2.101, and comparing the c o e f f i c i e n t s  o f  the same 

hirmonics, we o b t a i n  the fo l l ow ing  asymptotic expressions c lose t o  t h e  

c r i t i c a 1  l i n e  T ( p )  X 

and M, .; c,M:, M, = c,M:, and so on, where C,, C,, . . . , are s t r u c t u r a l  

coe f f i c i en ts .  I n  general, t he  amplitude o f  the n t h  harmonic component, 

where n i s  an odd integer, approaches TX as ( T ~ - T ) ~ ' ~ .  These resu l t s  

i nd i ca te  that ,  c l ose  t o  TA, the higher harmonic components con t r i bu te  

as per turbat ions and the  modulated phases are  f a i  r l y  we l l  represented by 

a s inusoidal l aye r  magnetizat ion w i th  wave vector q . For incommensurate 
C 

wave vectors the  Lhase 9 i s  a r b i  t ra ry .  For comrnensurate wave vectors, 

however, the  expansion (3.10) i s  f i n i t e ,  and 9 i s  chosen i n  order t o  

minimize the f r e e  energy. As discussed by Yokoi et a17, t h i s  d i s t i n c -  

t i o n  i s  not  re levan t  f o r  ca l cu la t i ng  asymptotic expressions n e a r  t h e  

L i f s h i t z  po in t .  

I n  the  contex t  o f  t he  p a i r  approximation, l e t  us w r i t e  an ex- 

pans ion f o r  <P, i n  zero f i e ld ,  i n  terms o f  m . Using the Four ier  represen- 
Z 

t a t i o n  (3.12) we have 
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where 

Taking in to  account the  temperature dependence o f  the  amp l i t u d  es  M1,  

M,, ..., we have the  fo l lowing asymptotic expression for theapproximate  

f ree  energy o f  éhe madulated phase, near the ~ i f s h i t r  

In the ferromagnetis phase, m = m for a l  l z .  I t Is then easy ta obtã ln  
B 

Comparing eqs. (3.17) and (3.19) we f ind  tha t  T , ( p )  i s  asymptotically 

given by 
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which indicates tha t  To, TA, and TI, meet tangent ia l ly  a t  the L i f s h i t z  

point .  Alço, we have the same factor  (2 + &)16 w h i c h  had already ap- 

peared i n  the standard layer-by-layer mean-f i e l d  ca lcu la t ion.  From eqs. 

(3.17) and (3.19) we can show that the entropy p e r  s p i n  undergoes a 

jump, of order (ap) ', across the border T, ( p )  . This conf i rms the f i r s t -  

-order nature o f  the ferromagnet ic-modulated t rans i  t ion. 

S imi lar  calculat ions, w i th  ident ical  resu l t s  from thequal i t a t -  

ive po in t  o f  view, can be performed w i t h i n  the framework o f  the  square 

approximation. As the equations become more awkward, we omit a11 the 

intermediate steps and on ly  g ive the expressions f o r  To(p), TA(p), and 

TI (p). Then we have 

and 

kT1 
?c? 77~[2] = L ~ ( W , ]  J~ kf, - (2+Jb)16 dp2 + 0(AP3), (3.29) 

where 

e-? - 4 cosh 3~ + 5 A(x) = (3.24) 

1 + e  2x 

From these equat ions we see that  To (p) , TI (p) and YA(p) meet smoothly a t  

the L i f s h i t z  po in t ,  pL = 1/4, and TL given by 

i r s t  Also, i t  i s  straightforward t o  show that  the Ti (p) border remains f 

-order . 
I n  f i g .2  we depic t  graphs of TI, To, and 5, fo r  Jo = Ji, 

various approximations. Also, we show the high temperature ser ies 

i n 

r e- 

su l t s  f o r  the c r i t i c a 1  l ines.  As expected, the pa i r  approximation gives 
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.'I 2 .3 .4 .5 

Fig.2 - The high- temperature boundaries o f  theT-p  
phase diagram. Phe f u l l  l i n e s  arethe. second-order 
paramagnet i c bordeps, TO ( p )  , yX (p)-The dashed 1 i ne, 
T, ( p )  , i s  t he  asymptot i e  form o f  the f i  r s t -o rde r  
boundary near t h e  L i f s h i t m  po in t  (LP) .  ( 1 )  Stan- 
dard layer- by- layer  mean-f i e l d  approximation. ( 2 ) 
Pa i r  approximat ion.  (3) Results from the ana l ys i s  
oF the high- temperature ser ies expansions. 

lower c r i t i c a l  temperatures than the standard layer- by- layer  mean- field 

pred ic t ions .  The square approximation, however, does no t r e p r e s e n t  a 

s i g n i f i c a n t  improvement. Again, i t  should be remarked tha t ,  i n  the  p a i r  

and square approxímations, the L i f s h i t z  po in t  i s  an i n f l e c t i o n  p o i n t  o f  

the paramagnetic border, i n agreement wi t h  the experimental resu l  t s  f o r  

MnP. 

I n  the preceding sec t i on  we have obtained a n a l y t i c  expressions 

f o r  the layer  magnet iza t ion  per sp in  rn i n  the immediate v i c i n i t y  o f  
2 

the c r i t i c a l  l i n e s .  I n  t h i s  asymptotic region, the modulated phase can 
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be well represented by a sinusoidal wave w i t h  a wave numberq depending 
C 

on the parameter p. As the temperature i s  decreased, however, h i g h e r  

harmonic components become important, and i t  is  practically impossible 

to  perform analytic calculations. Previous numerical mean-field c a l c u -  

l a t i ~ n s ~ , ~  have shown that  there a r e  t ransi t ions to  a sequence of modu- 

lated phases, characterized by well -def ined values of a principal wave 

number. A t  T=O and p > 1/2, t he  ground s t a t e  i s  ferromagnetic, w i t h  the  

wave number q=O. However, f o r  p > 1/2, the ground s t a t e  is the antiphase 

(2,2),  given by a sequence of two layers of spins pointing up fol lowed 

by two layers of spins down, with a wave number q/2v = 1/4. For p > 1 / 4 ,  

i t  is thus clear that  the wave number presents a nontrivial v a r  i a t  i on 

w i t h  temperature. 

The numerical calculations have been performed for  J,= J,, ac- 

cording to the procedures of von Boehm and Bak3, and Yokoi e t  UZ'. In the  

pair approximation, l e t  u s  suppose that  the solutions of t h e  s e t  of 

equations (2.10) have a periodicity of L l a t t i c e  spacings. Under t h i s  

assumption, the inf i n i  t e  system of equations (2.10) reduces to a system 

of L non-1 inear coupl ed equat ions, which can be solved self-consistentl  y. 

As i n i t i a l  conditions we may use sinusoidal structures w i th  d i f fe ren t  

per iodici t ies .  Then, for given T and p, we obtain periodic s o l u t i o n s  

w i t h  periodicity L up to 20 l a t t i c e s  spacings, and wave numbers of the 

form q/2v = K/L, where OSK S L S 20. A t  fixed T and p,  each solution 

corresponds to  a well def ined value of the f ree  energy. Of course, the  

physicall y relevant solution i s  chosen t o  be the one which minimizes the 

f r ee  energy. It should be remarked that  those results a re  limited t o t h e  

main commensurate phases, and i t  i s  to  be understood that i n  between 

them there may ex is t  other commensurate or incommensurate phases. 

Some results of our numerical calculations a r e  p r e s e n t e d  i n  

f igs .  3 and 4. As i n  the standard layer-by-layer mean-f i e l d  approxi- 

mation, a t  low temperatures jus t  a few i terat ions are  enough to produce 

h i g h  precision solutions of the  s e t  of eq~iations. As t h e  t e m p e r a t u r e  

increases, however, the convergence becomes slower, and i t  i s  pract i-  

cal ly  impossible to  obtain numerical resul ts  i n  the v ic in i t i es  of the 

c r i t i c a l  1 ines. Due to the avai lable  Monte Carlo data, we looked in de- 

t a i l  a t  the behavior of the wave number for  p = 0.6 (see f ig. 5 ) .  The 
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PARAMAGNETIC 

FERRQMAGNETIC 

F i g . 3  - The main commensurate phases accord ing  t o  the 
Payer-by-iayer mean-f i e l d  c a l c u l a t i o n s  i n t h e  p a i  r 
approximation, Also, we show theparamagnetic borders 
and the f i rs t -arder  paramagnet ie-msdulated trans 1 6 0 m  
l ine. 

i-esul t s  o f  the p a l r  approximatisn a re  qual i t a t i v e l y  e lose t o  t ke  

Car lo f i nd ings .  50th the Monte Car lo c a l e u l a t i s n s  and the p a l r  approxi-  

matlon i nd i ca te  the same modulated phases and shsw, u n l i k e  the standard 

layer-by- layer mean - f i e l d  resu l  t s ,  a wave number wh i c h  d e c r e a s e s  

monotsn ica l ly  w i t h  temperature. The i n c l u s i o n  sf f l uc tua t i ons  i n  the  xy 

planes a f f e c t s  the regions o f  s t a b i l i t y  o f  t he  modulated phases butdoes 

conf i r m  t he  pred ic t ions  o f  both standard mean-f i e l d  and Monte Car lo cal-  

cu la t i ons .  

I n  f i g .  3 we draw the main commensurate phases i n  the p a l r  ap- 

proxlmat ion.  This phase diagram should be compared w i t h  the r e s u l t s  o f  

von Boehm and Bak ( f  ig .1 ) .  Comparing f igs .  1 and 3 we see tha t  the  t ran-  

s i t i o n  l i n e s  a r e  depressed, and some commensurate-conunensurate borders 

a re  s h i f t e d  t o  smaller values o f  p .  These e f f e c t s  a r e  seen, f o r  example, 

i n  t he  case o f  the modulated phase q/2v = 2/11 (see f i g .  4). The resu l  t s  

shown i n  f i g .  3 are  a lso  i n  good o v e r a l l  agreement w i t h t h e c a l c u l a t i o n s  

o f  Tay lor  and ~ e s j a r d i n s ' .  
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F ig  . 4  - The T-p phase diagram o f  t he  ANNNI 
model , wi t h  specia l  emphasis on t h e  bound- 
a r i e s  o f  the  2/11 phase. The upper curves 
correspond t o  the  standard mean-f i e l d  c a l -  
c u l a t i o n  ( the 2/11 p h a s e  o c c u p i  es t h e  
hatched region) . The lower curves cor re-  
spond t o  the  layer-  b y - l a y e r  m e a n- f  i e l d  
c a l c u l a t i o n  i n  the p a i r  approximat ion ( i n  
t h i s  case, the  2/11 phase o c c u p i e s  t h e  
dot ted  reg ion) . 

5. CONCLUSIONS 

The general features o f  the phase diagram o f  t he  ANNNI model 

a re  no t  changed by the  i nc lus ion  o f  some sp in  i n t e r a c t i o n s  i n  the t r i a l  

hami l ton ian o f  t he  layer- by- layer mean- f ie ld c a l c u l a t i o n s .  As usual, the 

paramagnet i c  1 ines a r e  depressed, i n  agreement w i  t h  thes anal yses based 

on the  high- temperature ser ies  expansions. The paramagnetic- modul a t e d  

and the  paramagnetic-ferromagnetic c r i t i c a 1  l i n e s  s t i l l  meet smoothly, 

a t  t he  L i f s h i t z  po in t ,  w i t h  the f i r s t - o r d e r  f e r r o m a g n e t  i c - m o d u l a t e d  

t r a n s i t i o n  l i n e .  The more re f i ned  mean- f ie ld c a l c u l a t i o n s  show tha t  the 

L i f s h i t z  p o i n t ,  as i n  the experiments on the  magnetic compound MnP, i s  

an i n f l e c t i o n  p o i n t  of the paramagnetic border.  Numerical ca lcu la t ions  
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Fig.5 - The wave number v e r s u s  t e m p e r a t u s e  f o r  
(see f i g .  3 ) .  The dot-dasked l i ne  c o r r e  - 

sponds t o  t he  standard mean-field c a l c u l a t i o n s .  
The fuP1 l i n e  corresponds t o  the  layer-by- layer 
mean-f ield c a l c u l a t i o n s  i n  the p a i r  approxirnation 
( t h e  square approxirnation g i  ç almsst ident lcan 
sesul t s )  . The squares corres nd t o  the r e s u l t s  
from the  b b ~ t e  ~airUo data6.  

show t h a t t h e  main csmmensurete phases a r e  s tab le  under the  I ratroduct lsn 

of tha  sp in  f l u c t u a t l o n s .  For p = 6.6, the  slmple p a i r  a p p r - s x l m a t l o w  

y ie8ds a wave number which decreaseá monotonlcal l y wi t h  temperature, l n  

agreementwi th r e s u l t s  Prom a Monte Carlo analysis.  Th is  agrewtent I s  

s l  i g h t l y  imprsved by us ing  t h e  much more compl ica tsd  square a p p r o x  i - 
mation. I n  the  f u t u r e  we hope to  increase the p rec i s i on  o f o u r  numerical 

ca lcu la t ions  t o  t e s t  t he  oecurrenee o f  the new s t r u c t u r e  combinat isn 

branchiwg processes proposed by Duxbury and SelkeP2. 
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Resumo 1 
U t i  1 izamas um procedimento va r i ac iona l  ,com a inclusão de f l u tua-  

ções de spin,  para i r  além dos cálculos usuais de camada por camada em 
I 

campo médio para o diagrama de fases T-pdo modelo ANNNI . A região dea l -  , 
tas temperaturas é estudada anal i t icamente .8~ 1 inhas de t rans ição se en- 
contram suavemente no pontode L i f s h i t z ,  que é um ponto de inf lexão da 
f r o n t e i r a  paramagngtica de segunda ordem. A baixas temperaturas, nossos 
resul tados numéricos eonf irmam a es tab i l  idade das p r i n c i p a i s  fases co- 
mensurávei s e mostram uma tendência q u a n t i t a t i v a  em d i reção aos resù l  ta-  
dos obt idos  pe lo  método de Monte Carlo. 


