
Revista Brasileira de Flsica, Vol. 16, n? 2, 1986 

Correlation Functions and Scaling Limit of the Two-Dimensional 
Ising Model 

MICHAEL L. O'CARROLL and RICARDO S. SCHOR 

Departamento de F/sica do ICEX, Univenidade Federal de Minas Gerais, Caixa Postal 702, Belo Hori- 
zonte, 30000, MG, Brasil 

Recebido em 27 de novembro de 1985 

Abstract An i n f i n i t e  s e r i e s  r e p r e s e n t a t i o n  f o r  t h e  c o r r e l a t i o n  o r  
Schwinger f u n c t i o n s  o f  t b e  two-dimensional i n f i n i t e  l a t t i c e  I s i n g  model 
i s  ob ta ined  i n  a v e r y  s imp le  and t ransparen t  way f rom a i n f i n i t e  l a t -  
t i c e  Feynman-Kac (F-K) fo rmu la  i n  a Fermion Fock space, I n  t h e  F-K f o r -  
mula energy-momentum and f i e l d  o r  s p i n  opera to rs  a r e  def  ined  u t i  1  i z i n g  
two s e t s  o f  canon ica l  Fermion o p e r a t o r s  which a r e  r e l a t e d  by a p roper  
l i n e a r  canonica l  t r a n s f o r m a t i o n  ( p l c t ) ,  i .e, t h e r e  e x i s t s  a u n i  t a r y  op- 
e r a t o r  which implements t h e  t r a n s f o r m a t i o n .  By e x p l o i t i n g  t h e  s p e c i a l  
p r o p e r t i e s  o f  the  p l c t  we p rove  a genera l  i z a t i o n  o f  W i c k ' s  t h e o r e m .  
S u b s t i t u t i n g  t h e  s p e c t r a l  r e p r e s e n t a t i o n s  o f  the  energy-momentum oper- 
a t o r s  i n  the F-K fo rmu la  an i n f i n i t e  s e r i e s  r e p r e s e n t a t i o n  f o r  t h e  
Schwinger f u n c t i o n s  i s  ob ta ined .  The terms o f  t h e  s e r i e s  a r e  eva iua ted  
e x p l i c i t l y  by a mere a p p l i c a t i o n  o f  the  genera l i zed  Wick 's  theorem.Fro@ 
t h i s  s e r i e s  r e p r e s e n t a t i o n  s c a l i n g  l i m i t  Schwinger f u n c t i o n s  a r e  alslo 
ob ta ined .  

1. INTRODUCTION AND RESUCTS 

ln l  two f i n i t e  s e t s  o f  Fermion opera to rs  and {cL} ( t h e  

i k )  and IR) a r e  wavenumbers be long ing  t o  d i s t i n c t  se ts )  and t h e i r  as- 

s o c i a t e d  vacuum v e c t o r s  a r e  employed t o  determine the  e igenvalues and 

e igenvec to rs  o f  the  t r a n s f e r  m a t r i x  o f  the p e r i o d i c  t w o - d i m e n s i o n a l  

f i n i t e  l a t t i c e  I s i n g  model. ~braham'  uses a f i n i t e  l a t t i c e  Feynman-Kac 

(F-K) formula f o r  the  c o r r e l a t i o n  f u n c t i o n s  and the  f a c t  t h a t  {Ek} and 

{cll} a r e  l i n e a r l y  r e l a t e d  t o  develop a system o f  e q u a t  i o n s  f o r  t h e  

m a t r i x  elements o f  the  s p i n  o p e r a t o r s  o c c u r i n g  i n  the F-K fo rmu la .  Gen- 

e r a l i z i n g  these equat ions t o  an i n f i n i t e  l a t t i c e  he o b t a i n s  a system o f  

i n t e g r a l  equat ions which a r e  so lved  by g i v i n g  an ansatz f o r t h e s o l u t i o n  

and an i n f i n i t e  s e r i e s  r e p r e s e n t a t i o n  f o r  t h e  c o r r e l a t i o n  f u n c t i o n s  i s  

ob ta ined .  Each term o f  the  s e r i e s  i s  an i n t e g r a l  o f  a  f u n c t i o n  g i v e n  by 

a r e c u r s i o n  r e l a t i o n  remin iscen t  o f  Wick 's  theorem which was a s u r p r i s e  

t o  t h e  au thor  and l e f t  unexpla ined,  
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I n  a previous a r t i c l e 3  ( the  no ta t i on  and r e s u l t s  o f  D] are  

used i n  t h i s  a r t i c l e )  we obtained a F-K formula i n  a Fermion Fock space 

over L,(-T,T) f o r  the i n f  i n i  t e  l a t t i c e  c o r r e l a t i o n  o r  Schwinger func- 

t ions .  The F-K formula i s  expressed i n  terms o f  energy-momentumand s p i n  

o r  f i e l d  operators which i n  t u r n  a re  def ined i n  terms o f  the two se ts  

o f  f r e e  Fermion operators i ( k )  and c (k ) .  I n  t h i s  way we have d e f  i ned  

the quantum f i e l d  theory o f  a sca lar  f i e l d  associated w i t h  the i n f i n i t e  
h 

l a t t i c e  I s i n g  m d e l .  The 5 operators are  the usual Fock representat ion 

and the c are  r e l a t e d  t o  by a l inear canonical t ransformat ion ( I c  t )  

implemented by a u n i t a r y  t ransformat ion U and the sets {e),  ( 5 )  h a v e  

the vacuum vectors $ and 4 = u$, respect ive ly ,  belonging t o  t h e  Fock 

space. I n  t h i s  way we ca r r y  over the a lgebra ic  s t r u c t u r e  o f  the f i n i t e  

l a t t i c e  t o  the i n f i n i t e  l a t t i c e  and cons idera t ion  o f  the i n f i n i t e  l a t -  

t i c e  l i m i t s  o f  bo th  of the f i n i t e  l a t t i c e  vacuum vectors becomes un-  

necessary. By using the specia l  property o f  U, namely U = U*= U-l, which 

fo l lows from the f a c t  t ha t  the reverse t ransformat ion o f  the l e t  i s  i t -  

s e i f ,  a gene ra l i za t i on  o f  Wick's theorem f o r  vacuum expectat ion values 

o f  products o f  Fermion operators i s proved (see Theorem I I I below) . 
As shown i n 3  the i n f i n i t e  l a t t i c e  Schwinger func t ions  admit a 

ser ies  representat ion by i n s e r t i n g  the spect ra l  representat ions o f  the 

energy-momentum operators i n  the  F-K formula. We have 

- H ( n - n  ) -iP(m m 
e k k - l  e k -  k-I) x A 

0, $1 8 

Thus Sk has the representa t ion  ( f o r  !PTc) 
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take on odd (even) i nteger values , I n eq. (1 .2) 

thus 

We s e t  

argument occur ing i n  order t o  take advantage o f  symnetry proper t iesd is -  

cussed below, I n  sec t i on  2 the e x p l i c i t  eva luat ion  o f  t h e  m a t r i x  e l -  

ements occur ing i n  (1.2) i s  reduced t o  an appl i c a t i o n  o f  the general ized 

Wick's theorem. I n  t h i s  way we ob ta in  

Thm. I .  
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[(det E P f a f f i a n  A] where A i s  the ant i- symmetr ic  m a t r i x  

A =  

and 
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Rema r ks : 

1 ,  Recall  (see CIO]) t ha t  i f  A i s  an n x n ,  n even, a n t i s y m -  

met r ic  n a t r i x  w i t h  elements a then P f a f f i a n  A = 1/2 i j n/2 I / ( ~ / z )  ! . 

1 ( - l )SgnP  a .  eli2 aisi, . * . a  i i = (detA) 
Perrn n-l n 

P 
Set P f  A = (1 ,..., n ) .  Under permutations (hl,,..,h,) = (-1 (1,2, ..., E )  

P 
where (hl,h ,,..., h,) i s  a permutation P o f  (1,2,.,,,n) and (-1) thes ign.  

We have the expansion r u l e  

where we take ( i j )  = ( j i )  , 

2. For the two-point f unc t i on  A reduces t o  on ly  the upper l e f t  

-hand corner and !? ( 4  I (eiql1, I (eiq) [detA] . 
3.  For the four  and h igher  po in t  funct ions the s ingu lar  func- 

t i o n  m appears. I n  the i n teg ra l s  occur ing i n  Sk the p r i n c i p a l  value i s  + 
t o  be taken, as expected, s ince the terms o f  the ser ies  are  l i m i t s  o f  

d i sc re te  momentum sums. 

4.  Note tha t  S has an overal  l f a c t o r  k 

($,$I = (det 2':~~) k/4 = (111 - (s i nh 2K s i nh ZK) 2] ) l/ '/cosh K*) 

5 .  S im i l a r  considerat ions ho ld  f o r  R T  
C' 

An i n f i n i t e  ser ies  representa t ion  f o r  t h e  s c a l i n g  l i m i t  

Schwinger funct ions from above the c r i t i c a l  temperature T i s  obtained 
C 

from Thm.1 i n  a s t r a i g h t  forward way by in t roduc ing a sca l i ng  parameter 
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D O  and l e t t i n g  t h e  ternperature depend on 1; t h e  l i m i t  i s  then taken i n  

such a way t h a t  

m b e i n g  i d e n t i f i e d  as the rnass o f  t h e  s i n g l e  p a r t i c l e  state.The sca l ing '  

l i r n i t  i s  g i v e n  by 

- Ak 
Thm. l I .  D i v i d e  Sk o f  (1.3) by the  o v e r a l l  f a c t o r s  ( $ ,$ ) /~ (~ f  

and t a k e  t h e  p o i n t w i s e  l i m i t  i n  cach i n t e g r a n d  o f  each term o f  the  ex- 

pansion. The r e s u l  t i s  the  s e t  o f  r c a l  i n g  l imi  t Schwinger f u n c t i o n s  {$I 
where 

[(det 8 )  'I2 E P f a f  f ian B] 

where B i s  the  ant i- symrnetr ic  n a t r i x  
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where 

for 

The ser ies  (1.5) converges for a11 si such that s j  - si.) > O f o r  a1 1 

j = 2, ... k .  

Rema r ks : 

1 .  From lemma I 1 1 . 1  the overall factor that i s  taken out of S k 
behaves a r  (T-%lk18 for T = c, Alro the integral of the singular func- 
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t i o n  A i s  t o  be i n te rp re ted  as a p r i n c i p a l  p a r t  i n teg ra l .  + 
2 .  We do not  concern ourselves here wi t h  the approach t o  the 

l i m i t  bu t  on ly  the sca l i ng  l i m i t  i t s e l f .  For the approach t o  the l i m i t  

f o r  the 2-point  f unc t i on  see re f s .2  and 4.  

3 .  I n  [5] se r i es  representat ions f o r  the scal ing I i m i  t func- 

t i ons  are  given; whether o r  not  t h e i r ,  o r  our, representat ion s a t i s f i e s  

the Osterwalder-Schrader axioms6 o r  whether they can be used t o  def ine  

a Wightman f i e l d  theory i s  an open question. I n  our case the p o i n t  i n  

quest ion i s  whether o r  not  the rea l  t ime concinuations o f  our represen- 

t a t i o n  are  tempered d i s t r i b u t i o n s .  Abeginning ana lys is  o f  the represen- 

t a t i o n  o f  r e f .  5 has been given i n  r e f .  7. 

4. l n e a 9  a formal expression f o r  Heisenberg operators associ- 

ated w i t h  the sp in  operator  i n  the sca l i ng  l i m i t  i s  given. The operator  

i s  w r i t t e n  i n  terms o f  a se l f -con jugate  Fermi f r e e  f i e l d  a n d  e i i e r g y -  

-momentum opera to rs  are  not  separa te1 y def i ned . 
5. I n  sec t i on  3 we g i ve  the proof  o f  Thm. I I f o r  k = 2 and  

sketch the proof  f o r  k > 2. A d e t a i l e d  proof  f o r  k > 2 w i l l  appear i n  a 

forthcomi ng paper. 

6. Related t o  remark 3 i s  the quest ion o f  whether o r  n o t  a 

Feynman-Kac formula f o r  the scal  ing  1 i m i  t Schwinger func t ions  can be 

w r i t t e n  i n  the Fermi Fock space over L'(-,,,). Formally i t i s o b v i  ous  

how t o  w r i t e  such a formula bu t  the analog o f  the kernel  C i s  no longer 

H i 1 bert-Schmi d t  i n the (-a,,) case. 

Theorem I fo l l ows  i n  a most t ransparent  way from a genera- 

l i z a t i o n  o f  Wick's theorem, which i s  proved i n  Sect ion 2, fo r thevacuum 

expectat ion values o f  products o f  Fermi operators where one vacuum i s  

the usual Fock vacuum f o r  the 5 operators and the o ther  vacuum i s  $=L$, 

the vacuum f o r  the i operators,  li implements the l c t ,  i .e. 5 = U ~ U - '  and - 1 
s a t i s f i e s  the specia l  p roper ty  U = U. We have 

Thm. l l I. Let  t ( f )  be the Fock representat ion o f  the CAR i n  a 

Fock space bu i  1 t over the Hi l b e r t  space L and l e t  i ( f )  = i(TIfl+E*(T,f) 

be a l i n e a r  canonical t ransformat ion,  w i t h  ker  T I  = 0 ,  implemented by 

the uni  t a r y  operator  U, i .e. i ( f )  = ~ t ( f )  U-' and g*(f) = ~ e * ( f )  U-' 

f o r  a11 f 6 L. Let  $ and $ = U$ be the normal ized vacuum vectors,  i .e.  
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S^(f ) ; i )  = O and e ( f ) q  = O for a11 f 6 L ,  and 141 = = 1 .  In addition 

assume that U-' = = v*. If A,, i = 1, 2 ,... n, n even, is an arbitrary 
A n 

linear combination of 5, E*, 5 and i*, then 

where D is the nxn anti-symmetric matrix 

- 
If U = I then i1 = $J and we have the usual Wick's theorem, i.e. 

the vacuum expectation value of a product is the sum of the product, up 

to a sign, of the vacuum expectation values of a11 pair contractions. 

The above is a compact way of giving the correct sign to each term inthe 

sum. 

The matrix elements occuring in (1.3) are evaluated using Thm. 

I I I  in the following way. Since 

the matrix element 8 can be reduced to the evaluation of the matrix 
x element without a,, cal1 it M. One applies Thm. 1 1 1  to M reducing itto 
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a sum o f  products o f  the general ized p a i r  cont rac t ions  

Symnetry proper t ies  show (see l e m a  I  I  . I )  t h a t  (1.6a) and ( 1  , 6 b )  are  

equal so tha t  on l y  two d i s t i n c t  funct ions enter  i n  the f i n a l  expression 

fo r  M. Using Wiener-Hopf methods an e x p l i c i t  formula given by a contour 

i n teg ra l  i s  found f o r  these func t ions  and t h e i r  eva luat ion  i s  reduced 

t o  contour i n teg ra t i on .  Another contour i n teg ra t i on  gives I?. 

2. PROOF OF THMS. I AND I I I  

I n  t h i s  sec t ion  we f i r s t  prove the genera l iza t ion  o f  Wick's 

theorem (Thrn. l l I )  and then prove Thrn, l f o r  the representat ion o f  the 

i n f i n i t e  l a t t i c e  c o r r e l a t i o n  o r  Schwinger func t ions .  Note from ithe proof 

t h a t  the ma t r i x  element f o r  the 2-point  f unc t i on  on ly  uses the specia l  
1 

property o f  U, u = U, and the usual Fock space inner product. 

P r f .  o f  Thm. III: 8y r n u l t i - l i n e a r i t y  and the anti-commutation 

r e l a t i o n s  i t  i s  enough t o  show tha t  the theorem holds f o r  ($, <(r,) , .. 
i(fn)$) and ($,Z(f i) .  , ,í(fn)<*(fn+l). . .E*(fn,)h f o r  n, m a r b i t r a r y  and 

f r e a l .  

By subst i  t u t i n g  U c(f) U-I for  c(f) and using U* = U we have 

l i c i t  form Recall  t h a t  $ = L@ has the exp 

J, = 6 = ($,i> exp I 

where ( i ,$)  = (det  T: and C ( a , y )  i s  the kernel  o f  the anti-sym- 

m e t r i c  operator  T i - '  T l .  Subs t i t u t i ng  f o r  6 i n  (2.1) on l y  the n./2 term 

o f  the expansion o f  the exponential cont r ibu tes  and we ge t  
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The right side is just (det F)li2 = Pfaffian F where F is the anti-sym- 

metric nxn matrix with elements F.. = C(k.,k.), i<j. But for n = 2 
23 3 

so that the theorem follows in this case. Now by anti-commutation 

si nce 

ca,i*c~~)i(f,)4h = (Fcf,)$, i(fli$) = O . 
Again by anti-commutation 

which upon substituting 

g i ves 

The theorem holds in this case since the right side of (2.2) coincides 

with the theorem by the rule for the expansion of a Pfaffian. Finally, 
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f o r  n  f i xed,  an induct ion  argument on m  shows t h a t  the theorem tiolds f o r  

( $ , è ( f l ) .  . . < ( ~ , ) c * ( f ~ + ~ ) .  . . ~ * ( f , , ) $ ) .  We na* have 

Lema 1 1 . I .  Le t  

where 

0- ( 2 )  = [ ( x , - z - l )  (2 ,-2 - 1 ) 1 - 1 / 2  

and O = O , then + - 
i k  

a )  ( $ , c ( k 2 ) c ( k l ) ? ~ )  = c - m - ( z l  , z , )  , z i  = e 
i 

b)  ($,?*(-kl)?* ( - k 2 ) $ )  = ( $ , E ( k l )  E ( k z ) $ )  

C) ( $ , c ( k l ) t * ( k 2 ) $ )  = ($ ,S"(k2)g * (k l  I$) and 

i k i  
(r, i c k 2 ) e  * ( - k , ) $ >  = C+ m+(zl , z 2 ) ,  zi = e  

~ ~ ~ ~ ~ k :  The s ingu la r  f unc t i on  m+ i s  t o  be i n te rp re ted  as t h e  i n v e r s e  

Four ie r  ser ies  transform o f  the Four ie r  ser ies  o f  m+ ca lcu la ted by using 

the p r i n c i p a l  va lue  i n t e g r a l .  

Proof o f  lemma 1 1 . 1 :  

a) From the proof  o f  Thm. I1 I ( $ , f ( k , ) [ ( k ,  

where (T: ( k ,  . ) C ( ,  , k l ) )  ( k , k l )  = r : ( k , k l ) .  TI and Y of 

by Y = -H - -e = -2e-;4 P, s i @ .  ,ur,,ermore i n  r e f .  2  i t  i s  shaun 

t h a t  Y 3 e2" Y e-2i4 has kernel  zero thus Y has kernel 0. By contour + 
i n teg ra t i on  
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w h e r e f - ( ~ ~ , ~ , )  =o(z;)- '  O ( ~ ~ ) - ~ ~ - ( Z ~ , Z , ) ,  t h e  i n t e g r a t i o n  con- 

ven ient ly  being c a r r i e d  ou t  f o r  1 < ( z 2 j  < x 2  and then passing t o  the 

l i m i t  I z , ~  = 1 which agrees w i t h  the p r i n c i p a l  value i n teg ra l  s ince f- 

i s  a n a l y t i c  i n  z i n  an annulus about Jz,] = 1 f o r  ~ z , I  = i. Thus Ym-=h, 

which i s  equivalent  t o  TiC = T i ,  s ince froin3 

C i s  unique s ince dim ker T i  = dim ker Y = dim ker Y+ = 0. 

b) By s u b s t i t u t i n g  z(k)  = ~ i ( k )  U-I i n  ($,i(-k,)C(-k,)$) weget 

Taking t h e c o m p l e x c o n j u g a t e o f  (Ti C(.,kz))(kl,k2) = ( k 1 , k 2  and 

changing k,, k, t o  -kl, -k2 we get  

so by the uniqueness o f  the s o l u t i o n  (ker Ti = 0) 

c) The f i r s t  l i n e  follanrs by s u b s t i t u t i n g  ut(k l )u- '  f o r  g(kl) 

and us ing  U-I E*(k2)U = i * ( k 2 )  . Subst i t u t  i ng 
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gives 

(2.4) 
- -2 i@ 

Define W = -H + e 8 e2;'. Then 

so t h a t  the second term on the r ight- hand s ide  o f  (2.4) becomes 

2 ~ : @ ~ ~ - 2 i @  
By contour i n teg ra t i on ,  c a r r i e d  o u t  as i n  a ) ,  s e t t i n g  Y-  E -e 

so t h a t  

Thus eq. (2.5) becomes 

f(ml+m2) 1 z,z2 -2(m1+m2) i(+,+@,) 
< -  & e  m+(zl ,ZJ - - 2 r  -- zlz2-1 ( e  + e 1 1 ($,$I 

(2.6) 

and the 2nd term o f  (2.6) cancels the 1s t  term i n  (2.4) g i v i n g  the re-  

s u l t .  

Rema rks : 

1. The func t i on  f- i s  no t  simply an ansatz f s r  the s o l u t i o n  o f  

eq. (2.3). I n  re f  .2 i t  i s  shown tha t ,  by passing t o  Four ie r  coef f ic ients,  

eq. (2.3) becomes two Toep l i t z  m a t r i x  equations which can *be s o l v z d  
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using Wiener-Hopf f a c t o r i z a t i o n ,  ~ ( z )  admi t t ing  the f a c t o r i z a t i o n  O  = 

= @ + O - w h e r e O + ( O _ ) i s  a n a l y t i c a n d  non-zero i n  lzl ó 1 (121 2 1 ) .  By 

the theory o f  these equations (see r e f ,  1  I )  the unique ( f o l  lows from ker 

Y = 0) s o l u t i o n  can be e x p l i c i t e d  as a  contour i n teg ra l  i nvo l v inghand  + 
the known funct ions i n  Y+ as on page 230, eq, (13.8) o f  r e f .  1 1 .  

Proof o f  Thm. I: The proof  o f  the theorem reduces t o  showing tha t  the 

ma t r i x  element 

has the representat ion given by the theorem 

terms o f  i and t* i n  g ives 

, Subs t i t u t i ng  f o r  07 i n  

and using anti-commutation we can w r i  t e  (2.7) as 

Now from Thm. I I I  using the ru les  f o r  the expansion o f  a P f a f f i a n  we 

have 
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Subs t i t u t i ng  (2 .9)  i n  ( 2 . 8 )  gives 

1 " j-rn i k  i k  i $ - k  
$ = -  I ( - 1 )  e j M ( A . ( e  ) 1 ( e  ) _ l , n )  

fi j=i 3 1 ,m 

i k  i i" 
Substi t u t i n g  frm l e m a  I I . I  f o r  ~ ( e  j ,  e - i q l $ )  and M(eiq le j )  we 

f i n d  f o r  the i n t e g r a l s  i n  ( 2 . 1 0 )  
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so tha t  (2.10) becomes 

which agrees wi t h  ( 1 . 3 )  by the expansion ru les  f o r  t h e  P f a f  f i an re-  
ik ik ik 

cal  1 ing  t h a t  the ma t r i x  elements M ( A  .(e ) I ( e  p) and M((e )I, 
ik 3 1 sn 

i j ( e  have a P f a f f i a n  expansion by Thm. 1 1 1 ,  the terrns b e i n g  

sums o f  products o f  the func t ions  m+ - by lemma 1 1 . 1 .  A!so by l e m a  1 1 . 1  

an o v e r a l l  f a c t o r  o f  

R# i 
i s  present. 

3. SCALING LIMIT 

We now take the l i r n i t  from above the c r i t i c a l  temperature i n  

the way described i n  the i n t roduc t i on .  F i r s t  r e c a l l  the d e f i n i  t i o n s :  
- 2K 

tanh K* = e , x, = ctnh K* cthn K, t2 = ctnh K/ctnh K*, K = JT-l, and 

the der ived i d e n t i t i e s  t an l iK=  e 
- 2K* 

and s i  nh 2K. s i  nh 2K* = 1 . We have 

x 1  = e 2(K+K*) > 1 f o r  a l l  T and t 2  = e 
2K* e-2K 

> 1 ,  xl  > x 2  f o r  T > Te 

since K* > K .  For T = T e z ,  = I, XI = ebKc and = 1 + fi fo l lows 

from s inh2 2Kc = I, 

We consider d i  r e c t l y  the  ser ies  representat ion ( I  .j) o f  Thrn. I . 

Make the change o f  var iab les  q = kp, k = Ap i n  a l i  i n teg ra i s .  Thus the 

i n teg ra l s  w i  1 1  be over the i n t e r v a l  - ~ / k  t o  n/A and i f  I? has n v a r i -  

ables we can group the A fac tc rs  such thar  2 has a f a c t o r  Thus 

i n  addi t i o n  t o  the energy fac to rs  and o v e r a l l  factors i n  2 we consider 

the f a c t o r  lnI2 A .  We w i l l  need l i r n i t s  o f  the var ious func t ions  t h a t  

appear i n  (1.3) and (1.4) .  We have 

Lemma III.1 Let l i m  mean the A-tO I i m i t  as described i n  (1.4). 
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Then 

4Kc a) l i m x 2 = 1 ,  l i m x l = e  = ( 1 + a 2  

OP) b) I i m  E = (p2+rn2) 'I2 E u(p)  

-1 112 
C) Let  @+(a) = ( ~ , - . z ) " ~  x - z 2 ,  z  = x 1 -  . 

d) = (det T:Tl) 'I' = r;l/cosh K* where 

ii = [i - (s inh  2K s inh  

lim(;/cosh K * ) / ~ K  - C 

2 ~ )  and 

Proof o f  lemma 1 1  1 . 1 :  a,b,c and e  are immrdiate. d) The i d e n t i  ty  ( $ , i $ =  

= 6/cosh K* fo l lows from r e f s .  3 and 2, 
- ^  k Proof o f  Thm. I I .  T h e o v e r a l l  f a c t o r  t ha t  i s  d i v i d e d o u t  

k / 8  
n i behaves as (T-T ) . Now the f a c t o r  e .C @ t h a t  occurs i n  (1.3) wi I1 

C 3=1 q j  

a lso  appear w i t h  i t s  complex conjugate t o  g i ve  1 .  I n  2 as seen from 
n 

- 1 / 2  
C and e  there wi 11 be an o v e r a l l  f a c t o r  o f  I1 ( p  .-im) which a l so  

j=l - 3  ;Y 

appears wi t h  i t s  complex conjuagate t o  g i ve  the overal  1 f a c t o r  :? ~(p,)" 
j:=i J 

accounting fo r  the weighted i n teg ra l s  i n  (1.5) and the formof the ma t r i x  
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B i n  t h e  theorem. By b) o f  the  lemma t h e  exponen t ia l  energy-  momen t u m  

f a c t o r s  o f  (1.3) converge t o  those o f  (1.5) . 
Concerning t h e  convergence o f  t h e  2 - p o i n t  f u n c t i o n  r e c a l l  

Hadamard's i n e q u a l i t y :  I f  N i s  an n x n  m a t r i x  w i t h  m a t r i x  elements n ;j' 
then  

( d e t  N I  6 nn" { m a x l n . . l ~ ~  . 
i , j  

L 
App ly ing  t h i s  inequa l  i t y  t o  t h e  n t h  term (n odd) o f  S, and us ing  the 

f a c t  t h a t  sup ( q p , q )  1 L 1 we o b t a i n  t h e  bound 
P, 4 

which impl ies convergence o f  the  s e r i e s  by the r a t i o  tes t .  

For k>2 Hadamardfs inequal  i t y  i s  n o t  d i r e c t l y  appl  i c a b l e  t o  L" 

o r  L s i n c e  t h e  s i n g u l a r  f u n c t i o n s  A+ appear. A bound on L i s  o b t a i n e d  

by expanding the  P f a f f i a n  of B as a sum o f  terms where each term i s  a 

p roduc t  o f  a f i x e d  number of A+'s t imes the p roduc t  o f  two P f  a f  f i a n s  

which o n l y  i n v o l v e  t h e  A l s .  Each one o f  these terms i s  b o u n d e d  b y  

us ing  Hadamard's i n e q u a l i t y  on t h e  P f a f f i a n  o f  the  A- 's  and u s i n g  the  

f a c t  t h a t  w i t h  respec t  t o  Lebesque rneasure t h e  denominator o f  A+ 
the  k e r n e l  o f  the  H i l b e r t  t r a n s f o r m  o f  norm 1 .  
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Resumo 

Uma representação em s é r i e  das funções de Schwinger ( c o r r e l a -  
ção) do modelo b id imens iona l  de I s i n g  na rêde i n f i n i t a  é o b t i d a  de um 
modo m u i t o  s imples e t ransparen te  por  uma fórmula de Feynman-Kac (F-K)  
num espaço de Fock fe rm iôn ico .  Operadores de energia-momentum e campo 
(ou sp in )  são d e f i n i d a s  na fórmula de F-K u t i  1 izando d o i s  con jun tos  ca- 
noni  cos de operadores fe rm iôn i  cos re lac ionados  e n t r e  s i  po r  uma t rans-  
formação 1 i n e a r  canônica p r ó p r i a  ( p l c t ) ,  i .e. ,  implementada p o r  um ope- 
rador  u n i t á r i o .  Explorando propr iedades e s p e c i a i s  da p l c t ,  estabelece-  
mos uma genera l  i zação do teorema de W i ck .  Subs t i t u i  ndo as representações 
espec t ra  i s dos operadores de energ i  a-momentum na fórmula de F-K, obtemos 
a representação em s é r i e  das funções de Schwinger. Os termos da s é r i e  
são ca lcu lados  exp l  i c i tamene p o r  uma s imp I es a p l  i cação do teorema gene- 
r a l i z a d o  de Wick. Usando e s t a  representação em s é r i e ,  obtemos também as 
funções de Schwinger no l i m i t e  de esca la .  


