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Abstract The me t r i c  and po ten t i a l  f o r  a  cosmological s o l u t i o n  o f  the 
equations f o r  the g r a v i t a t i o n a l  and e l e c t r i c a l  f i e l d s  arededuced from 
a  non-minimal coupled lagrangean i n  the vacuum, u l t r a - r e l a t i v i s t i c  and 
dust f i l l e d  Universe. The s t a b i l i t y  o f  the s o l u t i o n  i s  a l so  i n v e s t i -  
gated. 

1. INTRODUCTION 

I n  the study o f  the modal i t ies  o f  non-minimal coupl ing between 

grav i  t y  and electromagnet i sm, Nove1 10 and Sal iml have deduced the f i e l d  

equatlons from the lagrangean 

L = [ ( I  + u A )  - F pliV 
ri IiV matter  

By v a r i a t i o n  o f  gpv i n  ( I ) ,  one gets the equations 

w i t h  no ta t i on  def ined a t  the end o f  t h i s  a r t i c l e .  

By v a r i a t i o n  o f  A i n  eq. ( I ) ,  one gets 
11 

where J' i- t h e c u r r e n t  term, der ived from t h e m a t t e r  p a r t  o f  the 

1 agrangean . 
The system o f  equations ( 2 )  and ( 3 )  may be s o l v e d  i n  many 

s p e c i f i c  s i t ua t i ons  and the most i n t e r e s t i n g  may be t h e  cosmological 

one, seeking the p o s s i b i l i t y  t o  de tec t  an iso t rop ies  i n  the Universe. 

Iri general, the search f o r  a l t e r n a t i v e  equations t o E i n s t e i n l s  

equations f o r  the g r a v i t a t i o n a l  f i e l d  and o ther  f i e l d s  coup ledw i th the  

l a t t e r  comes i n  response t o  the necess i ty  t o  avoid the p resenceo f the  



i n i t i a l  cosmological s i n g u l a r i t y  p red ic ted by Hawking and P e n r o s e ' s  

theorems2, based on the v a l i d i t y  o f  E ins te in l s  equations. 

I n  t h i s  study the author presents an exact and s t a b l e s o l u t i o n  

t o  the system o f  equations (2) and (3) f o r  the an i so t rop i c  cosmological 

case. 

2. FORMULATION OF THE COSMOLOGICAL EOUATION 

The Universe w i l l  be considered f 

by the momentum-energy tensor 

f l l e d  w i t h  a f l u i d  descr i bed 

whose t race i s  T = p -3p /c2 .  

I n  the Universe as a whole one can consider t ha t ,  desp i te  

ca l  f l uc tua t i ons ,  the electromagnetic f i e l d  vanishes, $0 t h a t  

F = O  
Fiv 

whence 

EU" = O 

Supposing J' = 0, eq. (3) y i e l d s  

Taking the t race o f  eq. (2 ) ,  one gets 

871G R + 3 h U d 2 =  T 

which, according t o  eq. (81, reads 

Def l n i n g  

eq. (2) becomes 

l o -  

Using the r e l a t i o n s  (4) and (5 ) ,  eq.(12) becomes 



w i t h  the condi t ion,  der ived from eq. (10) 

I n  t h i s  paper the author Intends t o  solve the system o f  eqs. 

(13) and (14) f o r  the an i so t rop i c  cosmic geometry. 

3. THE ANISOTROPIC METRIC 

Tlie s lmplest  met r ic  f o r  a Universe i n  which theexpansion r a t e  

changes w i t h  the d l r e c t i o n  is3 

l n  rectangular  comoving coord inates.  

The non zero components of the R icc i  curvature t e n s o r ,  fo r  

t h l s  metric:, a re  

and 

and 

The covar l a n t  der l v a t  ives o f  i2 become 



Since i n  cornovlng coordinates V' = eqs. (13) and (141, i n  

the me t r i c  o f  eq.(15), become 

Def i n l n q  

eqs. (18) become 

This set  o f  f i v e  equations i n  the s i x  unknowns X, Y, Z, W, Q 

and P requ i res  a s i x t h  equation f o r  a unique so lu t ion ,  which i s  j u s t  

the "s ta te  equation" obeyed by the cosmological f l u i d  



4. ANISOTROI'IC CASE IN VACUUM 

I F  p = p = O then P = Q = O and from eqs (20) one c o n c l u d e s  

t h a t
4  

i H i W  - = - = - = - = -  ( X + Y + Z + W )  
X Y Z W  

Therefore, one can w r l t e  X, Y and Z  as 

Then, eq. (20 .e) becomes 

= -& 

where 
K = E + n + < + l  

ge ts  

The s o l u t l o n  o f  eq. (24) i s  

1 

Kt+C 
Hence X, Y, and Z  a r e  g i v e n  by 

C a r r y i n g t h e s e r e s u l t s  i n t o e q s .  ( 1 9 ) a n d  i n t e g r a t i n g ,  one 

w h e r e  the! i n t e g r a t  i o n  c o n s t a n t s  a r e  incorpora ted  as a  t r a n s -  

l a t i o n  i n  t h e  t i m e  a x i s .  

I d e n t i f y i n g  t h e  parameters 

one sees t h a t  
a + B + y + w = l  



Moreover, tak ing  r e l a t i o n s  (23) i n t o  eq. (20.a), w i t h  Q = P =  O ,  

and tak lng  tn to  account eq. (241, one sees t h a t  

a2 + p2 + y2 + u2 = I (31) 

The so lu t i on  o f  the non-minimal ocupl ing equations i n  the 

an l so t rop i c  cosmological case f o r  the vacuurn is, therefore,  the met r ic  

together w i t h  the four- potent ia l  given by 

t u  R = 1 + hA2 = (-) 
t o  

(33) 

where a, f3, y and u obey the r e l a t i o n s  (30) and (31). 

The volume i n  t h i s  Universe i s  given by 

The r a t e  o f  change i n  the  voiurne i s  then 

The so lu t i on  (32) i s  s i m i l a r  t o  the ~ a s n e r ~  s o l u t i o n  i n  which 

the cond i t ions  (30)  and (31) are  merely 

Bel insky and Khalatnikov have shown t h a t  t h i s  case can be ' 

thought o f  as a  Kasner s o l u t i o n  f o r  E ins te in ' s  theory i n  a  five-dimen- 

t i o n a l  empty space, the f a c t o r  R ( t )  p lay ing  a  r o l e  o f  the e x p a n s i o n  

f a c t o r  o f  the f l f t h  dimention. 

5. STUDY OF THE STABILITY OF THE SOLUTION 

The system o f  equations (20), i n  the case Q = P  = O, i s  an 

autonornous systern i n  f ou r  dimensions, w i t h  the f i r s t  o f  them j u s t p l a y -  

ing a  r o l e  o f  a  cons t ra in t ,  s lnce one can w r i t e  it, tak ing  the o thers  

i n t o  account, as 



XY + xz + XW + YZ + YW + ZW = o (37) 

Taking X as representa t ive  o f  the spa t i a l  var iab les ,  one can 

e x b i h i t  the: possib le so lu t ions  o f  the system i n  a two-dimentional d ia -  

gram. As seen i n  Fig.1, the so lu t lons  a re  s t r a i g h t  l i n e s  passing b y t h e  

o r l g l n  as cme can see from eqs. (23). 

X 

M I N K O W S K I  

% \ Fig.1 i n  the - case Cosmological p = p = 0. Solut ions 

The o r i g i n  i s  a s ingu lar  po in t  o f  the system, t h a t  i s ,  i n  the 

o r i g i n ,  dX/'dW i s  indeterminated, s ince i =  i =  O .  I t  represents the 

values o f  H and Wwhen the parameter t tends t o  f-. Thus the  o r i g i n  

i s  a steZ2m node7 o f  the system. The system w i l l  be s tab le  i f  the 

l i n e s  tend t o  the o r i g i n  f o r  increasing values o f  t, and w f l l  be un- 

s tab le  otherwise. 

As. can be seen f rom Fig.1, the system i s  sçabte. 

A p a r t i c u l a r  i n t e r e s t l n g  case 1s the one where A = B = C, t h a t  

i s  the Friedmann i s o t r o p i c  Universe. I n  t h i s  case, eqs. (30) and (31), 

g i ve  

The so lu t i on  o f  t h l s  system i s  e i t h e r  



The case o f  eq. (39) corresponds t o  the Minkowski space and eq. 

(40) corresponds t o  the Friedmann space, t ha t  i s ,  respect ive ly  t o  the 

met r lcs  

as2  = e 2 d t 2  - ax2 - dy2  - dz2  

and 

w l t h  the respect lve po ten t i a l s  

t n =  I + u 2 =  (43 1 

and 
t ' / 2  R = 1 + AA2 = (-) 
to 

(44) 

Note t h a t  the Fríedmann metr i c  (42) corresponds t o  an eucl idean 

spa t i a l  sect ion.  

I n  terms o f  X ,  Y ,  Z and W ,  one has 

Minkowskl case X = Y = Z = O 

w = l/t 

Friedmann case X = Y = Z = 1/2t 

w =  - 1 /2t 

6. THE CASE OF ULTRA-RELATIVISTIC PARTICLES 

I f ,  instead o f  p = P = 0, one has 

which means that i f  theun iverse i s  f i l l e d  w i t h  an u l  t r a - r e l a t i v i s t l c  par- 

t i c l e  gas (neutrinos, f o r  exarnple), besides the non-l i n e a r -  p h o t o n s  

o r i g ina ted  from the non-rninlmal coupling, then the set  o f  eqs. ( 2 0 )  

becomes 

? + ! ! + ~ + W + X ~ + Y ~ + Z ~ + W ~ = ~ Q  (48 .a) 



If one t r i e s  a so lu t i on  l i k e  eqs. (26) and (27) one sees t h a t  

t h l s  lmpl ies Q 5 0. 

On the other hand, eqs. (48) y l e l d  

which gives the se t  

From eq . (50) one concl udes tha t  

I t 1s possib le t o  choose the so lu t i on  

X = Y = Z  and W = O  

Then eqs. (48.a) and (48.b) y i e l d  

which lead t o  

whose so lu t l on  1s 

Then one hiis, according t o  equation (54.b) 

The resul  t (56) y i e l d s  a Friedmann-1 i ke me t r l c  j u s t  as eq. (42), 

w i t h  the same tlme-dependence. But now there  i s  no t  a t ime- dependent  

e l e c t r i c  potent ia1 because once W=O, then ~=l+AA*=constant .  The energy 

dens l ty  anti u l t r a - r e l a t i v i s t i c  p a r t i c l e  gas pressure, however, obey a 
-2 
t t ime-dependente . 



With regard t o  the s tab i  l i t y  one can see t h a t  the system (48) 

i s  a lsoanautonomous s y s t e m w l t h e q .  (48.a) pa ly ing  the r o l e  o f  a 

cons t ra ln t .  Once again the o r l g i n  i s  a "stable s t e l l a r  node" o f  the 

system. 

7. THE DUST-FILLED UNIVERSE 

In the case of a d u s t - f i l l e d  unlverse one has 

p = P = O  (58) 

and the set  o f  eqs. (20) becomes 

i + k + i + W + ~ ~ + ~ ~ + z ~ + w ~  = -2k& /3  í59.a) 

Once again the Kasner- l ike s o l u t i o n  y i e l d s  the vanishing o f  Q 

and then o f  p. 

Assuming again t h a t  

eq.(59.e) i s  w r i t t e n  

+ K W ~  = k&/3 

where 

K = < + r i + S + l  

But i f  one takes eq.(23) i n t o  eqs. (59b, c, d) one sees t h a t  

E ; = Q = c = [  

Consequently K = 4 and eq. (60) reads 

+ 4w2 = kQ/3 

Equat ion (59.a) then becornes 

4; + 4w2 = - 2kQ/3 



Eqs. (62) and (63)'  together g i ve  

W + 2w2 = O (64) 
whose so lu t i on  i s  

v=-= 1 , y = y = z  
2 t  + C 

( 6 5 )  

Carrylng t h l s  r e s u l t  i n t o  eq.(62), one obta lns  

kQ = 
6 

(66) 
( 2 t  + cI2 

Orice again the r e s u l t  i s  a Friedmann- like Universe, now w l t h  

an e l e c t r i c  po ten t i a l  w i t h  the same time-dependence as the me t r l c .  

The same considerat ions made i n  the previous case i n  regard 

t o  s t a b i l i t y  should be a l s o  made here. 

8. SUMMARY AND CONCLUSIONS 

The three p o s s i b i l i t i e s  considered f o r  the equation o f  s t a t e  

furnished t:he fo l l ow ing  resu l t s .  

t a  t B  2 t y  ar2 = c 2 d t 2  - (-) &c2 - Y - ( 1  da2 
and * o  O 

P a r t i c u l a r  cases are  

and 

Friedmann: a = B = y = 1 / 2  

w = -1/2 

~ i n k o w s k i :  a = B = y = ~  

c2p  a 6 
- 2  

i l )  p = -. 3 

and 

1 + LI2 = constant. 



i i i )  p = O, p c<. t-2 

and 

As demonstrated before, the presence o f  an energet ica l  o r  ma- 

t e r i a l  content  i n  the Universe, besides the non- l inear photons, removes 

the an iso t ropy  which may be present i n  the vacuum case. 

A p o s s i b i l i t y  f o r  the h i s t o r y  o f  the Universe i n  t h i s  non 

-minimal coupl ing model i s  t h a t  i n  the primeval era t h e  a n i  s o t r o p y  

a r i ses  but  subsequently, i n  the r a d i a t i o n  era, the energy content  leads 

t o  iso t ropy  which i s  a c t u a l l y  present i n  the matter  era. The r a d i a t i o n  

(neut r ino)  and the matter  may have a r i sen  from the f l u c t u a t i o n s  o f  the 

primeval vacuum, ca r r y ing  a mat ter- ant imat ter  p a i r  formation. As we 

have shown, the so lu t ions  a re  s tab le .  

The author would l i k e  t o  aknowledge D r .  M. Novello, frorn 

CBPF, f o r  supervis ing the thes i s  which led  t o  the development o f  t h i s  

paper . 

NOTATION 

-t 

A,, 5 (@,A) - four- vector  p o t e n t i a l  

1 E E- 1 
(F,, FE + 6 FaB paB g ) - mmentum energy tensor o f  Lhe 

" 4nc2 "J 
electromagnetic f i e l d  

F,.,v Al-ilv - A  V ~ p  
- electromagnetic tensor 

G - g r a v i t a t i o n a l  constant 

1 
Guv r R,.,V - j- RglIv - E ins te in  tensor 

g det  (g ) v-' 

gvv - met r ic  tensor 



t 
J' 3 ( c p , ~ )  - cur rent  dens i ty  four- vector  

p - i so t rop i c  pressure 

- r" - Riemann curvature 
rry 1 + " y y r T ~ ~  - r q ~  VI tensor 

R E R" - R icc i  tensor 
uv w v  

R -  g u v ~  - curvature scalar  w 

T E- 6Lmatter - mmentum energy tensor o f  the matter  
"'6 6gpv 

p - charge dens i ty  

111 4 E gUv4 - d 'Alembert ian  operator  
IUll v 

- a ?  flv = J- - pa r t i a1  d e r i v a t i v e  
a zV 

V' + rlihK$ - covar ian t  d e r i v a t i v e  v u I l ~  I \  

. - a  - - 
- a t  - t ime d e r i v a t i v e  
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Resumo 

São apresentados a métrica e o potenc ia l  para uma solução cosrno- 
lóg ica  das equações dos campos g rav i t ac iona l  e eletromagnético deduzi- 
dos de uma lagrangeana com acoplamento nao mínimo para o vácuo, um Uni-  
verso com pa r t í cu las  u l t r a - r e l a t i v i s t i c a s  e com poeira.  A es tab i l i dade  
da solução é também investigada. 


