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The v i e r b e i n s  and the  genera l i zed  y-matr ices assoc ia ted  t o  a 

m o d i f i c a t i o n  and ex tens ion  o f  E i n s t e i n ' s  nonsymmetric f i e l d  theory  which 

inc ludes  t h e  g r a v i t a t i o n a l ,  e lec t romagnet i c  and Yang-Mi lls f i e l d s  a r e  

determined. The v i e r b e i  n  assoc ia ted  t o  the  exac t  s p h e r i c a l  l y symme t r i c: 

s o l u t i o n  o f  t h e  u n i f i e d  f i e l d  equat ions w i t h o u t  Yang-Mi 

termined. Some a l g e b r a i c  p r o p e r t i e s  o f  the  u n i f i e d  matr  

d iscussed.  A g e n e r a l i z a t i o n  o f  t h i s  formal ism i n v o l v i n g  

posed.

lls f i e l d  i s  de-

i x tensor  G a r e  
uv

octonions p ro-  

Os v i e r b e i n s  e as mat r i zes  y genera l izadas associadas a uma 

mod i f i cação  e extensão da t e o r i a  de campos não- simétr ica de E i n s t e i n  que 

i n c l u i  os campos g r a v i t a c i o n a l ,  e le t romagnét i co  e de Yang-Mil ls,  são de- 

terminados. O v i e r b e i  n  associado a uma solução exa ta  esfer icamente simé-

t r i c a  das equações de campo u n i f i c a d o  sem os campos de Yang-Mi l ls  é de- 

terminado. Algumas propr iedades a l g é b r i c a s  da m a t r i z  t e n s o r i a l  u n i f i c a d a  

guv são d i s c u t i d a s .  Propõe-se uma genera l ização deste formal ismo envo l-  

vendo oc ton ions .  

n  d * A summary o f  t h i s  paper was presented i n  the  2- M. Grossmann meeting 

(ICTP - T r i e s t r e ,  J u l y  1979) . 



An at tempt  t o  i n c l u d e  the e lect romagnet ic  f i e l d  as a p a r t  o f  

t h e  geometry i n  a ex tens ion  o f  t h e  theory o f  genera l  r e l a t i v i  t y  was pro-  

posed by E i n s t e i n  i n  h i s  nonsymmetric (complex) theory  . I n  t h i s  theory  

the m e t d e  tensor  i s  decomposed i n t o  i t s  symmetric and ant isymmetr ic  

p a r t s  as 

where t h e g  and f a r e  r e a l  q u a n t i t i e s .  T h e g e n e r a l i z e d m e t m k h  i s  
uv uv uv 

a 4 x 4  Hermi t i a n  m a t r i x ,  h* = h  Th is  c o n d i t i o n  genera l i zes  t h e  symme- 
Fiv V V .  

t r y  p r o p e r t y  o f  the  m e t r i c  i n  genera l  r e l a t i v i t y .  

Recent ly  t h i s  theory  has been reviewed and m o d i f i e d  by M o f f a t  

and Boal.  They have proposed an u n i f i e d  theory o f  g r a v i t a t i o n  and e l e c -  

tromagnetism which tends t o  t h e  Einstein-Maxwell  theory  i n t h e  1 i rn i  t 

where a fundamental cons tan t  k-iK tends f o r m a l l y  t o  zero2.  The cons tan t  

K i s  g i v e n  i n  terms o f  a  l e n g t h  L as K = L ~ / ~ ,  where e i s  t h e  charge o f  the  

e l e c t r o n  and L may be shosen as the  Planck l e n g t h  Lp = (RG/c~)  'I2 = 1.62 

! ~ - ~ ~ c m  3 .  The i n t r o d u c t i o n  o f  t h i s  constant  i s  ob ta ined  by observ ing  

t h ã t  t h e  h may be taken as dimensionless q u a n t i t i e s :  ds2 = h  &bV = 
VV UV 

= guvhUM. Thus, fVv  i s  dimensionless and may be w r i  t t e n  as f = KF 
uv w' 

where F has the dimension o f  an e lect rornagnet ic  í i e l d .  I n  c.g.s. un i  t s  w' 

The l e n g t h  L may be def  ined i n  terms o f  the fundamental constants  7i , G 

and e as the Planck l e n g t h  L p .  A pure ' l c lass ica l ' l  l e n g t h  may a l s o  be ob- 

t a i n e d  on dimensional grounds as L - e G ~ / ~ / c ~  = 1 . 3 8 ~ 1 0 - ~ * c m .  The va- e 
lues  assumed by K f o r  these two choices a r e  K = 5 . 4 4 ~ 1 0 - ~ ~  cm, P Xc = 

= 3 . 9 5 ~ 1 0 - ~ ~  cm, g i v i n g  the  r a t i o  Kp/Kc = 13:. Thus, the cons tan t  K f o r  

these two cases d i f f e r  o n l y  by a f a c t o r  a-1 =Pfc/e2. 

The f i e l d  equat ions o f  the genera l  i zed  theory  a r e  d e r i v e d  f rorn 

a v a r i a t i o n a l  p r i n c i p l e .  D e f i n i n g  a nonsyrnrnetrical a f f  i n e  connect ion by 





I n  general 

and the wi 

ved f rom ã 

- Gvv - q,,~wi ( i - 1  ,2,3,4), where w4 i s  the 2x2 i den t i  t y  ma t r i x  

&=1,2,3) are the Paul i  matr ices.  The f i e l d  equations, d e r i -  

v a r i a t i o n a l  p r i n c i p l e ,  tend t o  the EMYM ( E i n s t e i n -  Maxwel 1 
Yang-Mi 11s) f i e l d  equations i n  the l i m i  t K-t O 4 .  The coef f  i c i e n t s  ,, 
have the form 

* 
where fPvi = - -fvui i s  the Yang-Mills f i e l d  tensor o f  t h e  fpv i s  f uv i  - 
u n i f  ied  theory. The constant p i s  g iven by p = 1/2 Ka, where a = E/%, E 

being the elementary i so top i c  charge. We mention tha t  our f i r s t  equation 

(1 -4) d i f f e r s  from the Borchsenius choice by a f a c t o r  1/2 i n  f r o n t  o f  

theh,,,,. The re la t i ons  (1.4) imply t ha t  Tr  G = huv. For K 4 O t h i s  re -  
Fiv 

l a t i o n  gives the me t r i c  o f  general r e l a t i v i  t y .  

The Hermit ian symmetry cond i t ion  now holds f o r  a11 c o e f f i -  

c ien ts  q ,,vi, namel y q = * With these condi t ions  we have 
,,vi q v p i  

The symbol t indicates Hermit ian conjugat ion i n  the space o f  complex 2x2 
t *  matrices (G = qVvi wi). The condi t i o n  (1 .5) general i zes the Hermi t i a n  
,,v 

symmetry condi t ions s a t i s f i e d  by the h 
PV ' 

2. VIERBEIN REPRESENTATION OF THE MATRIX FORMULATION 
OF THE NONSYMMETRIC THEORY 

I t  i s  we l l  known tha t  à complex v ie rbe ine forrnalism may des- 

c r i be  a nonsymmetric metsc  o f  the form (1.1) 5. Present ly we extend t h i s  

r e s u l t  t o  the case where :he h o f  (1 .1) become a se t  o f  s ix teen 2 x 2 
,,v 

matrices. Thus, associated t o  the matrices G a f i e l d  o f  complex ma t r i x  
U'J 

t e t rad  i s  defined by 



where 

For a r b i t r a r y  2x2 mat r i ces  A = a wi, B = b .  w .  the commutator and a n t i -  i z z 
commu t a  t o r  a r e  g i ven by 

Using these r e l a t i o n s  i t  may be shown t h a t  

From (2.11, (2.21, (2.3) and (2.10) we f i n d  

*(a) ( B) 
q V V ~  = 'I4 ' V i  '(a)(B) 'vk ( l i j s  'skm + ' i j s  fskm 

+ fijs lskm + fijs fskn) (2.11) 

f o r  m=4 these r e l a t i o n s  g i v e  



*(a)g(6))  + * ( a )  (6) +*(a). $6) 
+P t i 4  v '(a) ( B ) + ' P U ~  'v4 * v )'(a) (6) 4 

and form m = 2 we g e t  

+ p:Y a (a) ( 

These equat ions can be s i m p l i f i e d  by n o t i n g  t h a t  mat r i ces  E 
(a) (6) s a t i s -  - f y i n g  t h e  c o n d i t i o n s  (2.4) and (2.5) may be w r i t t e n  as E(a) (6 )  - naB ~4 , 

where 0 i s  t h e  Minkowski tensor .  Using t h i s  express ion f o r  the  mat r i ces  
aB 

E(a) t h e  equat ions (2.12) and (2.13) a r e  r e w r i  t t e n  as 

*(a) p(6)  -+*(a) , -$B) 
11.2 hUv = (pU4 v4 + P,, v )na6 

W r i t i n g  

we have f o r  (2.14), (2.15) and (1.1) 



The quant i  t y  Re vanishes due t o  the choice (1.4) . I t should be noted 
1iv 

t ha t  the Hermit ian symmetry cond i t ion  s t i l l  al lows f o r  the presence o f  a 

( * ) I n  t h i s  f i e l d  wi t h  sp in  2 and i so top i c  sp in  1 o f  the form Re q = s 
Fiv (vv) ' 

paper t h i s  con t r i bu t i on  w i l l  no t  be considered. We use the nota t ion  

the tensor i describes the pure grav i  t a t i o n a l  f i e l d ,  t ha t  means, i t cor-  
1iv 

responds t o  the g rav i t a t i ona l  po ten t i a l s  o f  E ins te in 's  general r e l a t i v i -  

t y  theory. Wr i t ing  

i t  fo l lows from (2.16) t h a t  i n  the l i m i t  where K + O the tensor A g  a lso  
w/- \  

\ U I  
tends t o  zero. From (2.17) and (2.19) we see tha t  the quan t i t i es  s, , 
eca)  and tend t o  zero i n  t h i s  1 i m i  t ( the  same conclusion fol1ow;f rom 
1i L' 

(2.16)). Thus the tetrads s 5'') and $La) are proport  ional  t o  K . 
U ' L '  

The u n i f i e d  f i e l d  theory o f  g r a v i t a t i o n  and electromagnetism 

descrlbed i n  terms o f  a Hermi t i a n  f i e l d  tensor hUv may be formulated i n  

terms o f  a complex te t rad  by 

+ + - 4  -4 
(*) i n  t h i s  general case 

G1iV 
= 1/2(~3 + ~ K F ~ ~ )  u,++iK1ifiivw + S ( ~ ~ ) * W  

iiv 

127 



For g i ven  hlJv the t e t r ads  a re  determined up 

format ion:  

'a$ ' 

t o  a pseudo-unitary t r a n s -  

The m a t r i x  elements o f  t h i s  t rans fo rmat ion  a r e  a r b i t r a r y  func t ions  o f  the  

coord inates.  For i n f i n i t e s i m a l  t rans fo rmat ions  C=l+U, and from (2.21) we 

have 

Thus, there a r e  s i x t een  degrees of  freedom i n  the  t rans fo rmat ions  (2.21). 

I n  t h i s  theory we have s i x t aen  f i e l d  func t ions  (thecomponents o f  the  Her- 

mi t i a n  tensor  hvv) and 32 rea l  independent components f o r  the t e t r ads .  

Then, s i x t een  cond i t i ons  can be imposed on the  k " )  i n  such form t h a t  C-i 
lJ 

( f i x a t i o n  o f  the  o r i e n t a t i o n  o f  the  complex t e t r a d ) .  

I n  t he  present  f o rmu la t i on  o f  t he  u n i t a r y  f i e l d  t h e o r y  o f  

g r a v i t a t i o n ,  electromagnetism and the  Yang-Mil ls f i e l d  t he  genera l i zed  me- 

t r i c  GIJ, which s a t i s f i e s  the  symmetry c o n d i t i o n  (1.5) i s  w r i t t e n  i n  terms 

o f  a m a t r i x  t e t r a d  by t h e e q u a t i o n s  (2.1)(**).  F o r g i v e n  G t h e  m a t r i x  
lJV 

t e t r ads  a r e  determined up t o  a l o c a l  genera l i zed  pseudo-unitary t r a n s f o r -  

mat ion 

(*) the  symbol ii i nd ica tes  Hermi t i a n  con juga t ion  i n  the space o f  4 x 4 ma- 
II 

t r i c e s  o f  the form C = ( C ( " ) ( ~ ) ) .  Then, C = C' *. 
(**I here we use t he  condi t i o n  C (a) ($1 = 'a$ W 4 '  



we find 

and usi ng the previous decomposi tion of the p(?) into real and inaginary w 
p a r t s ,  we obtain from (2.23) 



I n  the 1 i m i  t B . 4  they assume the form o f  pseudo-uni t a r y  t r a n s f  orma t i o n s  
2 

given by (2.217. Present ly  we have 34 rea l  f i e l d  components i n  the * 
namely the quant i  t i e s  g Fvv and Tuv. The matr ices h'(') contain a t o t a l  

Fiv' 1.i 
o f  128 rea l  i ndependent components . These components are  subjected t o  30 

-+ 
condi t ions given by Req = O  (eq.2.18). Thus, only 94components i n  the 

Fiv 
H'") remain independent: I t  fo l lows tha t  64 condi t ions may s t i l l  be impo- 

'4 
sed on the components o f  H(') ( the  d i f f e rence  betweeo the  t o t a l  number o f  

f i e l d  components i n  H b a )  and the t o t a l  number o f  f i e l d  components i n  G . 
Fi Fiv 

The condi t ions represent here a given f i x a t i o n  o f  the o r i e n t a t i o n  fo r  the 

complex mat r ix  t e t rad  H('). Considering i n f i n i t e s i m a l  t e t rad  t rans format i -  
Fi 

ons 

C =  l + U , B . = E  
2 i '  - 

where U and E are f i r s t  order matrices, and c=B~=(B (a) 
i (,),I, we have - 

Therefore the general ized loca l  t e t r a d  t rans fomat ions  (2.22) contain 64 

real  independent parameters. The values f o r  these parameters may be f ixed 

by consider i  ng a p a r t i c u l a r  o r i e t a n t i o n  f o r  the te t rads  H ( a )  
1i ' 

(a 
3. GENERALIZED -y-MATRICES ASSOCIATED TO THE VIERBEIN Hp 

(a) - With the se t  of interna1 matrices H - = p(')u and 
1.i v i  i ' 

w i t h  the choice o f  the matrices C 
(a) (B)  

considered i n  the previous sec t ion  

the matrices G take the form 
HV 

I n  t h i s  sebt inn we extend the conventional formulas connecting the v i e r -  

bein t o  the y-matrices t o  the present d e f i n i  t i o n  o f  the v ie rbe in  as a se t  

o f  2x2 matr ices . Thus , we i ntroduce the general i zed "y-matrices" as 



( a l a  o A  r (5) = H ( ~ ) ( x )  Ta = (P AbB) = (H õ ~ a  'J 'J 
(3 .2 )  

capi t a l  Roman l e t t e r s  i ndicate fourdimensional spinor degrees o f  f reedom, 

The are the Dirac matr ices.  Then a  

A  I = 1 1, = (a  ,) ( 3  - 3 )  

The ob jec t  rt i s  def ined as the d i  r ec t  contracted product o f  the matrices 
Fi 

at(') by the Dirac matr ices 4 : 
'J 

rt = H t ( a )  o 
'J 'J Ya 

For the anticommutador o f  rt and r we f i nd  
'J V 

t + ( a )  o (8)  o ( 8 )  ; H t ( a )  O { rFiyrVl  = H~ Y a  Hv YB + B ,, ?la 

? ( a )  ( 8 )  qa qB + H S ~ )  H t ( ~ )  9 = H y  Hv 
'J B a  

(3 .4 )  

where use have been inade o f  the  property t h a t  H ( a )  and 9 c m u t e  s ince 
Fi X 

they belong t o  d i f f e r e n t  spaces. From (2.2) and (2 .6 )  we have 

* ( a )  p ( ~ )  [ , H:') ] = pui v j  ' i j k  Wk (3.5) 

Eqs.(3.4) and (3 .5 )  g ive  

Thus, from (3 .3 )  and ( 3 . 1 )  we may wr i  t e  t h i s  equation as 

a  ( B ) ]  9 9 
2 G ~ v  ' '4  + ' v j  j i k  k 6  a  ( 3 . 6 )  

The ex t ra  t e m  i n  the r.h.s. o f  t h i s  r e l a t i o n  has the e x p l i c i t  form 

The expression (3 .6 )  general izes the anticommutation r e l a t i o n  o f  the mat r i -  



ces y (x), = r ( a )  used i n  general r a l i t i v i t y .  I n  the l i m i t  o f  X + O  t h i s  v ~i a 
r e l a t i o n  i s  recovered by tak ing  t race on the interna1 indices:  

T r  l i m  fr7  , r  1 = 2g 
K-tO v VV.  

4. THE VIERBEIN FOR THE EXACT SPHERICALLY SYMMETRIC 
SOLUTION 

I n  t h i s  sec t ion  we consider the problem o f  determination o f  the 

v ie rbe ins  r") and f o r  a sphe r i ca l l y  symmetric exact s o l u t i o n  o f  the 
P Fi 

f i e l d  equations o f  the Moffat-Boa1 theory (wi thout  Yang-Mills f i e l d s )  . 
Exact s t a t i c  so lu t ions  o f  the theory i n  t h i s  case have been derived6, and 

a s t a t i c  f i e l d  w i t h  spher ical  symmetry i n  po lar  coordinated x1 =r,  x2 = 8, 

where a ,  8 ,  y,  f and w are  funct ions o f  r  only.  The funct ions w and f are  

imaginary quant i t ies7 .  For a charged massive p a r t i c l e  a t  the o r i g i n  o f  co- 

ordinates these funct ions are  given by2 

x3 = 4,  x4 = ct assumes i n  general the form 

The f i e l d  -i u/K = Er = q/r2 i s  the s t a t i c  e l e c t r i c  f i e l d  due t o  the char- 

132 

hpv = 

I 
-a O O w 

O - B f sino O 

O -f s in6 -6s in28 O 

-w O O Y 
, 



ge q a t  the o r i g i n .  I n  t h i s  case the tensor 5 i s  the Reissner-Nordstrom 
?Jv 

met r i c  wi t h  value 

where 

( f o r  s ignature -2). Here the r e l a t i o n  (2.16) and (2.17) take the form 

As i t  i s  eas i l y  seen t h e 4 x b m a t r i x A g  i s  s i n g u l a r . A p o s s i b l e  so lu t i on  ?Jv 
f o r  the equations (4.4) and (4.5) f o r  g iven AgUv and F (wi t h  the values lJv 
w r i t t e n  i n  (4.1) and (4.2)) i s  o f  the form 

and the value f o r  i r  known i n  the l i t e r a t u r e  ( t he  te t rad  f o r  diago- 

na1 met r ic  tensors, such as the Schwarzschi l d  and Reissner - ~ o r d s t r 8 m  me- 

t r i c s  i n  po lar  coordinates has a form we l l  known i n  the l i t e r a t u r e ) .  The 

simple form assumed by the te t rad  L ? ' ~ )  f o r  t h i s  p a r t i c u l a r  s o l u t i o n  (Eqs .  
lJ 

(4.6)) holds on ly  f o r  a pa r t i a1  f i x a t i o n  o f  the o r i e n t a t i o n  o f  the te t rad  

d i  rec t ions  which corresponds t o  take i n  the t ransformat ion equations (2.24) 

and (2.25) the condi t i o n  E ( ~ )  = O.  I n  t h i s  case i t i s  possib le t o  impo- ($1 
se tha t  the a(') are propor t iona l  t o  the i."), namely = 

rV 
( a) 

IJ 1-i 1-i 
which has the form o f  the  so lu t ions  (4.6) f o r  



w i t h  a11 remaining X V equal t o  zero. Geometrical ly t h i s  cond i t ion  means 
?J 

t h a t  the i n te rna l  t e t rad  space has dimension 4 f o r  t h i s  chosen o r i e n t a t i o n  

o f  the complex t e t r a d  L"), wherear the dimensionall  i t y  o f  t h i s  i n te rna l  
Fi 

space i s  8 f o r  a r b i t r a r y  o r i en ta t i ons  o f  the complex te t rad .  

5. ALGEBRA OF THE MATRIX TENSOR FIELD GUv 

Given the matrices G def ined by the c o e f f i c i e n t s  (1.4) we de- 
Fiv 

f i n e  G" by 

The matrices G and G'" a re  used t o  lower and ra ise  índices i n  the un i -  
?Jv 

f i e d  mat r ix  theory. Def in ing 

we get  from (5.1) 

$ = ua . c"' Ua. G t a l  (5.3) 

i n  general the Va and U' a re  f ou r  2x2 matr ices.  S im i l a r l y  

V: = GAd Vth , LItX = Ga l  U: 

By analogy w i t h  the choice (1.4) the matr ices GFiV may be w r i t t e n  as 

We note tha t  pv and yv are def ined by (5.4) and not  by r a i s i n g  the i n d i -  

ces o f  7 and F wi t h  the help o f  the me t r i c  tensor CJ". These two def i- 
1iv Fiv 

n i t i o n s  become iden t i ca l  i n  the l i m i t  W .  I n  t h i s  l i m i t  (1.4), (5.1) and 

(5.4) imply i n  the usual d e f i n i t i o n  used i n  general r e l a t i v i t y  i f  the cons- 

t a n t  a i s  taken equal t o  2. - 

Associated t o  the matrices G" we def ihe  v ie rbe ins  H~ such 
(c0 



Wri t ing  H' - 
(a) - ' ( a ) i w i  wi t h  P i a ) 4  = we obtai  n i n  the 1, imi t K + O :  

Thus, the equations (5.5) i n  t h i s  1 i m i t  become the usual orthonormall i t y  

condi t ions f o r  the te t rad  i n  general r e l a t i v i t y .  With the he lp  o f  (5.5) we 

may w r i  t e  the expression-of  G" i n  terms o f  v ie rbe ins  as 

I t  i s  a l so  possib le t o  introduce another process o f  r a i s i n g  and loweririg 

i ndices wi t h  the use o f  the ma t r i x  t e n s o r s ~ ( ' ~ )  and G(Yv) , where 

For general matríces o f  the form a and f.. ' I . .  .y the r a i s i n g  and . . .I.. .y 
lowering o f  the index X i s  ind ica ted by p lac ing  a dot  over the new index 

i n  p a r t i c u l a r ,  the double app l i ca t i on  o f  t h i s  operat ion generates an index 

w i thout  dot, as f o r  instance U B  = fl G(a6). This process o f  lower i  n g  and 

r a i s i n g  indices i s  s i m i l a r  t o  the process used by E ins te in  i n  h i s  non-syrn- 

met r ic  u n i t a r y  theory, the on ly  d i f fe rence i s  t ha t  here we deal w i t h  matri- 

ces instead o f  funct ions.  Thus, we may w r i t e  

which gives 

I t i s  possi b l e  t o  extend t o  matrices the concept o f  eigenvectors associa- 



ted t o  a r b i t r a r y  tensors, namely the extension o f  equations o f  t h e  t y p e  
v P V = h v u .  Here we are d i r e c t l y  in teres ted i n  the case where P v cor-  ' V ' 

responds t o  the skew syrnmetric p a r t  o f  the mat r ix  tensor G w i th the index 
u'.' 

v ra ised by the previous convention. Consider the equation 

I t can be shown from (5.6) and (5.7) and from the assumption tha t  the e i -  

genvectors @' and $' are 1 i near l  y independent t ha t  

These equations are  the eigenvalue equat ionsfor  the Mame 
3 

f i e l d  tensors ( redef  i n i n g  p4 -+ iKa4, p + 2iXp;) . The l a s t  

surn o f  th ree equations which correspond t o  the ind iv idua l  

t i ons  for  each i sotopic cornponent o f  the Yang-Mi 1 1 s f i e l d  

1 1  and Yang-Mills 

equation i s  the 

e i  genval ue .equa- 

tensor. As i t  i s  

c lear ,  a11 proper t ies  concerning the s t ruc tu re  o f  the eigenvalues and e i -  

genvectors o f  antisymmetric tensors hold here. We j u s t  w r i t e  some o f  these 

proper t ies8:  

i + ;  
1) l f  cFi(P) i s  an eigenvector o f  F (fy ) corresponding t o  the eigenvalue 

1i 

p4 # O(: # 0) then i s  a nu11 vector  f o r  the met r ic  g 
uv' 

8 + & .  
2) Let @: and $2 and $2) be two eigenvectors o f  F (f' ) and 

P (11% 
3 3 

(2)p4 
P ( ~ ) )  the corresponding eigenvalues such tha t  (2)P4 # -(I)~k 

# - c(,)).  Then 4: and (yi: and (2) are orthogonal f o r  the rnetr ic 

g'v 

3) For each one o f  the above eigenvalue equations i f  two roots arenon nu1 1 

then i t  w i l l  e x i s t  two l i n e a r l y  independent eigenvectors. 

4 )  I f  a1 l roots vanish ( rad ia t i on  f i e l d )  there wi 1 l be a one-parameter se t  

o f  eigenvectors associated t o  the nu11 eigenvalue. 



I t  i s  a l so  possib le t o  int roduce the analog o f  a sca lar  product 

i n  terms o f  matrices. Def in ing  the rea l  quan t i t y  

we f i n d  by a d i r e c t  ca lcu la t ion ,  tak ing  V' = vUiui, V'" V*' i O i  

-iCL If v = O t h i s  expression degenerates i n  the law o f  sca lar  product o f  the 

Moffat-Boa1 theory. For K d  i t  goes over the usual d e f i n i t i o n s  o f  sca lar  

product i n  a Riemannian spacetime. The expression f o r  v 2  can a l so  be w r i t -  

ten under the form 

With the matrices G,,, i t  i s  possib le t o  construct  c-number func- 

t i ons  by two d i f f e ren t  ways: by tak ing  t race o f  the  matrices o r  by indrodu- 

c i ng  the funct ions 

where $J i s  some given f i e t d  w i t h  i so top i c  sp in  1/2. Then 

With the use o f  these funct ions we may def ine  the square o f  the l i n e  e le -  

ment e i t h e r  by 

' v ds2 =GYv& =G(,,v)dx'dzY 

( the coordinates are c-numbers) . These two d e f i n i  t i ons  o f  the square óf the 

l i n e  element d i f f e r  on ly  by a f a c t o r  1/2. 



6. A GENERALIZATION OF THE MATRIX TENSOR FIELD GVv 

The mat r ix  tensor f i e l d  considered i n  the previous sect ionscor-  

responds a lgeb ra i ca l l y  t o  a quaternion f i e l d .  From the previous d e f i n i t t o n  

o f  G we have 
VV 

w i t h  B =  i / i  2 ,  + 
B4 = w,,. The set  o f  2x2 matrices í3 and 8,+ s a t i s f y  thequa- 

te rn ion m u l t i p l i c a t i o n  law 

I n  what fo l lows i t  w i l l  be o f  i n te res t  t o  rewr i t e  t h i s  m u l t i p l i c a t i o n  law 

i n  the form 

where the operations indicated by the symbols * and A (scalar  and wedge 

product o f  the quaternion basis) are given 6y 

l n  t h i s  nota t ion  the equation (5.1) which defines the matr ix G" takes the 

form 

where = s iv  ui . 
A general izat ion o f  the quaternion algebra i s  given by the a l -  

gebra o f  the complex Cayley numbers (Octonions) which are def ined by9 



where (u4,ui) are the basis e lemnts  o f  the algebra s a t i s f y i n g  the mul t i- 

p l  i c a t i o n  tãb le  
* * 

U. U = E. .  , Ui "i ' -64s * 9 u. u = O  
21 d z 4 

I n  general the complex Cayley algebra contains seven quaternion 

subalgebras. This property f o l  lows from (6.6) and from the d e f i n i  t i o n  u4 = 

= 1/2(B4 + iB7), U; = 1/2 (Bi + iBi+i+3) . These seven quaternion suba1 gebras 

correspond t o  the Gariation-of t hé  index A=1. ..7 over the t r i a d s  (1,2,3), 

(5,1,6), (6,2,4), (4,331, (6,7,3), (4,7,1) and (5,7,2). 

The algebra o f  the complex Cayley numbers may be represented i n  

terms o f  Zorn matrices1° +f ined by l 1  

g iv ing  

The product of ma&r+?es o f  t h í s  form i s  def ined i n  such waythat 

i t  reproduces the mu l t i p l  i c a t i o n  tab le  (6.6) o f  the complex Cayley basis. 

Taking another Zorn mat r ix  Z(B) s i m i l a r  t o  (6.9) w i t h  the replacements,a+c, 

b-d, x+z, y*, we ind ica te  t h i s  product w i t h  the symbol (3 : 



where f o r  short  we Izave w r i t t e n  x = xi Bi, a = a 8 wi th  the same abbrevi-  
4 

a t i o n  f o r  y, z and w and fo r  b ,  c and-d.- 

The conjugation operat ion i n  the Zorn representation o f  octo-  

nions os defined by the replacements: z (u4) ++ z (u:) ,Z (ui)+ -2 (ui) , - - z (u;') + -2 (uz) . Thus , i n (6.9) we have - - 

The norm o f  a octonion i s  defined as 

From (6.10) i t  fo l lows tha t  

where 1 = Z(u4) + z(u$) i s  the  i d e n t i  t y  element o f  Zorn's algebra. 

The octonion formal ism i n  the Zorn representation i s  now appl ied  

as a general izat ion o f  the quaternion formalism used i n  the previous sec- 

t ions.  The quaternion te t rad  (2.2) i s  general ized t o  a octonion t e t r a d  o f  

the form 

By convenience we have used the diagonal mat r ix  elements i n  (6.12) wi t h  a 

m u l t i p l i c a t i v e  factor i. Presently t h i s  m d i f i c a t i o n  i s  not re levant since - 



a11 mat r ix  elements are complex guan t i t i es .  We a l so  def ine the octonion 

Hermit ian conjugat ion operat ion as 

The 2x2 matrices 8, and 8. s a t i s f y  the proper t ies  8; = B4, 8; = -B;, wi t h  
'L - 

the t operat ion having tEe usual meaning f o r  matrices, thus- 

w i t h  s i m i l a r  r e s u l t  f o r  the remainder m a t s x  etements 

A s t ra igh t fo rward  ca l cu la t i on  using (6.10) 

gives 

whe r e  

.13). 

12) and (6.13) 

The equat ion  (6.14) general i zes the quartenion mat r ix  representat ion given 

by (2.1). Thus, wemay ca l1  t h e G  o f  (6.14) as a o c t o n i o n  representat ion 
lJv 

o f  the metric.  I n  the 1 i m i  t where h -t. k we reobtain theprevious expression 

(2.141, (2.15). The GFiv i n  t h i s  l i m i t  takes the form 



Using (6.15) we r e w r i t e  (6.14) as 

Taking The Hermit ian conjugate we get  

,Comideri ng, as before, t ha t  the f i e l d s  r and - s are Hermi t i a n  wi t h  respect 

t o  the wor ld indices, we f i n d  

This symmetry cond i t ion  here general izes the Hermit ian symmetry cond i t ion  

(1.5) for  quartenions (rnatrices which are  1 inear combination o f  the 

I n  the 1 i m i  t s +r we recover the quartenion symmetry condi t i o n  G' = G 
uv VlJ '  

We mention t h a t  de r i va t i ves  (o r  covar iant  der iva t ives)  may be 

defined by the operator  D =P. a (lD = 1  Q D  f o r  covar iant  de r i va t i ves ) .  
u Fi ,, 

Thus, according t o  the E ins te in  d e f i n i t i o n  o f  covar iant  de r i va t i ve  i n  the 

nonsymmetric theory we rnay w r i t e  

where 



The d e f i n i t i o n  of the operator  V depends on the space where V operates . 
lJ 

i n  general we can wr i  t e  V,, = (D:)'~ where the indices A, B  are t o  be ta-  

ken as wor ld indices,  spinor i nd i ce i ,  i so top i c  spinor indices,  e t c ,  depen- 

d ing  o f  the ob jec t  which i s  considered i n  t h i s  de r i va t i ve .  I n  the above 

exarnple A 3 p,o ; B + a ,  8. I n  the fo i l ow ing  we consider two possib le ap- 

p l i c a t i o n s  o f  t h i s  formal isrn. 

( i )  Consider the s i  t ua t i on  where 

w i t h  L,!:) and descr ib ing  a  guaternion o f  the u n i f i e d  n a t r i x  theory 
Fi 

a f  Borchsenius. Then, we have fo r  (6.14) and (6.15) : 

Taking 

we get 



The on ly  simple possib i  1 i t y  f o r  i n t e r p r e t i n g  these formulas i s  t o  take 8 (a) 
?J 

- - O, ?(')=O ( there  i s  no Yang-t l i l ls  f i e l d )  which gives f o r  g and F the 
U Ftv ?Jv 

values o f  the Moffat  theory. For r we f i n d  
uv4 

Re r = f gUv (conforma1 t o  the Moffat  met r ic )  , 
uv4 

i m  r = $ K F (llconformalll t o  F ~ ~ )  . 
uv4 UV 

Combining these resu l t s  we get 

r - h (conforma1 t o  the rnetric h ) . uvic - T ~ t v  ~ t v  

l h e  octonion G i n  t h i s  case takes the simple form 
U v 

(a) ~ ( a )  ( i i )  T a t i n g g f )  = 6 z b a )  ' h(") ~4 = ~ m k : ; )  , I$*= 4 ,  w i t h  kU4 , ?J 

descr ib ing a quartenion s i m i l a r l y  t o  the case ( i ) .  We f i n d  i n  t h i s  case 



where 

-f -t 
w i t h  t h e  e x p l i c i t  va lue  f o r  lm s g iven  by Eq.(2.19). For r vV4 and r we 

I.iv uv 
have 

again x ~ F ~ ~  i n  t h i s  l a s t  equa t ion  i s  g iven by (2.19). I n  t h e  l i m i t  ++l t h e  

o c t i o n i o n  G o f  t h i s  example tends t o  t h e  qua te rn ion  o f  the  Borchsenius 
UV 

theory  . 

6. CONCLUSION 

The v i e r b e i n  formal ism assoc ia ted  t o  the m a t r i x  ex tens ion  o f  

t h e  Mof fat- Boal  u n i f i e d  theory  i s  determined. The H e r m i t i a n  symmetry con- 

d i  t i o n  o f  t h e  non-symmetric tensor  h o f  the  Moffat-Boa1 theory i s  exten-  
Iiv 

ded t o  t h e  m a t r i x  formal  ism by t h e  condi t i o n  G+ pv - - Gvv. I n  t h e  l i m i  t where 
2 a fundamental cons tan t  K = L / e  tends t o  zero o n l y  g r a v i  t a t i o n  remainsdes- 

c r i b e d  i n  terms o f  v i e r b e i n s ,  and the EMYM ( ~ i n s t e i n - M a x w e l l  Yang - M i l  1s) 

theory i s  ob ta ined  frm t h e  genera l i zed  f i e l d  equa t ion  of the  m a t r i x  theo-  

'-Y . 

The genera l i zed  y-matr ices which correspond t o  the  extended 

n a t r i x - t e t r a d s  a r e  g i v e n .  The ant icommutat ion r e l a t i o n s  o f  these y-matr2- 



ces a re  determined and genera l i ze  the  usual ant icommutation r e l a t i o n s  used 

i n  general r e l a t i v i t y .  The inc roduc t ion  o f  general ized y-matrices suggests 

the  p o s s i b i l i t y  o f  cons ider ing  a mod i f ied  equat ion o f  mot ion f o r  a system 

w i t h  sp i n  1/2 and i s o t o p i c  s p i n  1/2 i n  t he  extended m a t r i x  theory,  s i rn i -  

l a r l y  as t he  D i rac  equat ion i s  modif  i ed  i n  presence o f  g rav i  t a t i o n  i n  ge- 

ne ra l  r e l a t i v i  t y .  

The v i e r b e i n  associated t o  the  exact  s p h e r i c a l l y  symmetric so- 

l u t i o n  o f  the u n i f i e d  f i e l d  equat ion  w i t hou t  Yang-Mil ls f i e l d  i s  der i ved .  

Some a l geb ra i c  p rope r t i e s  of, t he  metric o f  t he  u n i f i e d  m a t r i x  f o rmu la t i on  

a re  d i  scussed and the orthogonallity condi t ions o f  the  m a t r i x - t e t r a d  a r e  

determined. A g e n e r a l i z a t i o n  o f  the qua te rn ion-mat r i x  theory o f  Borchse- 

n ius  i n v o l v i  ng octonions i s  proposed . 
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