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b a r r i e r  m u l t i p l e  Coulomb e x c i t a t i o n s  i n  heavy i o n  c o l l i s i o n s .  A  

o f  recurs ion  r e l a t i o n s  i s  der i ved  which permi ts  a  simple a l g e b r a i c  

The on-energy-shell-approximation i s  used f o r  the channel 

Greenls f u n c t i o n  t o  so lve the coupled channels equat ions f o r  sub- 

se t  

so- 

l u t i o n  f o r  the S-rna 

t i e s  s a t i s f y  the  un 

s u l t s  w i t h  those o f  

t reatments i s  made. 

t r i x  elements. The r e s u l t i n g  e x c i t a t i o n  p r o b a b i l i -  

i t a r i t y  c o n d i t i o n  e x a c t l y .  Cornparison o f  aur r e -  

the exact  quantum mechanical and semi-  c l a s s i c a l  

A  aproximação "on-energy-shel 1 " f o i  usada para as funções de 

Green dos canais  para reso lve r  as equações acopladas de exc i tações múl- 

t i p l a s  Coulomb.ianas para íons pesados de baixas energ ias.  Achou-se um 

conjunto das equações de recor rênc ia  que permi te uma solução a l g é b r i c a  
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simples para os elementos da matr iz-S.  As probabi 1 idades de exc i tação  

r e s u l t a n t e s ,  sat is fazem exatamente a condiçzo de un i  t a r  iedade. Foram 

f e i t a s  também comparações dos nossos resul tados com os o b t i d o s  nos t r a -  

tamentos quânt icos e semi - c l á s s i c o .  

I n  a prev ious paperl ( r e f e r r e d  t o  as I ) ,  we s tud ied  the con- 

sequences, on the sub- bar r ie r  e l a s t i c  i c a t t e r i n g  between heavy ions, o f  

us ing  the on-energy-shel l  approx imat ion f o r  the channel Green's func-  

t i o n  i n  the s o l u t i o n  o f  the coupled channels equat ions f o r  m u l t i p l e  

Coulomb e x c i t a t i o n .  A simple express ion was obta ined f o r  the Coulomb 

p o l a r i z a t i o n  p o t e n t i a l  which was then used t o  c a l c u l a t e d  the sub-bar- 

r i e r  e l a s t i c  cross sec t ion .  Another method, the Born s e r i e s  summation , 
was a l s o  considered and i t  gave very  c lose  resu l t s .  f o r  the e l a s t i c c r o s s  

sec t ion  as the WKB approx imat ion.  By a d j u s t i n g  the Coulomb p o l a r i z a t i o n  

p o t e n t i a l  so t h a t  i t  reproduces, on the  average, the Alder-Winther po- 

t e n t i a l  wr were a b l e  t o  account, t o  some e x t e n t , f o r  the of f- energy- shel l  

e f f e c t s .  The r e s u l t i n g  ad jus ted  p o t e n t i a l ,  seems t o  descr ibe  w e l l  the 

e f f e c t  o f  m u l t i p l e  Coulomb e x c i t a t i o n  on the heavy i o n  sub- bar r ie r  elas- 

t i c  s c a t t e r i n g .  

I n  the present  paper we apply  the method developed i n  I t o t h e  

sub- bar r ie r  heavy i o n  i n e l a s t i c  s c a t t e r i n g .  Th is  a p p l i c a t i o n  i s ,  i n  our  

view, an impor tant  t e s t i n g  ground f o r  any approx imat ion schemes devised 

t o  s i m p l i f y  the heavy i o n  coupled channels problem and should be cons i -  

dered i n  c o n j u n c t i o n  w i t h  the a p p l i c a t i o n  t o  e l a s t i c  s c a t t e r i n g .  A l -  

though the semic lass ica l  theory o f  m u l t i p l e  Coulomb e x c i t a t i o n  as used, 

e.g., i n  the de ~ o e r - w i n t h e r 2  code i s  adequate f o r  n o t  too  many coupled 

channels, the need f o r  a l t e r n a t i v e  approx imat ion becomes apparent when 

the  number of the coupled channel s i ncreases . Severa1 methods3 have been 

developed t o  c a l c u l a t e  the i n e l a s t i c  cross sec t ions  f o r  heavy ions i n  

the  case o f  s t rong  coup l ing .  We mention i n  p a r t i c u l a r ,  the methods ba- 

sed on the  work o f  M i l l e r  which a l l o w s  some feedback on to  the  t r a j e c -  

t o r y  due t o  the coupl i ng  t o  the d i f f e r e n t  e x c i t e d  s t a t e s  ( c h a n n e l  s ) .  

However, these methods have been, so f a r ,  r e s t r i c t e d  t o  b a c k - a n g l e  

s c a t t e r i n g  o n l y .  Our aim i n  t h i s  work i s  t o  so lve  the coupled-channels. 



M u l t i p l e  Coulomb e x c i t a t i o n  problem e x a c t l y  w i t h i n  the  on-energy-  s h e l l  

approximation adopted f o r  the channels '  Green's func t ion .  Th is  proce- 

dure a l lows  f o r  the  c o n s t r u c t i o n  o f  the d i f f e r e n t  i n e l a s t i c  ampl i tude 

i n  a simple c losed form and thus permi ts  the i n t r o d u c t i o n  o f  improve- 

ments i n  a s imple way. The numerical e v a l u a t i o n  o f  the ampli tudes i n -  

vo lves o n l y  the invers ion  o f  f i n i t e  mat r i ces  which was discussed i n  I . 

Furthermore, the i n t r o d u c t i o n  o f  the nuc lear  e f f e c t s ,  which becomes im- 

p o r t a n t  a t  h igher  energ ies,  i s  s t ra i 'ght forward and wi l l be discussed i n  

p a r t  3 o f  t h i s  s e r i e s .  Although we do n o t  expect our  f i n a l  r e s u l t s ,  

which a r e  based on the OESA, t o  be very  c lose  t o  the exact  coupled chan- 

n e l s  o r  de Boer-Winther r e s u l t s ,  we do b e l i e v e ,  however, 

OESA procedure cou ld  serve as a reasonable s t a r t i n g  p o i n t  

p rec ise ,  y e t  s imp le r ,  c a l c u l a t i o n  o f  the e f f e c t s  on the d 

i o n  processes due t o  s t rong  coup l ing  t o  many o t h e r  channe 

h a t  such an 

f o r  a  more 

f f e r e n t  heavy 

S .  

Furthermore, as was discussed i n  I ,  the forrnal ism we develop 

a l lows  f o r  a  very c l e a r  separa t ion  between r e o r i e n t a t i o n  e f f e c t s  and 

coup l ing  e f f e c t s  and thus a l lows  f o r  a  simple e x p l o r a t o r y  s tudy o f  the 

change i n  the na tu re  o f  the  channeis, i .e. ,  v i b r a t i o n a l  vs.  r o t a t i o n a l .  

Although the energy loss  associated w i t h  the d i f f e r e n t  e x c i t a t i o n s  pro-  

cesses was accounted r o r  i n  l ,  us ing  the semic lass ica l  energy loss  fac -  

t o r s ,  i n  tho  present paper the  energy loss  i s  accounted f o r  e x a c t l y , a l -  

b e i t  s e m i c l a s s i c a l l y .  A f t e r  some p repara to ry  developments i n  Sect ion 2 

we der i ve ,  i n  the OESA, general expressions f o r  the i n e l a s t i c  amp l i tu-  

des which con ta in  m u l t i p l e  Coulomb e x c i t a t i o n  e f f e c t s  t o  a11 o rders .  I n  

Sect ion 3 we evaluate the sub- bar r ie r  i n e l a s t i c  c ross  sec t ions  f o r  the 

system 4 0 ~ r  + 2 3 8 ~  a t  Elah = 240 MeV assuming f o r  the  e x c i  ted  s t a t e s  a 

,pure r o t a t i o n a l  charac te r .  Comparison o f  ou r  r e s u l t  a t  back angles w i th  

those obta ined by Alder  and w in ther7  a re  discussed. F ina l  l y  we g i v e  a 

general d i çcuss ion  o f  ou r  r e s u l  t s  and severa1 concluding remarks i n  Sec- 

t i o n  4 .  

2. PRELIMIINARIES 

rn t h i s  s e c t i o n  we summarize some o f  the r e s u l t s  ob ta ined  i n  I 

which a re  re levan t  f b r  our  d iscuss ion  o f  the i n e l a s t i c  cross sec t ion .  

We consider  the c o l l i s i o n  o f  a  spher i ca l  nucleus 1 on a deformed t a r g e t  



nucleus 2, a t  sub- bar r ie r  energ ies.  We study the  Coulomb e x c i t a t i o n  o f  

l ow- ly ing  s t a t e s  I M  o f  s p i n  I and magnetic quantum number o f  which ex- 

c i t a t i o n  energy EI. We f u r t h e r  assume nucleus 1 t o  be a p o i n t  charge 

Zle; then from the set  o f  coupled r a d i a l  equat ions g i v e n i n  Sect ion 2 o f  

I we can e x t r a c t  the  c o e f f i c i e n t s  6, !Lo,, 
which determine the ampl i t u -  

der fIoMotIM(8) f o r  Coulomb exc i  t a t i o n  from the ground s t a t e  / I0M0> t o  

the f i n a l  s t a t e  IIM> ( i n  coord ina te  system C o f  Ref. 6 )  through 

where to (L) i s  the o r b i  t a l  angular  momentum i n  the i n c i d e n t  ( f i n a l )  chan- 

ne l  k (k  ) i s  the asymptot ic  wave number i n  the i n c i d e n t  ( f i n a l )  channel 
O I 

J i s  the conserved channel angular  momentum, and o ( n )  i s  the Coulomb 
R 

phase s h i f t  w i t h  n being the Sornrnerfeld parameter. 
+ 

consider  the ground s t a t e  t o  be O which f i x e s  the  

i n e l a s t i c  cross sec t ion  i s  then g iven by 

I n  what f o l l o w s  we 

value o f  J=Ro. The 

where v (v  ) i s  the  r e l a t i v e  v e l o c i t i e s  o f  the heavy ions a f t e r  (befo- 
I 0  

r e )  the  c o l l i s i o n .  By us ing  the on-energy-shel l  approx imat ion f o r  the  

channel Green's f u n c t i o n  we were a b l e  t o  o b t a i n  the s o l u t i o n  f o r  the  

m a t r i x  8 i n  c losed form 
k?I,LoO 



Here the coup l ing  mat r i ces  a have the form (assuming q u a d r u p o l e  cou- 

p l  ing)  

and I,,,, (kIl,,kI) a r e  the  usual Coulomb exc i  t a t i o n  i n t e g r a l  s  g iven  by 

I n  Eq. (!i) the quadrupole c o u p l i n g  s t r e n g t h  qI-tIr a r e  de f ined  by 

The q u a n t i t y  al i s  h a l f  the d is tance  o f  c l o s e s t  approach f o r  head-on 

c o l l i s i o n  i n  channel I and i s  g iven  by 

The Sommei-feld parameters riI a r e  de f ined  as usual by ~ ~ ~ ~ e ~ / F i v ~  w i t h  

being the asymptot ic  r e l a t i o n  v e l o c i t y  i n  the cen te r  o f  mass system i n  

Channel I. I n  the spec ia l  case o f  a  pure quadrupole r o t a t i o n a l  band des- 

c r i p t i o n  o f  the  e x c i t e d  s t a t e s  i n  the t a r g e t  the  coup l ings  qI+Ilasdefi- 

ned i n  (7)  s a t i s f y  the simple r e l a t i o n  



Our express ion f o r  i' ( ~ q . ( 3 ) )  guarantees t h a t  the r e s u l t i n g  S- m a t r i x ,  

de f ined  by 1-2 i T ,  i s  u n i t a r y  

I n  order  t o  c a r r y  o u t  the numerical c a l c u l a t i o n  we have used 

Eq. (3) t o  o b t a i n  the f o l l o w i n g  r e c u r s i o n  equat ion t h a t  r e l a t e s  the am- 

p l i t u d e s  f o r  the  d i f f e r e n t  processes. The d e t a i l s  o f  the d e r i v a t i o n  o f  

t h i s  recurs ion  r e l a t i o n  i s  g iven i n  Appendix 1:  

where 

-iCI< [I +ic,J -1 oro ( l i )  

and RO0 = 1 and the  symbol < r e f e r s  t o  s t a t e s  w i t h  s p i n  less  than I. 
- I  

The n i a t r i x  element < I l [ l + i ~ ]  O>-gIO i s  g iven  i n  terrns o f  RIO by 

where > impl i e s  a l l  I i s  l a r g e r .  The m a t r i x  elements <11910> a r e  iden- 

t i c a l  t o  gIO s ince f o r  I Z O .  

Eqs. (12) and (13) c o n s t i t u t e  the 

l a s t i c  ampl i tudes.  I r n p l i c i t  i n  ou 

bas is  o f  o i l r  c a l c u l a t i o n  o f  the ine-  

c a l c u l a t i o n s  i s  the usual semiclas- 

s i c a l  assumptions o f  l a r g e  R and n .  The r e s u l t s  i n  the f o l l o w i n g  form 

f o r  the i n e l a s t i c  cross s e c t i o n  

where oR(8) i s  the Ruther ford cross s e c t i o n  and P ( 8 )  i s  the p r o b a b i l i -  
I 

t y  f o r  Coulomb e x c i t i n g  the s t a t e  I and i s  d e t e r m i  ned  b a s  i c a l  l y  by 

lbIO 1 2 .  



3. NUMERICAL RESULTS 

Before e n t e r i n g  i n t o  the d e t a i  1s o f  our  numerical r e s u l t s  we 

g i v e  below an account o f  our  t reatment  o f  the energy loss .  Although i n  

I we accounted f o r  the energy loss  through the i n t r o d u c t i o n  u f  the 

ccnstant  semic lass ica l  energy l o s s  f a c t o r s ,  i n  t h i s  paper we t r y  t o  

t r e a t  the energy loss  more r e a l i s t i c a l l y .  Since i n  our  theory energy 

loss  comes i n  b a s i c a l l y  through the Coulomb e x c i  t a t i o n s  i n t e g r a l s ,  

IQrll(kI,,kI) o f  Eq. (6 ) ,  we t h e r e f o r e  used the semic lass ica l  theory o f  

Coulomb e x c i t a t i o n  t o  c a l c u l a t e  the  I ' s  and u t i l i z e d  the t a b l e s  g iven  

i n  Ref.8. Such a  procedure t o  approx imate ly  account f o r t h e e n e r g y  loss  

i n  the e x c i t a t i o n  processes tu rns  ou t  t o  be q u i t e  reasonable espec ia l -  

l y  i n  the c a l c u l a t i o n  o f  the i n e l a s t i c  cross sec t ion ,  u2+. I f ,  on the 

o t h e r  harid, we were t o  use the constant  semic lass ica l  energy l o s s ' f a c -  

t o r s  o f  i the  cr2+(0) would show an almost monotonic decrease w i t h  e 
CM 

anci a  maximum a t  0=0. As we show below our c a l c u l a t e d  u2+(8) e x h i b i t s  

a  maximuni a t  some smal l angle and drops t o  zero a t  8=0 as i t should7. 

To be s p e c i f i c  we s h a l l  consider  below the system 4 0 ~ r +  2 3 8 ~  

a t  Eiab =: 240 MeV. Although the cen te r  o f  mass energy corresponding t o  

the above Elab i s  s l i g h t l y  h igher  than the Coulomb b a r r i e r  o f  183 MeV, 

we s h a l l  ignore a l l  nuc lear  e f f e c t s  i n  our c a l c u l a t i o n .  We s h a l l  assu- 

me a  quadrupole r o t a t  i ona l  band s t r u c t u r e  f o r  the exc i ted s t a t e s  i n  2 3 3 ~  

and s h a l l  ignore p r o j e c t i l e  excita tio^. Since the va lue  o f  q f o r  the 

above system i s  9.56, i t  i s  c l e a r  t h a t  we must consider  i n  our c a l -  

c u l a t i o n  the coup l ing  t o  a l l  s t a t e s  w i t h  I < 18. Th is  requirement i s  a  

consequence o f  the  approximate semic lass ica l  r e l a t i o n  between the  ave- 

rage angular  momentum t r a n s f e r r e d ,  < A O  , and q0+2 naaml y  

We have uijed our recurs ion  equat ions (10)- (13) us ing  f o r  the  coupl ing 

m a t r i x  C the e x p l i c i t  form g iven i n  Eq. (4 )  w i t h  the I ' s  c a l c u l a t e d  

accord ing t o  the  p r e s c r i p t i o n  g iven  p rev ious ly .  We have generated a  

pure r o t a t i o n a l  band f o r  2 3 8 ~  by t a k i n g  the experimental va lue  f o r  the 

f i r s t  e x c l t e d  s t a t e s  t o  be 44 keV and used the  r o t a t i o n a l  energy for-  

mu!a E  = T i 2 ~ ( ~ + l ) / 2 g .  The r e s u l t s  o f  our  c a l c u l a t i o n s  a r e  shown i n  
I 



F igs .  1-3. The e l a s t i c  cross s e c t i o n  normalized t o  the  Ruther ford 

cross s e c t i o n  i s  p l o t t e d  i n  F ig .1  . The r i s e  o f  u/aR back angles w i l l ,  

o f  course, be mod i f ied  i f  nuc lear  e f f e c t s  were included. A lso  shown 

i n  F ig .  1 i s  the i n e l a s t i c  cross sec t ion  o f o r  e x c i t i n g  the 2' s ta -  
2+ 

t e .  Our r e s u l t s  f o r  o i s  q u a l i t a t i v e l y  s i m i l a r  t o  what one expects 2+ 
f o r  smal ler  q,,+2. I t  i s  i n t e r e s t i n g  t o  observe t h a t  w i t h  inc reas ing  I 

the peak i n  u ( 8 )  i s  s h i f t e d  t o  l a r g e r  angles and the r i g h t  wing o f  I+ 
the cross s e c t i o n  becomes f l a t t e r  and f l a t t e r  as shown i n  F ig .  2 u n t i l  

f i n a l l y  the peak disappears complete ly  s t a r t i n g  a t  1=16 (see F ig .  3 ) .  

I t  i s  impor tant  t o  note t h a t  our r e s u l t s  f o r  oeR and aI+ s a t i s f y  the 

u n i t a r i t y  sum r u l e  a t  every angle, i .e . ,  

I t  i s  worth n o t i n g  t h a t  i f  we mock up some o f  the o f f - s h e l l  e f f e c t s  by 

m u l t i p l y i n g  the r e o r i e n t a t i o n  mat r i ces  by a f a c t o r  2-3 and the coupl ing 

mat r i ces  by 4.6, as was done i n  I ,  we would o b t a i n  peaking, i n  a l l  

Fig .1  - The sub-barrier e l a s t i c  cross sect ion ,  normalized t o  oR, for  the 

system * O A ~  + 2 3 8 ~  a t  Elab = 240 MeV p l o t t e d  vs. BCM. Also shown i s  the  

i n e l a s t i c  cross sect ion  o ' 
2+' 



Fig .  2 - The i n e i a s t i c  angular d i s t r i b u t i o n s  o 06+* a8+ and 0 lO+ ' 

Fig .3  - The i n e l a s t i c  angular d i s t r i b u t i o n s  o 
12+' "14+' '16+ '18+' 



aIZO a: some nonzero angles. I t  i s  c l e a r  t h a t  the sp in  dependence o f  

our r e s u l t i n g  C o u l o m b e x c i t a t i o n  p r o b a b i l i t i e s  P =2 evaluated a t  
I - UR 

back angles shows amarked d i f f e r e n c e  from the  r e s u l t s  o f  semic lass ica l  

t h e o r i e s  . Whereas exact  quantum mechanical and semic lass ica l  theor ies  

show an i n i t i a l  r i s e  o f  P I 
a f t e r  passing through a max 

o f  s t a t e s  w i t h  h igher  sp ins 

show, on the o ther  hand, a  

s ing  1. Th is  f a i l u r e  o f  our 

mechanical and semic lass ica 

as a f u n c t i o n  o f  i nc reas ing  I and then, 

mum, drops p r e c i p i t a n t l y  as the e x c i t a t i o n  

become c l a s s l c a l l y  forb idden,  our r e s u l t s  

a t h e r  smooth decrease o f  PI w i t h  inc rea-  

theory i n  reproducing the exact  quantum 

r e s u l t s  i s  a  c l e a r  i n d i c a t i o n  o f  the l i- 

m i t a t i o n s  o f  the on-energy-shell-approximation. I t  i s  hoped, however, 

t h a t  one might be a b l e  t o  account, approx imate ly ,  f o r  the o f f - s h c l l  

e f f e c t s  by usir ig the.s imple OESA f o r  the Nave f u n c t i o n  (o r  ampl i tude ) 

as an inpu t  inhomogeneous term i n  an i n t e g r a l  eq l ia t io l l  whose kernel  

con ta ins  the  o f f - s h e l l  p a r t s  o f  the channel f u n c t i o n .  I t  i s  f u r t h e r  

hoped t h a t  í t e r a t í v e ,  and t h e r e f o r e  less  time-consuming, s o l u t i o n s  o f  

t h i s  equat ion would s u f f i c e  t o  b r i n g  the  r e s u l t s  c l o s e r  t o  the exact  

quantum mechanical o r  semic lass ica l  r e s u l t s .  I n  a f u t u r e  p u b l i c a t i o n  

we s h a l l  present  an account of our  endeavor mentioned above. 

4. DISCUSSION AND CONCLUS!ON 

I n  t h i s  paper we have discussed the consequences o f  adopt ing 

the on-energy-shel l  approx imat ion f o r  the channel Green's f u n c t i o n  i n  

the coupled channels d e s c r i p t i o n  o f  m u l t i p l e  Coulomb e x c i t a t i o n  i n  hea- 

vy i o n  c01 l i s i o n s .  Our work i n  t h i s  paper i s  a  n a t u r a l  exterision o f  the 

r e s u l t s  repor ted  i n  the f i r s t  p a r t  ( I )  o f  t h i s  s e r i e s  which d e a l t  w i t h  

sub- bar r ie r  e l a s t i c  s c a t t e r i n g .  Although iri the present  paper we have 

improved upon our t reatment  i n  i o f  the  energy loss  i n  the d i f f e r e n t  

e x c i t a t i o n  processes, the  o v e r a l l  q u a l i t a t i v e  behavior n f  our  r e s u l t s  

d i f f e r  considerably  from those o f  the exact  quantum mechanical and se- 

m i c l a s s i c a l  treatments. Th is  shortcoming o f  our  approximations i s c e r -  

t a i n l y  a consequence o f  our  neg iec t  o f  a l l  o f f - s h e l l  e f f e c t s .  These 

o f f - s h e l l  e f f e c t s  man i fes t  themselves i n  the nonseparable form o f  the 

r- and r '  dependence o f  the  channel Green's f u n c t i o n .  I t  i s  hoped, ho- 

wever, t h a t  by i s o l a t i n g  tne separable p a r t  o f  channel Green's func-  

t i o n  and c a l c u i a ~ i n g  the corresponding wave f u n c t i o n  and ampl i tude,  a  



simple est imate o: the  i n e l a s t i c  cross s e c t i o n  a t  sub- bar r ie r  energies 

beccmesavailable. Furthermore, such an OESA wave f u n c t i o n  might  serve 

as an inpu t  inhomogenous p a r t  i n  an i n t e g r a l  equat ion whose kemel con- 

t a i n s  the p r i n c i p a l  va lue o f  the  Green's f u n c t i o n .  It i s  our  expecta- 

t i o n  t h a t  i t e r a t i v e  and less  t ime consuming s o l u t i o n s  o f  such an i n t e -  

g r a l  equat ion cou ld  be obta ined which would con ta in  most o f .  the o f f -  

- s h e l l  e f f e c t s  and thus would g i v e  comparable r e s u l t s  t o  those o b t a i -  

ned from exact  quantum mechanical and semic lass ica l  t reatments.  I n  the  

t h i r d  p a r t  o f  t h i s  s e r i e s 5  we s h a l l  present  the r e s u l t s  o f  ou r  program 

above as w e l l  as develop a method f o r  i n c l u s i n g  nuc1ea.r e x c i t a t i o n s .  

APPENDIX 1 

I n  th i s .append ix  we d e r i v e  the  r e c u r s i o n  r e l a t i o n  Eq. (121, 

and i n  our  c a l c u l a t i o n .  Our aim i s  t o  c a l c u l a t e  t h e  m a t r i x  element 

< I ~ ( I + ~ ~ ) ~ ' ~ O > ~ ~ ~ .  F i r s t  we w r i t e  

We now d e f i n e  the p r o j e c t i o n  opera to r  PI which p r o j e c t s  on to  the I- 

- s ta te .  We a l s o  de f ine  P, and P, which p r o j e c t  {nto the space spanned 

by a l l  s ta tes  w i t h  s p i n  smal ler  than I and l a r g e r  than 1, respec,t ively. 

Since the quadrupole na tu re  o f  the coup l ing  requ i res  t h a t  P, C 
= P, C P, = O we, the re fo re ,  have f o r  I # O 

( 1  + iCII)gI + CI<g, + iCI,g, = 0 

( I  + ic,>)g> + iC,pI = O 

(1 + ic,,)g, + iC,flI = 610 

Solv ing ( 7 . 3 )  and (1.4) f o r  g> and g, and s u b s t i t u t i n g  i n t o  Eq. 

and so lv i r i g  f o r  gI we o b t a i n  



gI = -i [I + ;CII + CI< ( 1 + i C < < )  C<I + CI> ( 1  + i c > > )  -1~>1] -l 

x CI<(l + iC<< -I 50 (1.5) 

I n  the  spec ia l  case o f  I = O we have P<C = O and g, = O .  Therefore, 

( I  + i C o 0 ) g 0  = - i C  g + i o> > (1.6) 

(1 + iC>>)g> = -iC,o 9 0  (1 . 7 )  

Solv ing  f o r  go we o b t a i n  

g  = I + i + C ( i  + i ~ > > ) - l  1 (1.8) 

Since the  opera to r  (1  + i C < < ) - l  appearing i n  Eq .  (1.5) a c t s  o n l y  i n  the  

< - subspace we can r e w r i t e  i t  i n  terrns o f  opera to rs  a c t i n g  i n  srnaller 

sub-spaces. S p e c i f i c a l l y  s ince the rnaxirnurn sp in  i n  the - subspace i s  

1-2, we have f o r  <I-21 (1 + i C  _<<) 10 > the f o l  lowing 

- - 1 
= [I + 1 -2  + CI-2<(1 + C,I-2J 

[- i ~ ~ - ~ <  (1 + i=<) 610 (I . Y )  

where < imp l ies  smal ler  than 1- 2 .  De f in ing  now the rnat r ix  elernent 

-1 R = - i C  ( 1  + ;C<<) r r< ( 1  . \O)  

ing m a l  l e r  than I. We can combine (1.9) and ( I  .10) i n t o  

name l y  

RI = - i CI 1-2 

- 1  = - i cr 1-2 [i + i 1.2 + c1.2<(l + i c<<) c<I-2 I-' '1-2 

(1.11) 

w i t h  < imply 

one equat ion 



Eq. (1.11) i s  t o  be solved w i t h  theI1boundary c o n d i t i o n r l R o  = 1 ,  and 

the  m a t r i x  element g i s  obta ined from Eq. (1.5) which are'  r e w r i t t e n  I 
as 
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