Revista Brasileira de Fisica, Vol. 10, NP 1, 1980
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The vierbeins and the generalized y-matrices associated to a
modification and extension of Einstein's nonsymmetric field theory which
includes the gravitational, electromagnetic and Yang-Mills fields are
determined. The vierbein associated to the exact spherically symmetric
solution of the unified field equations without Yang-Mills field is de-
termined. Some algebraic properties of the unified matrix tensor Guv are
discussed. A generalization of this formalism involving octonions ispro-

posed.

Os vierbeins e as matrizes y generalizadas associadas a uma
modificacdo e extensdo da teoria de campos ndo-simétrica de Einstein que
inclui os campos gravitacional, eletromagnético e de Yang-Mills, sdo de-
terminados. O vierbein associado a uma solu¢gdo exata esfericamente simé-
trica das equacbdes de campo unificado sem os campos de Yang-Mills é de-
terminado. Algumas propriedades algébricas da matriz tensorial unificada
gw sdo discutidas. Propde-se uma generalizagdo deste formalismo envol-

vendo octonions.

* A summary of this paper was presented in the 2m M. Grossmann meeting

(1CTP - Triestre, July 1979).
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1. INTRODUCTION

An attempt to include the electromagnetic field as a part of
the geometry in a extension of the theory of general relativity was pro-
posed by Einstein in his nonsymmetric {complex) theory . In this theory
the metric tensor 1s decomposed into its symmetric and antisymmetric

parts as

v = P ww) * W)
o) = Ot ] T (.n

where thegw and fW are real quantities. The generalized metric hw is
a bx4 Hermitian matrix, h’;w = hw. This condition generalizes the symme-

try property of the metric in general relativity.

Recently this theory has been reviewed and modified by Moffat
and Boal. They have proposed an unified theory of gravitation and elec-
tromagnetism which tends to the Einstein-Maxwell theory in the limit

where a fundamental constant k=X tends formally to zero?.

The constant
K is given in terms of a length L as X=L2/e, where e is the charge of the
electron and L may be shosen as the Planck length LP = (h‘G/c3)1/2 = 1.62
10-33em 3. The introduction of this constant is obtained by observing
that thehuv may be taken as dimensionless quantities: ds? = huvdmud.r\) =
= guvdmudx". Thus, fu\) is dimensionless and may be written as fw: KFW,

where Fw has the dimension of an electrornagnetic iield. in c.g.s. units
_ /2 -1/2 - , 2
[Fu\)] =g cm sec [K] 1/ [E = L</e
The length L may be defined in terms of the fundamental constants # , G
A pure 'classical' length may also be ob-
V252 - 1.38x10" 3%*cm. The va-
lues assumed by X for these two choices are X, = 5.44x10757 cm, K, =

P
= 3.95x1075% o, giving the ratio Kp/Kp = 137. Thus, the constant K for

and ¢ as the Planck length LP'
tained on dimensional grounds as Lc =e G

these two cases differ only by a factor a”} =#e/e?

The field equations of the generalized theory are derived fromn

a variational principle. Defining a nonsymmetrical affine connection by
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A A A
Tuv = Ttuw) * T

A . . . . . . ey e .
where T w is a imaginary third rank antisymmetric tensor, it is possi-

ble to introduce another connection Wﬁv by the equation

Ao A
Tuv = Wuv + 2/3 Gu Wv
with
o g
Wy = ]/Z(Wvo - Wov)

The variational principle is written as

SILd"‘x=0 (1.2)
L= /™ g _(w) - 26 ﬁh[“v]h (1.3)
uv _ K20t [uv] :

where RUV(W) is the Ricci tensor of the connection Wav and #*Y is  defi-
ned by '

A T ad R
ov Vo c

with B = 200 L xDV ) AW L v Y and Wﬁv are to be
varied independently of one another (Palatini's method) . The first term
in (1.3) was used by Einstein in his formulation of the nonsymmetrical
theory. The present formulation contains the additional quadratic term
f-—ﬁh\tw A

ciple (1.2) tend to the Einstein-Maxwell equations in the 1limit where

ol The field equations obtained from the variational prin-

X + 0, and this property gives a direct correspondence principle between
the generalized unitary theory and the Einstein theory of gravitation
(general relativity). This theory was generalized in order to include
the Yang-Mills field theory*. in this generalization of the Moffat- Boal
theory the functions huv(x) and Tﬁv(x) become 2x2 matrices. Under the
action of local SU(2) transformations these matrices transform as

Ma)e (Dr ™ z), ¥ =u7,
uv

hw - GW, Gw(x)

P@ = M@ (@) 8@ + ) 17 ()
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In general Gw LY (£=1,2,3,4), where w, is the 2x2 identity matrix
and the w, (<=1,2,3) are the Pauli matrices. The field equations, deri-
ved from a variational principle, tend to the EMYM (Einstein- Maxwell
Yang-Mills) field equations in the limit k> 0 *. The coefficients q

uve
have the form
qu\m = 1/2 hw
(1.4)
quvi = 7Ku fu\’i
*
where fuvi = fuvi’ fuvi = —f\)ui is the Yang-Mills field tensor of the

unified theory. The constant y is given by u = 1/2 Ka, where a = ¢/#, E
being the elementary isotopic charge. V¢ mention that our first equation
(1.4) differs from the Borchsenius choice by a factor 1/2 in front of
thehuv. The relations (1.4) imply that Tr GW = hw. For X + 0 this re-

lation gives the metric of general relativity.

The Hermitian symmetry condition now holds for all coeffi-

cients q ., namely q . = q* .. With these conditions we have
uvt uve VutT

t .
Gy = Gy, {(i.5)

The symbol + indicates Hermitian conjugation in the space of complex 2x2
* . w;). The condition (1.5) generalizes the Hermitian

wi ¢
symmetry conditions satisfied by the hu

. o
matrices (Gw =q

V'

2. VIERBEIN REPRESENTATION OF THE MATRIX FORMULATION
OF THE NONSYMMETRIC THEORY

it is well known that a complex vierbeine formalism may des-
cribe a nonsymmetric metric of the form (1.1) 3. Presently we extend this
result to the case where the huv of (1.1) become a set of sixteen 2 x 2
matrices. Thus, associated to the matrices GW a field of complex matrix

tetrad is defined by
e @ =@ 5 1P @ (2.1)
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where

Hl(la) p(zi o, (2.2)
T (8) = %(a) (B)2 Y2 (2.3)

From (1.5) and (2.1} it follows that the matrices Z(a) (8) satisfy

.I.
2(a) (8) = T(a) (8) (2.4)

Z(a) (8) = %(8) (o) (2.5)

For arbitrary 2x2 matrices A = ag w, B = bi w, the commutator and anti-

commutator are given by

[4,B] = ab ;b (2.6)
{4,B} = aﬁbgfwk ; (2.7)
with
L&._M' = 1£h£= 17:._3,+ =0, 1% 2ie7£k_ (2.8)
Fik = Tivh = Tung = 0 o Fopn = Toug = 285 » Ty = 2 (2.9)
Using these relations it may be shown that
%% % T /4 (lij-s ]skm * ]'ijs f fgs skm fzgs fskm)w (2.10)
From (2.1), (2.2), (2.3) and (2.10) we find
- *(a) o(8)
Tyum 174 Puz Ya)(8) Pvk “ags Votm * ]ijs Fotem
+f1ijs ]skm+f7,gs skm) (2.11)

for m=4 these relations give
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Aoty = V21, = ,{5(8) (+*( X ) () * (px(»b) g:(a)

*(a)>(8) “(e) (B) 3*(a) ->(B))c

>
RN O O MR o) (8) 4
(2.12)
and form m = m we get
> _ o *(a) (B) _ +*(a) +(8)y =
quv N (ppll ouh pll * Py ) G(a)(B)
+(8) = o (8) +*(a)
+ (57 Bay(8) * %) (m)h Pob ) P
o ¥ (a) +(8) , . 2*(a)  +(8)
ouk Sy ()4 Py TR BT (g
< *(a) > (8) (B) *(a)
PGB Bw @low TG e By e (213
These equations can be simplified by noting that matrices Z(a)(B) satis-
fying the conditions (2.4) and (2.5) may be written as z(a)(B) " Ny O
where Ny8 is the Minkowski tensor. Using this expression for the matrices
the equations (2.12) and (2.13) are rewritten as
Z(a) (8
* *
1/2 huv _ (pul(’a) Diﬁ) My (a) , ZX(IB))naB (2.14)
'q*u\’ = (p\()ﬁ) g:(a) + p:lia) "\(’B)) aB + i(g:(ﬁ) (6))ﬂ (2.15)
Writing

(a) _o 1 @ 2 _ 1 2(a)
fub T kol ey 5

>

k(a) = r(“) + 1 s(a) }’(0‘) = 31(1“) + i?ﬁu)

VR LA 1

we have for (2.14), (2.15) and (1.1)
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= (ria)r\()ﬁ) + sfl“)s\()s) + gﬁa) .-5\()8) + ?‘(la) -?r)\(,B))naB (2.16)

Iy =
KF, = (1'1(18)8\(,“) _ sia)r\()s) . ;\(}B) ,3£a) _ ;ia) ,3\(}8))%6 (2.17)
e 3, = 12683 4 B30 030, 030

=300 k3 4 g8 3y, (2.18)

El
Q
"

3 = K, = 172083 3[Ryl

- 31(18)3\(’“) +,—9¥1(1a) xg\(}B) + ;;L(la) < ;T*\()B))ndﬁ (2.19)

The quantity Re 311\) vanishes due to the choice (1.4) . It should be noted
that the Hermitian symmetry condition still allows for the presence of a
field with spin 2 and isotopic spin 1 of the form Re Z;w = g(uv)f In this
paper this contribution will not be considered. W use the notation

ria)ris)nas = 311\) (2.20)

the tensor 311\) describes the pure gravitational field, that means, it cor-

responds to the gravitational potentials of Einstein's general relativi-
ty theory. Writing

8y = Ty ™ Gy

it follows from (2.16) that in the limit where X + 0 the tensor Agu\, also
o

tends to zero. From (2.17) and (2.19) we see that the quantities g

31(100 and ?E.a) tend to zero in this limit (the same conclusion follows from

(2.16)). Thus the tetrads 3(0‘) -ok(a) >(a)

T
u’uandu

are proportional toX.
The unified field theory of gravitation and electromagnetism
descrlbed in terms of a Hermitian field tensor huv may be formulated in

terms of a complex tetrad by

0 . _ ., S A
(*) in this general case G = ]/Z(QWM’KFuv)wkﬂ’K“fuv WS 0
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*(a), (B
N AL

aB
For given hw the tetrads are determined up to a pseudo-unitary trans-

formation:

(o) (@) (B 0 (*)
! = k C eneC =
N o iyku n n (2.21)
The matrix elements of this transformation are arbitrary functions of the
coordinates. For infinitesimal transformations C=1+U, and from (2.21) we
have
nely=R+48, R =-F , 8§ =38

Thus, there are sixteen degrees of freedom in the transformations (2.21).
In this theory we have sixtaen field functions (thecomponents of the Her-
mitian tensor huv) and 32 real independent components for the tetrads.

Then, sixteen conditions can be imposed on the R(S) in such form that -

(fixation of the orientation of the complex tetrad).

In the present formulation of the unitary field theory of
gravitation, electromagnetism and the Yang-Mills field the generalized me-
tric Gu\) which satisfies the symmetry con*d*ition (1.5) is written in terms
of amatrix tetrad by the equations (2.1) . Forgiven Guv the matrix

tetrads are determined up to a local generalized pseudo-unitary transfor-

mation
¢ (a) (o) (B) JHa) 1 (8) o t(a)
Hu"‘=1:°‘(B)Hu ,Hua—Hu AP
a) (8) -
e () a8 T (x) = Mor U (2.22)
(the L(a)(s) are a set of sixteen 2x2 matrices). Writing

(*) the symbol T indicates Hermitian conjugation in the space of 4 x4 ma-
trices of the form C‘:(C(a)(s)) . Then, o™

ook . -
(**) here we use the condition C(a) (8) naB “’4-
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gela) _ jila) o pla) (8)

u wo % (8 % 2 ’
@
EV 0 2 (e
we find
() @  (® (o) ()
pu’ia = 1/2(B @ (8)4 Ouk fjk'l: + B al(s)j Dug ]J'ki)' (2.23)
Taking
(o) @ . () @ sl L.
B gy =0 (g t T B gy 0 By = B+ T (g

(q)

and using the previous decomposition of the )

parts, we obtain from (2.23)

into real and imaginary

arla) _ ple) (8) _ (o) (8) , ?(a)(s) 308 _ﬁ(a‘)(s) .—;is) (2.24)

u () "u (8) %u n
o) _ (%) (8) (a) (8) , 2(a)  (p) () 2(p) .
8 u o = F (B)I‘u + D o (B) SLI + P @ (B) -'rru + ﬁ o (B) .au (2.25)

BI

>, () _ {a) (B) - (o) —>(B) (o) (B) _ (a) (8)
R R N A LS S S C A A PV

() +(g) _ 2(a) +(8)
- ? @ (g) % 'rru N X eu

(8)
(2.26)
»la) _ () (p) (a) (a) | 2(a) (g) (a) (g)
‘n‘ua —Da (B)Tru + B¢ (B)gua + P (B)SU +ﬁa (B)rp
2(a) +(8) _ =(a) +(8)
+P°L(8)><eu Na(s)x'rru (2.27)
The relations (2.22) may also be written as
Cn.n.C + Bg.n.Bi - n, Cn.n.Bk + Bg.n.c + iB;‘n'Bj Esjk =0
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In the limit Bi->0 they assume the form of pseudo-unitary transformations

given by (2..217. Presently we have 34 real field components in the &G

b4

pv

namely the quantities T F_ _and ?uv' The matrices F/fla) contain a total

of 128 real independent compuo\;ents. These components are subjected to 30
conditions given by Red’w =0 (eq.2.18). Thus, only 94 compoments in the
Hua) remain independent: 1t follows that 64 conditions may still be impo-
sed on the components of # o) (the difference betweeo the total number of
field components in Hffa and the total number of field components in Gu\’) .
The conditions represent here a given fixation of the orientation for the
complex matrix tetrad H‘(la). Considering infinitesimal tetrad transformati-

ons

{a)

where U and e= are first order matrices, and C=B,={(B
] A (8)4)’ we have

nlU=R+<18, n -ék = TK + 7 Q&
with
= - 'ﬂ'= '"=- 1T=
R ' =-R, S S,TK TE,QK QE.

Therefore the generalized local tetrad transformations (2.22) contain 64

real independent parameters. The values for these parameters may be fixed

by considering a particular orietantion for the tetrads Hfla) .

(o)
3. GENERALIZED ~-MATRICES ASSOCIATED TO THE VIERBEIN HI:L

_ ) (o) ($)a (@)
i - (H = W
With the set of internal matrices Hu ( u b) pm Ve and

with the choice of the matrices Z(a)(s) considered in the previous section

the matrices Gw take the form

+(a) ,(B)
Gy = Nyg B OUUA (3.1)

In this section we extend the conventional formulas connecting the vier-
bein to the y-matrices to the present definition of the vierbein as a set

of 2x2 matrices. Thus, we introduce the generalized "y-matrices™ as
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@ =@ § - (A )= w®aoA (3.2)
" u a u PR MYy B
capital Roman letters indicate fourdimensional spinor degrees of freedom,

The $a are the Dirac matrices. Then
| = ZnGBM s ]l.(. = (6 B (3.3)
T is defined as the direct contracted product of the matrices

The object I“J
H:(a) by the Dirac matrices ¥ :

) 0
u U o

For the anticommutador of I': and ' we find
\%
¢ (
il =51 9, 18 9+ pB) g pila) 5,

_gt@) g8 g o, g(8) pila) g o (3.4)

u v a '8 I 8 Yo

(a)

u
they belong to different spaces. From (2.2) and (2.6) we have

where use have been made of the property that # and %k commute since

A A S IE

Egs.{3.%) and (3.5) give

9 4+ *(a)'p(B) 1

+ = +a) ,(8) 0 o o L0
{ru’rv} Hu Hv (ch YB * Yg Yy pmi vJ jikmk Yg¥q

Thus, from (3.3) and (3.1) we may write this equation as

a (8),.

+ _ . ) 0 0
{ryr)} =2 by + 0z Pvi jik % Y8 Ya (3.6)

uv

The extra term in the r.h.s. of this relation has the explicit form

*(a) (B) 0o 9 _ + >(8) _ >#%(a)yo o
Py Pyj ]jik w, Vg ¥, = 172 m.('rv X T, )YB Yy

The expression (3.6) generalizes the anticommutation relation of the matri-
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(a) o
g

ces Yu(x), = ru a used in general ralitivity. In the Timit of X -0 this

relation is recovered by taking trace on the internal indices:

. +
Tr lim {T' ,Fr } =29 1
X~0 LAY uv' ¢

4. THE VIERBEIN FOR THE EXACT SPHERICALLY SYMMETRIC
SOLUTION

In this section we consider the problem of determination of the

(o)

vierbeins ru and séa) for a spherically symmetric exact solution of the
field equations of the Moffat-Boal theory (without Yang-Mills fields).
Exact static solutions of the theory in this case have been derived®, and
a static field with spherical symmetry in polar coordinated z! =r,X2 = 8,

X3 =9, X4 = et assumes in general the form

-a 0 0 w
0 -8 f sind 0
huv = 0 -f siné -Bsin2g 0
-w 0 0 Y

where a, 8, y, f and W are functions of r only. The functions W and ¥ are
imaginary quantities?. For a charged massive particle at the origin of co-

ordinates these functions are given by2

-1
2
a={1_2(}m+ by ¢ g )

CZY’ 041’2
B: r,2
2 2,2
Y=(]_Z§Lﬂ.+f’”51.][1_§ﬁ_] (4.1)
ecr b "
cr r
o = £Kg
2
£=0

The field -{ w/K = Er = q/ya2 is the static electric field due to the char-
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ge g at the origin. In this case the tensor gw is the Reissner-Nordstrom

metric with value

-8 0 0 0
0- -B 0 0

§ = (4.2)

v 0 0 -8 sin2g 0
0 0 0 g1
where
2 -1

9=f1-2m , 4 Gq° = (4.3)

e2r a*r2

(for signature -2). Here the relation (2.16) and (2.17) take the form

Ag.\ = sf‘a) s\()s) Nyg (4.4)
X FW= (ria) s\(,B) - 3&8) 1r'\()ol))nmB (4.5)

As it is easily seen the 4x4 matrix Agw is singular. A possible solution
for the equations (4.4) and (4.5) for given Agw and Fw {(with the values
written in (4.1) and (4.2)) is of the form

P e (4.5)
ar2 1 z
(a)
1 11}
nal metric tensors, such as the Schwarzschild and Reissner = Nordstrom me-

and the value for » is known in the literature (the tetrad for diago-

trics in polar coordinates has a form well known in the literature). The
simple form assumed by the tetrad sia) for this particular solution {Egs.
(4.6)) holds only for a partial fixation of the orientation of the tetrad

directions which corresponds to take in the transformation equations (2.24)

and (2.25) the condition E’(a)(s) = 0. In this case it is possible to impo-
(a) v (o)
u

se that the sua are proportional to the » p

, hamely sua = A
v
which has the form of the solutions (4.6) for

v 1.2 .- %
4 2
or
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with all remaining Xuv equal to zero. Geometrically this condition means
that the internal tetrad space has dimension 4 for this chosen orientation
of the complex tetrad kua , Wherear the dimensionallity of this internal

space is 8 for arbitrary orientations of the complex tetrad.

5. ALGEBRA OF THE MATRIXTENSORFIELD G |

Given the matrices Guv defined by the coefficients (1.4) we de-
fine " by

MW _ vu - s¥ '
G- G =G .6, =8 u (5.1)

. v . . . . s
The matrices GW and G* are used to lower and raise indices in the uni-

fied matrix theory. Defining

f
i Gy = .6, (5.2)

<
[}

we get from (5.1)

AL A A
Ut=U,» G = U, Gt (5.3)

in general the Ua and U* are four 2x2 matrices. Similarly

+_ A ad ot
Uy = G U, U =6 T

By analogy with the choice (1.4) the matrices i may be written as

M =aqa guvmu +1X Fuvmu + 1 BV - (5.4)

W% note that 3"’“ and ¥ are defined by (5.4) and not by raising the indi-
ces of ?uv and I«"N with the help of the metric tensor g"°. These two defi-
nitions become identical in the limit 0. ln this limit (1.4), (5.1) and
(5.4) imply in the usual definition used in general relativity if the cons-

tant a is taken equal to 2.

Associated to the matrices GW we define vierbeins H‘(‘a) such
(o) v o) +{a) Voo
B« Higy =8 yey, s H Hiyy = 8, (5.5)
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Writing H ) = pl(la)imi with pl(‘a)’_‘ =7 kl(la), we obtain in the limit ¥ » O:

(a

H U - u
H(a) hed v/f Re k(a)wu— /il’(a)w’*

H(a) > l——r(a)m .

H J2 W s
Thus, the equations (5.5) in this limit become the usual orthonormallity
conditions for the tetrad in general relativity. With the help of (5.5) we

may write the expression-of ¢" in terms of vierbeins as

wo_ gty ou af
G =Hgy tHg M

It is also possible to introduce another process of raising and loweririg

indices with the use of the matrix tensorSG(W) and G(w), where

G = (Ll'\)) = uv
(u\)) ]/2 gu\’ ml‘ ’ G 2 g LUL‘

For general matrices of the form U Aoy and Vu”l b Ythe raising and

lowering of the index A is indicated by placing a dot over the new index

28 _, 8
(VIR G4 Oeee  vasY

N I ces een
v "6 =7 v

fest]

in particular, the double applicatign of this operation generates an index
without dot, as for instance U‘3 =* G(as)' This process of lowering and
raising indices is similar to the process used by Einstein in his non-sym-
metric unitary theory, the only difference is that here we deal with matri-

ces instead of functions. Thus, we may write

(va) _ La
G[uv] . G = Gu

which gives

. v e R va _ . @ :
tKg  F e+t TKif e g =G0 (5.6)

It is possible to extend to matrices the concept of eigenvectors associa-
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ted to arbitrary tensors, namely the extension of equations of the type
P'Vvv =h vu. Here we are directly interested in the case where pv

responds to the skew symmetric part of the matrix tensor Guv withthe index

cor-

v raised by the previous convention. Consider the equation

0 (5.7

Tr (Gu‘"x” - 0a%

where
o o . ->
G =g .w, , pP=0p, W, , )\u=rswi=¢uwu+$u-m

It can be shown from (5.6) and (5.7) and from the assumption that the ei-
u pral : ;

genvectors ¢ and ¢~ are linearly independent that

a Vo

. u o
= = F
TKF ¢ by b Fy wv 9

Re

. % > 20
24 X ufu"‘-?ﬁ“ =53,

'L‘.Hg .
]
ShY
<
<Q
<
QR

These equations are the eigenvalue equationsfor the Maxwell and Yang-Mills
field tensors (redefining o, iKak, 3 -> ZiKug). The last equation is the
sum of three equations which correspond to the individual eigenvalue equa~
tions for each isotopic component of the Yang-Mills field tensor. As it is
clear, all properties concerning the structure of the eigenvalues and ei-
genvectors of antisymmetric tensors hold here. W just write some of these

properties®:

. .

o1 o* @Y s an eigenvector of Fua(?"ua) corresponding to the eigenvalue
o, # 0(5 #0) then o"(@") is a null vector for the metric 9

u n oM u . Qs d
2) Let ¢] and ¢, (¥; and yj) be two eigenvectors of F, (f‘u } and (130 *
3

(p s "Zf ) the corresponding eigenvalues such that -
1) (2) P, # p
éz)Pu ( (2)"s (1)7u

H H i .
0 (2) £ - 3(1)), Then ¢L1‘ and ¢, (4] and y,) are orthogonal for the metric

v

3) For each one of the above eigenvalue equations if two roots arenon null
then it will exist two linearly independent eigenvectors.

4) If all roots vanish (radiation field) there will be a one-parameter set
of eigenvectors associated to the null eigenvalue.
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It is also possible to introduce the analog of a scalar product

in terms of matrices. Defining the real quantity

v2= Tr (P .G - ™y - Tr(V“-V )

we find by a direct calculation, taking V = vuv.mi, V‘hl =vyowg

e h

2 - k™ . (5 X f' ) + 2B + ZiKuv:ugs '?Ba

*B
+ 2¢Kuv4v fB + vu”u haB

If V* =0 this expression degenerates in the law of scalar product of the
Moffat-Boal theory. For X+0 it goes over the usual definitions of scalar
product in a Riemannian spacetime. The expression for v2 can also be writ-

ten under the form

2 _ B % —
v Y: Yk Pgak * Ppaik ]/z(lijs + fzgs)qsug fskll
With the matrices va it is possible to construct c-number func-
tions by two different ways: by taking trace of the matrices or by indrodu-
cing the functions +
v G ¥

- uv

G =
g v

where ¥ is some given field with isotopic spin 1/2. Then

v = O]t S
with
- — >
G (w) = 1/2 Iyv > -tG[uv] = K/2 Fw+ Kufw w

With the use of these functions we may define the square of the line ele-

ment either by

2 _ = U,V u, v
de® =F  dn'd’ =T ydiVd

or by
uo, v
= Tr@u\,) de” dx

(the coordinates are c-numbers) . These two definitions of the square of the

line element differ only by a factor 1/2.
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6. A GENERALIZATIONOF THE MATRIX TENSOR FIELD GW

The matrix tensor field considered in the previous sectionscor=
responds algebraically to a quaternion field. From the previous definitlon
of G we have

uv
. _ 2 > -> B
= q w+q wk, = 17 quv-w_ + q_uvt‘ ¥

hd -> ) .
with -§= /2 0w, Bu = o, The set of 2x2 matrices § and Bu satisfy thequa=-

ternion multiplication law

3—: Bi=-6él. qu.aéi& B_ZS (6-')

In what follows it will be of interest to rewrite this multiplication law

In the form

B. B.=-B.,B.+ 8., B (6.2)

1 TE* g iAYd

where the operations indicated by the symbols * and A (scalar and wedge

product of the quaternion basis) are given By

B. *

% By = -1/2 {B;,8.3 = 8,5 8, (6.3)

By By =172 (BBl = ey 8y

In this notation the equation (5.1) which defines the matrix 6™ takes the

form
w * + uv = 5“
Dvg 85 Bg * B ¥ dow %y By T % B
v . v uv -
“qgvs si. Bi A8j+7,(qow: gy, * dgyy si) Bi—o
where Guv =" u. .
i 7

A generalization of the quaternion algebra is given by the al-

gebra of the complex Cayley numbers (Octonions) which are defined by9
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A=au'[:+buu+aciui*+yiu7: 6.5)

where (uh,ui) are the basis elements of the algebra satisfying the multi-
plication table

LU.FE. .U U, U, = ~8,.u u. 2 =20
4 ug E'Lgk kKt g A 4
(6.6)
* =. - =u u, u =‘0 U u, =u u, u, =0
Up Uy = U, 5 Uy U s 0 Wy Uy s Uy Uy b o Uy Uy .

In general the complex Cayley algebra contains seven quaternion
subalgebras. This property follows from (6.6) and from the definition %, =
= 1/2(8, 1 i8,), ué = 1/2 (67_: + i83.+3) . These seven quaternion subalgebras
correspond to the variation of the index 4=1...7 over the triads (1,2,3),
(5,1,6), (6,2,4), (4,3,5), (6,7,3), (4,7,1) and (5,7,2).

The algebra of the complex Cayley numbers may be represented in
terms of Zorn matrices® defined byl!

“7(4) = az(u,*) + bZ(uu)'+ xiZ(u;.*) + in(u?:-) 6.7)

with
(6, o) (0 o)
* .
Z(u,) = . Z(uu) =
k 0 0 J | 0 B'*,
r 4 ¢ N (6'8)
_ 0 0 | . 0 -8l
Z(uz.) = f , Z(ué) =
8. 0 0 0
\ Z )
giving
a Bl& -x7_: Bé
7(4) = (6.9)
y; B; b 8,

The product of mgtrices of this form is defined in such waythat
it reproduces the multiplication table (6.6) of the complex Cayley basis.
Taking another Zorn matrix Z(B) similar to (6.9) with the replacements,a-e,

bsd, x»z, y-w, we indicate this product with the symbol @ :
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ac - x *kw ~az -dec-yavw
z(4) ® z(B) = (6.10)
cy + bw + x A 3 bd -y * 2

where for short we have written x = x; Bi’ a=a 34 with the same abbrevi-
ation for y, z and W and for b, ¢ and d.”

The conjugation operation in the Zorn representation of octo-
nions os defined by the replacements: Z(u,) <+ Z(u:) ,Z(ui)-* —Z(ui) ,
Z(ug) > -Z(u;’,f). Thus, in (6.9) we have B

b Bl} ac_ B_
z{4) *z(4) = (6.11)
Y8, a B,
The norm of a octonion is defined as
v(4) = 2(a) 6 z(4)
From (6.10} it follows that
N(4) = (ab + xéyé) 1

where 1= Z(uy,) + Z(u}) is the identity element of Zorn's algebra.

The octonion formalism in the Zorn representation isnow applied
as a generalization of the quaternion formalism used in the previous sec-
tions. The quaternion tetrad (2.2) is generalized to a octonion tetrad of

the form

) (a) (
zhuz Bu -hu; 62. aua) -xia)
H(“).= =
u
(a) . (a) () ()
ki B kL 8, yu‘" bu“

(6.12)

By convenience we have used the diagonal matrix elements in (6.12) with a

multiplicative factor |_ Presently this modification is not relevant since
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all matrix elements are complex guantities. W also define the octonion

Hermitian conjugation operation as

b+(a) y'l'_(a)
H:(“) - ¥ * 6.13)
gt L)
B u

The 2x2 matrices 8‘+ and 8'L satisfy the properties B: = Bu, B; = -37:, with

the + operation having the usual meaning for matrices, thus—

ta) _ . (@)
bu = ’Lkm* Bk

with similar result for the remainder matrixz elements in (6.13).

A straightforward calculation using (6.10) , (6.12) and (6.13)

gives

_ uv Iy
=H:°‘@ At o = (6.14)

uv v aB

where

_ g (a)* _(B) (a)* _ 2(8) _
Sy = (e’ kG + %u %v Mg W, =8, B

(B) 2(a}* (a)* 2(8) . 2(a)* _ 2(B) > =
Py = (B —P:ua * kut Zv * Jua X 7;v Ingg™e = su\’.g (6.15)
* (8 * B
R, = (hl(jz) hvu) + foa) . Z\() ))1'10‘B w, = B,
RN LA R A A AL AL I S

The equation (6.14) generalizes the quartenion matrix representation given
by (2.1). Thus, we may call the Guv of (6.14) as aoctonion representation
of the metric. In the limit where h -k we reobtain theprevious expression
(2.1%), (2.15). The Guv in this limit takes the form
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. quvl’ wk _q]JV o
G =
uv
> >
quv w quvu @y

Using (6.15) we rewrite (6.14) as

>
Suvs Oy —su\,-g
G = = G s;r
- - o (o57)
ru\). ru\)k Bh
Taking The Hermitian conjugate we get
% —pk .
rwh Bq ruv §
*
et = =G (r;s)
uv > g uv
* . *
suv suV‘* Bq

Lonsidering, as before, that the fields r and s are Hermitian with respect

to the world indices, we find

+ o L
GW (s;7) = G\’u (r;s)

This symmetry condition here generalizes the Hermitian symmetry condition
(1.5) for quartenions (rnatrices which are linear combination of the mi)'

{n the limit s +r we recover the quartenion symmetry condition Gz\’ = Gvu'

W mention that derivatives (or covariant derivatives) may be

defined by the operator Du =1 au (l)u =10 Du for covariant derivatives).
Thus, according to the Einstein definition of covariant derivative in the

nonsymmetric theory we may write

_ _pA _pA - po
b, @ GaB = 3u Gom Fau @ GAB I‘116 ] GM (Du) B [C] Gpo
where
po _ P O _ DA PO A P O
(vu) wg =1 3, 8, 8¢ L 8 8¢ ruv 8, S,
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The definition of the operator D depends on the space where D operates .
In general we can write \/ = (D )“1 where the indices A, B are to be ta-
ken as world indices, splnor |nd|ces, isotopic spinor indices, etc, depen-
ding of the object which is considered in this derivative. In the above
example A + p,0 ; B+a, 8. In the foilowing we consider two possible ap-

plications of this formalism.

(i) Consider the situation where

Zl(la) =0 , h].(l(:) = '@—kl(;:) » ¢* =¢

with kl(]z) and iﬁ“)

of Borchsenius. Then, we have for (6.14) and (6.15):

describing a guaternion of the unified matrix theory

. (@) ,*(B)
suvu By ) kv# ku .K naB
G = .
* *(a) 2(68) *(a) (8)
[s2 ->
/6 kuu Z\) 6 naB ¢ kuu kvu naB B1+
with
sou = /2 h, =1/2 (g, + 1K E) = (k:£“) k\(,f) + Z:(“)- 2B,
+ (8) 7#(a) T
Sy = /% k\m %: Nyg = ZKu fuv
*(a) ,(8) > x(a) 2(8)
ruvz. =¢ kuu kv Mg > 1”u\) =" kuk %v LY
Taking
(o) 1 (a) *(a)
k = — [¢] _ _]_ —)(a)
u ,/z—mu ’ ku = /2_"u )
(@) _ (&) . ( N
mel =2+ zsua) , ;?lf“) = 31501) . iﬂéa)
we get
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I I e ORI

gu\’ v u v u v
kg, = @8 ol (@0 2le gl 2B g,

_ 9 . (8) 2{a) ) +{a)
Wy = T (81(_\: eu:of -rtv Tru? )naB

_ .. (B) 2(a) (8) =(a)
0 = (rv 311“ + 8 ﬂua >naﬁ

I e L T A AL
R N I T TR CEC I I

v

The only simple possibiltity for interpreting these formulas is to take 3&(!)

=0, ;5a)=n (there is no Yang-Mills field) which gives for . and

values of the Moffat theory. For ruvu we find

Re oy =.£. Iy (conformal to the Moffat metric),

= i ), t
Im rwl+ = K Fw (Mconformal® to FW)

Combining these results we get

PR

r =

- hw (conformal to the metric huv) .

The octonion Guv in this case takes the simple form
1/2 (gw + K FW) Bh 0
0 $/2 (gw + 1K FW) 8,

(a)

(ii) Taking 71’&"‘) = Eiﬁa) » k) - /tfkflf:) » 0% = ¢, with &,

FW the

B

describing a quartenion similarly to the case (i). W find in this case
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. . % e
1/2 (gw + 72K Fw)sq - Vb K uFy B

Guv B T > -g s
£/ Ku fw- 172 (g + aKFw)su
where
_ _ (o) ,(B) (o) 2(8)
vy = 1/2 huV = (kuu oy * iu Z} )nas
> >
lmsw=/$Kufw
with the explicit value for im 8, given by Eq.(2.19). For LI and rw we
have

~ 1
Pyon = ¢ ST 7 huv ¢
-> . -
., =7V Ku f‘w

again Ku?uv in this last equation is given by (2.19). In the limit ¢>1 the
octionion GW of this example tends to the quaternion of the Borchsenius

theory.

6. CONCLUSION

The vierbein formalism associated to the matrix extension of
the Moffat-Boal unified theory is determined. The Hermitian symmetry con-
dition of the non-symmetric tensorhuv of the Moffat-Boal theory is exten-
ded to the matrix formalism by the condition G:v - Gvu' In the limit where
a fundamental constant X = L?/e tends to zero only gravitation remainsdes-
cribed in terms of vierbeins, and the BwWM {(Einstein-Maxwell Yang -Mills)

theory is obtained from the generalized field equation of the matrix theo-

ry.

The generalized y-matrices which correspond to the extended

matrix-tetrads are given. The anticommutation relations of these y-matri-
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ces are determined and generalize the usual anticommutation relations used
in general relativity. The introduction of generalized y-matrices suggests
the possibility of considering a modified equation of motion for a system
with spin 1/2 and isotopic spin 1/2 in the extended matrix theory, simi-
larly as the Dirac equation is modified in presence of gravitation in ge-

neral relativity.

The vierbein associated to the exact spherically symmetric so=
lution of the unified field equation without Yang-Mills field is derived.
Some algebraic properties of, the metrie of the unified matrix formulation
are discussed and the orthogonallity conditions of the matrix-tetrad are
determined. A generalization of the quaternion-matrix theory of Borchse-

nius involving octonions is proposed.
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