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The v a r i a t i o n a l  a p p l i c a t i o n  o f  the group o f  t rans fo rmat ions is  

analysed f o r  the th ree  f o l l o w i n g  cases: t r a n s l a t i o n s ,  deformations and 

r o t a t i o n s .  The parameters in t roduced w i t h i n  these t ransformat ions a r e  

determined v i a  h y p e r v i r i a l  theorems. The method proposed i s  a p p l i e d  t o  

severa1 anharmonic o s c i l l a t o r s  and r e s u l t s  a r e  compared w i t h  prev ious 

exact  values. 

P, ap l  icação v a r i a c i o n a l  do grupo de transformações é anal isa-  

da para os t r ê s  seguintes casos: translaçÕes, deformações e rotações. 

0s parâmetros in t roduz idos  nessas transformações são determinados v i a  

teoremas h i p e r v i  r i a i s .  O método proposto é ap l  icado a v á r i o s  osc i lado-  

res anarmôn i~os  e os resu l tados  são comparados a va lo res  exatos conhe- 

c idos .  

1. INTRODUCTION 

V a r i a t i o n a l  de te rmina t ion  o f  an approximate wavefunct ion f o r  

a phys ica l  system requ i res  the i n s e r t i o n  o f  a se t  o f  a d j u s t a b l e  para- 

meters ( l i n e a r  o r  n o t ) .  Then, optimum values f o r  them a r e  c a l c u l a t e d  

by u t i l i z i r i g  extremum c o n d i t i o n s  f o r  the energy f u n c t i o n a l .  The evolu-  

t i o n  o f  the wavefunct ion i n  terms o f  such parameters has been previous- 

l y  s tud ied  w i t h i n  the forrnalism o f  u n i t a r y  operators l  and by way o f  the  

anal y s i s  o f  induced t r a n ~ f o r m a t i o n ~ - ~ .  Under c e r t a i  n condi t i o n s ,  the 

i n t r o d u c t i o n  o f  a v a r i a t i o n a l  parameter c o n s t i t u t e s  a s u f f i c i e n t  andne- 

cessary c o r i d i t i o n  i n  o rder  t h a t  a d iagonal  h y p e r v i r i a l  theorem being 

s a t i s f i e d .  The r e l a t i o n s h i p  between corresponding h y p e r v i r i a l  associ -  



ated operators  was se t  f o r t h  i n  bo th  cases. H i r s c h f e l d e r  e t  a ~ ~ - ~  have 

discussed the coord ina te  t ransformat ions 

w i t h  the s p e c i f i c a t i o n  

f o r  r e c t i l i n e a r  as w e l l  as f o r  c u r v i l i n e a r  coord inates,  and where g i s  

a  v a r i a t i o n a l  parameter. However, t h i s  c l a s s  o f  t ransformat ions have 

n o t  been analysed and app l ied  i n t e n s i v e l y  from an u n i f i e d  p o i n t  o f v i e w ,  

as f a r  as we know. 

The purpose o f  t h i s  communication i s  t o  analyse i n d e p t h  such 

methodology v i a  the group o f  t ransformat ions.  As we w i l l  see l a t e r ,  i t  

w i l l  c a r r y  us t o  a v a r i a t i o n a l  method which i s  associated t o  t h o s e  

groups i n  the f o l l o w i n g  sense. 

I f  G i s  a  group o f  t rans fo rmat ions  and X  i s  a  se t  o f  v a r i a -  

b ies ,  then 

O ( ~ , X )  = A ( ~ ) x  WA c G 

ã be ing  a  se t  o f  v a r i a t i o n a l  parameters. We s h a l l  s tudy th ree  k i n d  o f  

t rans fo rmat ions :  r o t a t i o n s ,  deformations and t r a n s l a t i o n s .  The l a t e r  

was u t i l i z e d  by Hur ley f o r  d ia tomic molecules. The p l a n  o f  the paper 

i s  as f o l l o w s .  

I n  Sect ion 2 the group o f  t rans fo rmat ions  a r e  s tud ied ,  and 

the most r e l e v a n t  r e s u l t s  a re  g iven i n  connect ion w i t h  t h e i r  subsequent 

a p p l i c a t i o n  w i t h i n  the v a r i a t i o n a l  method. U n i t a r y  opera to rs  r e l a t e d  

t o  the  t rans fo rmat ions  a re  analysed i n  Sect ion 3 .  The proposed v a r i a -  

t i o n a l  methods developed i n  Sect ion 4. 

F i n a l l y ,  some numerical a p p l i c a t i o n s  a re  shown i n  Sect ion 5 

f o r  coupled o s c i l l a t o r s  and anharmonic o s c i l l a t o r s .  Resul ts  obta ined 

a re  compared w i t h  o t h e r  numerical va lues,  which a r e  c a l c u l a t e d  from 

more e labora ted  methods. The e f f e c t s  o f  the t rans fo rmat ions  i n  the 

symmetry o f  the  zero-order wavefunct ion a r e  discussed too i n  t h i s  Sec- 

t i o n .  



2. GROUP DE TRANSFORMATIONS 

2.1. Orthogonal Groyps 

We denote wi t h  ~ ( n )  the group o f  matr i ces  i n  Rmn which have 

the p roper ty  o f  be ing or thogonal  . Then, O(n) C and 

d e t  C = &l  (2) 

Ro ta t ions  c o n s t i  t u t e  a subgroup o f  ~ ( n )  . We designate such group w i t h  

~ ( n ) ,  whose elements s a t i s f y  the  c o n d i t i o n  

C 6 R(n) - d e t  C = + I  

The nurnber o f  independent c o e f f i c i e n t s  i n  a rna t r i x  o f  O(n) i s  equal t o  

n(n-1)/2 S .  We denote w i t h  & = (81,82,...,8s) t h e  s e t  o f  such para- 
t 

meters. From E q . ( l )  we can immediately deduce t h a t  i f  A = (aC/aei)C, i 
t hen 

- -  )c - A ;  C ; i = 1,2, ..., s 
a ei ( 3 )  

where A t i = - Ai. 

2.2. Group of Pure Deformations 

n 
A pure deformation i n  R i s  de f ined  by a diagonal rna t r i x  o f  

Rmn 

= ( 6 )  ; v i >  O ; i =  1,2 ,..., n 
-L. -L.J 

(4)  

We denote t :his group w i t h  D(n). 



2.3. Central Affinity 

A c e n t r a l  a f f i n i t y  T i s  de f ined  as a composit ion between a 

pure deformat ion and a or thogonal  t ransformat ion,  ;.e 

where 

n G  D(n) and C C- ~ ( n )  

The l i n e a r  t rans fo rmat ion  -r de f ines  a change o f  v a r i a b l e s  on to  theco-  

lumn vec to r  o f  coord inates X ,  i n  the  form 

I t  can be deduced a t  once the f o l l o w i n g  p r o p e r t i e s  f o r  r :  

=.cf = n2 

Let  B .  be the m a t r i x  de f ined  by 
Z 

t 
Then Bi = -Bi, 

v i n g  Eq. ( 7 )  wi 

so E q . ( 9 )  can be w r i t t e n  i n  an a l t e r n a t i v e  way by der 

t h  respect  t o  ei 

Comparing Eqs. ( I  1 )  and (91, the f o l  lowing r e l a t i o n s h i p  between Ai and 

B .  i s  obta ined 
2 - 1 ~ ; - n  B ~ ~ I - '  (12) 



The change o f  the  new coord ina te  o  wi t h  v a r i ' a t i o n a l  parameters e and 

n = (nl, . .  . ,nn) i s  go t  from Eq. (6) 

Now we can analyse the  Jacobian o f  the  t rans fo rmat ion  and i t s  e f f e c t  

i n  the m e t r i c :  

~f (gw) i s  t h e m e t r i c  tensor de f ined  b y X ,  and (g i j )  i s  the m e t r i c  

tensor- def i ned by o ,  then 

For X beirig a se t  o f  r e c t  

(16) i s  s i r n p l i f i e d  t o  

i l i n e a r  coord inates,  then gij = 6ij , so Eq. 

which shows us t h a t  the m e t r i c  i s  n o t  a f f e c t e d  by C. 

2x2 
For example i f  T € R  , and C i s  a r o t a t i o n  by an angle a ,  we o b t a i n  

From Eq. ( I  : 2 )  



and, on account o f  

then 

As a second example f o r  the t rans fo rmat ion  i n  spher i ca l  coordinates,we 

have t h a t  i f  

then, the r e l a t i o n  between $ and I)' i s  

2.4. Group of Translations 

We i n d i c a t e  the  group o f  t r a n s l a t i o n s  i n  Rn w i t h  T ( R n ) .  I f  

Ta 6 T ( R ~ ) ,  then 

T x = ~ + a ,  w i t h  X ,  a G  a ( 2 4 )  

The Jacobian f o r  t h i s  t rans fo rmat ion  i s  the i d e n t i t y ,  i . e  

and, fur thermore 

2.5. Composition between a central affinity and a translation 

For a  composi t ion between a  c e n t r a l  a f f i n i t y  and a  t r a n s l a -  

t i o n ,  the r e s u l t i n g  change o f  v a r i a b l e s  i s  



Y = T T X ;  T r i ;  ri c-D(R") ; C E O ( R ~ )  ; T ~ B T ( R " )  
a (27) 

Y = T ! X  + a )  (28 

The inverse t rans fo rmat ion  i s  

3. UNITARY OPERATORS IN L ~ ( R ~ )  ASSOCIATED TO THE GROUP 
OF TRANSFORMATIORIS 

3.1. Operators associated to O(R? 

D e f i n i n g  the opera to r  Uo as an a p p l i c a t i o n  o f  the space o f  

f u n c t i o n s  f ( X )  o f  i n t e g r a b l e  square on to  i t s e l f  

uo : L ~ ( R ~ )  - L ~ ( R ~ )  

n 
U,Y(X) = Y(CX) ; Y E L'($) ; X € R  ; C 6 o ( R ~ )  

we can immediately t h a t  

o r ,  e q u i v a l e n t l y  

so, the opera to r  Uo de f ined  by Eq 

3.2. Opisrator associated to D(RnI 

(1) i s  u n i t a r y .  

A f t e r  the  fash ion  o f  the prev ious d e f i n i t i o n ,  we now d e f i n e  

operator  U as D 



and t h i s  opera to r  r e s u l t s  u n i t a r y  too .  

3.3. Operators associated to a central effinity 

For the  operator  connected t o  a  c e n t r a l  a f f i n i t y  wehave t h a t  

U T = U  U  
D 0 (4)  

Y(X) = (nl,. . . ,qn) 'I2 Y(TX) (5) 

where, obv ious ly ,  U  i s  u n i t a r y .  

P rev ious ly  de f ined  opera to rs  sa t  

u; Y (X) = r (C$ 

s f y  the  e q u a l i t i e s  

j 2  Y ( n - l x )  

3.4. Operators associated to T(Rn) 

We d e f i n e  an opera to r  U associated t o  a  t r a n s l a t i o n  by way 
Ta 

where 



Then 

4. VARIATIONAL METHOD 

The present  proposed method o f  a p p l i c a t i o n  o f  s c a l i n g  t o  a  

t r i a l  wavefunct ion c o n s i s t s  i n  regard ing i n  a  v a r i a t i o n a l  way the  pa- 
- - 

rameters 8,  r i ,  and 2. F i r s t l y  l e t  us take Y ( X ) ~ L ~ ( R ~ )  and t o  study 

the  c e n t r a l  a f f i n i t y  f o r  X r e c t i l i n e a r .  The v a r i a t i o n a l  f u n c t i o n  i s  

where 

# lu ( X )  

H ( T - ' X  

uT y ( X )  = ( r i 1 9 . . . , r i n )  ~ ( a )  ( 1 )  

w i t h  a  = T X  and T = riC.  The energy f u n c t i o n a l  i s  

~ ( r ) , 6 )  = <VT Y ( X ) / H ~ U ,  Y ( x ) >  = < Y ( X ) ~ J Y ( X ) >  

i. H = UT H UT 

t 1 / 2 .  
= uT H ( X )  ( r i l , .  . . ,rin? Y ( T X )  = H ( T - '  x )  ~ ( x )  

) == T ( T - ~ x )  + v ( T - ~ x )  = T ( ~ , ; , x )  + v ( ~ , ; , x )  

I n  t h i s  case the  m e t r i c  does n o t  depend o f  8, so does T too.  Then 

T = T ( ! , x )  

o r ,  e q u i v a l e n t l y  

I n  t h i s  case 



We proceed now t o  analyse h y p e r v i r i a l  opera to rs  corresponding t o  each 

c l a s s  o f  parameter. Frorn Eq. (2.13) we can o b t a i n  such operators ,  be- 

cause 

where Wn i s  the sought opera to r .  The extrernurn c o n d i t i o n  o f  the func-  
i 

t i o n a l E  w i t h  respect  t o  qi, i . e  

2- 3  
leads us t o  the w e l l  known diagonal h y p e r v i r i a l  theorern 

For the o t h e r  set  o f  pararneters, we have 

I n  t h i s  case, the h y p e r v i r  

where 

a1 opera to rs  i s  g iven  by 

= (Tl~;ll-l) ao Va 

The c o n d i t i o n  o f  extremurn o f  E w i t h  regard t o  8; , i . e .  

g ives us 
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because 

Conserning t r a n s l a t i o n s  we have t h a t  

Y (x) = exp( ia .p)  Y (x) = Y (X+a) 

= e x p 6 a . p )  , and uJa = exp(-ia.p) 

The Hami l ton ian opera to r  t ransforms as 

where 

The depsndence of the energy f u n c t i o n a l  w i t h  the vec to r  associated t o  

t rans lat : ion i s  g iven  by 

Then, the c o n d i t i o n  o f  extremum f o r  E w i t h  respect  t o  the t r a n s l a t i o n  

i s  expressed by the f o l l o w i n g  equat ion 



As we can c l e a r l y  see, t r a n s l a t i o n  as we l l  as r o t a t i o n  have n o t  e f f e c t  

on the k i n e t i c  energy o f  the  system and o n l y  i n f l u e n c e  the  p o t e n t i a l .  

Far ther  on, we s h a l l  see t h a t  or thogonal  t rans fo rmat ions  and t r a n s l a -  

t i o n s  enables us t o  " adjust"  t r i a l  wavefunct ions so as t o  take i n t o  

account the  symmetry o f  the p o t e n t i a l .  Deformations a l l o w  the  f u l f i l -  

ment o f  the  v i r i a 1  theorem when the corresponding parameters a r e  de- 

termined i n  a way such t h a t  energy i s  s t a t i o n a r y  w i t h  respect  t o  them. 

I n  the  present  method we propose the  min im iza t ion  o f  the energy func- 

t i o n a l  w i t h  respect  t o  the parameters associated t o  the t rans fo rmat ion  

so the  t o t a l  number o f  such parameters 

t o r  U i n  L ~ ( R ~ )  i s  

T (X + a) 

i s  n(n+3)/2. The u n i t a r y  opera- 

and h y p e r v i r i a l  r e l a t i o n s  t o  be s a t i s f i e d  a r e  those g iven  by E q s . ( l l ) ,  

(15), and (25). We take as i n i t i a l  wavefunct ions the e igenfunct ions 

{$n(X)l o f  H', i .e 

H O  4$X) = E~ q X )  (27) 

where the Hami l ton ian opera to r  H corresponding t o  the s y s t e m  under 

study can be w r i t t e n  

5-7 
According t o  Bangudu and Robinson we can determine which opera to rs  

a r e  whose mean values a re  co r rec ted  up t o  the  f i r s t  order  

- - -  
~ ( i )  = uD u0 uTa ; i = 

Le t  

(28) 

then 



i s  co r rec ted  up t o  the  f i r s t  o rder .  I n  t h i s  case the  o p e r a t o r h ( 5 )  i s  

t o t a l  l y determined by the cho ice  made through Eq. (27). According t o  i t 

and 

h ( b )  = HO (a )  

5. APPLICATIONS 

5.1. Uniidimensional anharmonic oscillator 

Let  us analyse the  unidimensional system whose Hami l ton ian 

opera to r  i s  

H = H O  + H '  (1 

where 

Accordit ig t o  Eq . ( l )  and the f i n a l  d i scuss ion  i n  Sec.4, i n i t i a l  wave- 

func t ions  a r e  those corresponding t o  the unidimensional harmonic o s c i l -  

l a t o r .  I f  P i s  the invers ion  opera to r  i . e  
x  

then 

Moreover 

O(x) = I + p )  [HO,P~]  = O  ; and Px +n 

and 

o 
Through the group o f  t r a n s l a t i o n s  we can modi fy  the  symmetry o f  $n(x) 

157 



i n  o rder  t o  circumvent the  r e a i  d i f f i c u l t y  expressed i n  E q . ( 5 ) .  Then, 

we d e f i n e  the change o f  v a r i a b l e s  

so t h a t  

and 

Furtherrnore 

Fo l low ing  the steps ind ica ted  i n  Sec.4, r e s u l t s  o f  Table 1 a r e  o b t a i -  

ned. According t o  the f i n a l  a n a l y s i s  i n  the p rev ious  Sect ion 

Table 1 - Energy rnean values f o r  the  f i r s t  th ree  s t a t e s  o f  the  U n i d i -  

d2 + mensional Anharmonic O s c i l l a t o r  w i t h  Hami l ton ian Operator H = - - 



which shows us t h a t  the  i n t r o d u c t i o n  o f  the parameter b associated t o  

t r a n s l a t i o n ,  a l l o w s  the c a l c u l a t i o n  o f  <x> cor rec ted  up t o  the f i r s t  

o rder ,  as  w e l l  as t o  o b t a i n  <zn> (n  odd). These resu l  t s  cou ld  n o t  ha- 

ve been obta ined w i t h o u t  the u t i l i z a t i o n  o f  a  t r a n s l a t i o n  (due t o  Eq. 

( 5 ) ) .  

5.2. Bidimensional bi-harmonic oscillator 

Now, as a b id imensional  example, we choose a model which has 

been e x t e n s i v e l y  s tud ied  
8- 1 4  

Let  P and P be invers ion  opera to rs  corresponding t o  coord ina tes  x1 
1 2 

and x r e s p e c t i v e l y ,  i . e  
2 

Pi f (xi,x .) = f(-x .,x .) ; i , j  = I , 2  
3 7- 3 

(13) 

Then 

a r e  e igen func t  ions of H O ,  then 



I n  such case, e igen func t ions  o f  H o n l y  s a t i s f y  the  equat ion 

That being so, we must "break" the symmetry associated t o  xl, i n  c l o s e  

analogy t o  the prev ious case. Then, we d e f i n e  the  f o l l o w i n g  coord ina-  

t e  t rans fo rmat ion  

Making c a l c u l a t i o n s  as ind ica ted  i n  Sect ion 4, r e s u l t s  g iven i n  Table 

2 a r e  obta ined.  Besides 

Then, the i n s e r t i o n  o f  parameter b a l lows  us t o  c a l c u l a t e  non-zero 

mean values o f  odd moments associated w i t h  xl, i n  a s i m i l a r  way as i n  

the prev ious model. Severa1 r e s u l t s  a r e  presented i n  Table 2 f o r  d i f -  

f e r e n t  choices o f  the parameters A ,  0 ,  wl and w2, which a r e  compared 

Exa c t 

0.9916 

0.9826 

0.9621 

Table 2 - Energy mean values f o r  the  ground s t a t e  o f  the  Bidimensio-  

na1 Bi-harmonic O s c i l l a t o r  w i t h  Hami l ton ian opera to r  H = - - + 

+ w, x;/2 - - e 

Present 

Method 

0.9928 

0.9853 

0.9690 

~e f . ( lO)  

0.9925 

0.9846 

0.9661 

w2 

2.12581 

1.69000 

1.69000 

w 
1 

A Ref . (9) 

0.9920 

0.9836 

0.9667 

0.29375 

0.49000 

0.49000 

rl 



w i t h  o t h e r  approximated methods as w e l l  as w i t h  the exacts cnes. As we 

can see, a good agreement e x i s t s  among d i f f e r e n t  r e s u l t s .  But we rnust 

p o i n t  o u t  t h a t  from a computat ional p o i n t  o f  view, our  v a r i a t i o n a l  rne- 

thod i s  s i m i l a r  than the o thers .  

5.3. Bidimensional anharmonic oscillator 

I n  o rder  t o  analyse the e f f e c t  o f  or thogonal  groups, l e t  us 

consider the model whose Hami l ton ian opera to r  i s  

I n  t h i s  case 

and 

I n  o rder  t o  o b t a i n  a change i n  the  symmetry o f  the  wavefunct ion, we 

apply  the f o l l o w i n g  t ransforrnat ion 

The a p p l i c a t i o n  o f  extremum c o n d i t i o n s  g ives  us the  f o l l o w i n g  va lues 

which a r e  p r e c i s e l y  the exact r e s u l t s .  H y p e r v i r i a l  opera to rs  associa-  

ted t o  a r o t a t i o n  are,  accord ing t o  Eq. (3.13) 



where 

Th is  r e s u l t  was completely foreseen from a n a l y s i s  g iven i n  Sect ion 3 .  
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